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IH(gopManiiiHi TEXHOJIOTII TAa IITYYHUH IHTEJIEKT

Information Technologies and Artificial Intelligence

CLASSIFICATION OF APPROACHES TO TIME-SERIES ANOMALY
DETECTION IN INFORMATION SYSTEMS
Bondarenko O. S.
E-mail: olha.bondarenko@knu.ua
Taras Shevchenko National University of Kyiv

Modern information systems generate telemetry at a scale that makes manual
monitoring infeasible: server fleets, distributed applications, network devices, and
security infrastructure produce logs, metrics, and traces at rates ranging from thousands
to millions of events per second. Undetected anomalies in these streams translate into
service downtime, degraded user experience, security incidents, and violations of
service-level agreements. Automated anomaly detection has therefore become a core
component of operational monitoring, intrusion detection, quality assurance in
industrial systems, and observability platforms for cloud-native applications [1, 3]. The
practical effectiveness of such automation depends not on the availability of algorithms
as such, but on the correct match between the chosen method and the operating
conditions of the target system, including the type of anomaly of interest, the latency
budget, and the computational resources available for inference.

The literature offers a wide spectrum of anomaly detection techniques. Statistical
methods such as z-score thresholding, moving-average control charts, and ARIMA-
based residual analysis are well established and computationally cheap, but rely on
stationarity assumptions that often do not hold in practice [2]. Classical machine
learning approaches, including Isolation Forest, one-class SVM, and Local Outlier
Factor, relax distributional assumptions and handle multivariate data, yet require
careful feature engineering and perform poorly when anomalies are defined by
temporal or sequential structure [3,5]. Deep learning approaches, including
autoencoders, variational autoencoders, and sequence models based on recurrent and
transformer architectures, capture complex patterns in high-dimensional streams [4, 6].
However, these methods are typically presented as isolated algorithmic contributions,
with comparisons limited to detection accuracy on a narrow set of benchmarks. The
conditions under which one family is preferable to another are rarely formulated
explicitly, which complicates the selection of a method for a specific information



system. In practice, this gap forces engineers to rely on ad hoc comparisons or on the
most recent publication rather than on a structured view of the design space.

This work proposes a unified classification of time-series anomaly detection
approaches along three independent dimensions, jointly defining the space of design
choices for a given deployment. The first dimension is the method family: statistical
methods, relying on explicit probabilistic models of the normal regime; classical
machine learning methods, learning a decision boundary or a density estimate from
data without imposing a specific distributional form; and deep learning methods,
learning hierarchical representations that capture temporal and cross-signal
dependencies. The second dimension is the type of anomaly addressed: point
anomalies, where a single observation deviates from the expected range; contextual
anomalies, where an observation is abnormal only relative to a local context such as
time of day or workload regime; and collective anomalies, where a subsequence or a
pattern of jointly occurring events is anomalous even though its individual components
are not [1]. The third dimension is the deployment constraint: real-time detection under
strict latency budgets; resource-limited settings, typical of edge devices and embedded
monitoring agents; and high-volume offline analytics, where throughput rather than
latency i1s the binding constraint. The three dimensions are orthogonal in the sense that
they constrain different aspects of the design problem, and jointly they define a
decision space in which each combination corresponds to a different set of viable
methods. Orthogonality here is a design-space property and does not imply full
independence: certain combinations, such as real-time detection of collective
anomalies on resource-limited hardware, narrow the set of viable methods substantially
and require either algorithmic compromises or a change in the deployment assumption.
Such cases show that the classification also indicates where design choices are limited
from the start.

Table 1: Recommended method families by anomaly type and deployment constraint

) ) Resource-limited High-volume
Real-time detection .
edge offline
. . Any family; choi
Point Statistical (z-score, Statistical, Isolation drlil\}llenagu yreccigilc():z
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with local context

anomalies adaptive thresholds models
features
: Generally infeasible
Collective Streaming . Y oy Sequence
. ) ) without algorithmic
anomalies | representation learning autoencoders,
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(compromise on transformer-based
latency or accuracy) detectors

The proposed classification supports method selection for concrete application
scenarios, as summarised in Table 1. For CPU-load and memory-utilisation monitoring
on individual servers, point and contextual anomalies dominate, the required latency is
low, and computational resources per node are limited; statistical methods and
lightweight isolation-based approaches are typically sufficient and preferable to deep
models, whose inference cost is not justified by the gain in detection accuracy. For log-
stream analysis in security monitoring, collective anomalies in event sequences are the
principal concern, and representation-learning methods that operate on embedded
sequences provide substantially better detection of coordinated activity than statistical
baselines. For offline analysis of historical telemetry during incident investigation,
deep autoencoder-based approaches become practical: latency is not a concern, and the
data volume justifies the training cost. [oT sensor monitoring on edge nodes is a harder
case. Resources are tight, sensor quality varies, and most anomalies are contextual,
caused by changes in the environment rather than by real system faults. Here
lightweight statistical detectors with locally adaptive thresholds tend to outperform
both generic deep models and static rule-based checks. Taken together, these cases
show how the classification works in practice: it narrows the choice of methods for a
given system, so design decisions rest on the structure of the problem and not on trial
and error.

The proposed three-dimensional classification organises the design space of
time-series anomaly detection by separating the method family, the type of anomaly,
and the deployment constraint. This structure makes the conditions of applicability of
each approach explicit and provides a basis for motivated method selection in the
design of information systems with automated monitoring. Further development
concerns the extension of the classification to hybrid methods and the formulation of
quantitative criteria for the boundaries between regions of the decision space.
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Accurate color reproduction and processing is a fundamental challenge in
modern digital systems - spanning computer graphics, printing, interface design, and
machine vision. Despite the widespread practical use of color models, the comparative
analysis of their perceptual uniformity and suitability for automated color generation
remains an open research question. Existing approaches typically address either the
measurement of conversion losses or palette generation, rarely combining both
directions within a unified framework.

The aim of this work is a systematic analysis of the main mathematical color
space models - RGB, HSV, CMYK, and CIELAB - with respect to their perceptual
properties, as well as the development of algorithmic methods for generating multi-
level color palettes for digital interfaces based on perceptually oriented models.

The theoretical foundation of the study is a comparative analysis of device-
dependent (RGB, HSV, CMYK) and device-independent (CIELAB) color spaces. The
RGB model is additive and grounded in the trichromatic nature of human vision, yet it
i1s not perceptually uniform. The HSV model, while convenient for intuitive color
selection, is derived from RGB and does not compensate for perceptual non-
uniformity. The subtractive CMYK model is oriented toward printing technology and
relies on device ICC profiles. By contrast, the CIELAB color space, developed by the
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International Commission on Illumination in 1976, is device-independent and
approximately uniform with respect to visual perception: the Euclidean distance
between two points in this space approximately corresponds to the subjective color
difference perceived by a human observer.

Color difference metrics are applied for the quantitative assessment of
perceptual losses during color space conversions. The simple Euclidean distance
CIE76 provides only a first approximation; more accurate results are achieved using
the refined formulas CIE94 and CIEDE2000 (AEew), which account for the non-
linearity of lightness, chroma, and hue perception. Practical analysis showed that direct
RGB — HSV and RGB — CIELAB conversions yield average AE values in the range
of 64-157, whereas reverse conversions using the same mathematical formulas achieve
AE < 0.5. RGB — CMYK conversion via ICC profiles produces significantly lower
losses than the formula-based approach (AE = 5-16 vs. 15-37).

Based on the theoretical findings, an algorithm for the automatic generation of
multi-level color palettes of the 50-950 type was developed - a format widely used in
modern design systems such as Tailwind CSS and Material Design. The key distinction
of the proposed approach from traditional HSL-based methods lies in the use of the
CIELAB space for controlling lightness and chroma: the L* coordinate values are fixed
for each scale level, while the hue vector direction in the a*-b* plane is preserved. This
ensures stable contrast between shades regardless of the input color and eliminates
unwanted hue shifts at the extremes of the scale.

Quantitative evaluation of the generated palettes using the AEoo metric
confirmed that the LAB-oriented algorithm produces a significantly more uniform
distribution of perceptual difference between adjacent levels compared to the HSL-
based approach, with fewer critical deviations. Both algorithms were implemented as
software tools: an interactive Python application using NumPy, Matplotlib, and
skimage for analyzing conversion losses in images, and a Figma plugin (JavaScript,
Figma Plugin API) for palette generation directly within the design environment, with
automatic saving of color styles and variables.

The results of this work demonstrate that the use of perceptual color models is a
prerequisite for obtaining high-quality, predictable, and accessible color solutions in
digital systems. The developed tools can be applied both in scientific research in
colorimetry and in practical tasks of interface design, color correction, and print
production preparation.
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The object of the study was the process of algorithmic visualization of regular
graphs in two-dimensional space.

The subject of the study was the comparative effectiveness of two strategies for
two-dimensional visualization of regular graphs: preliminary construction of a layout
in multidimensional space followed by projection into 2D (“ND — 2D”), and direct
construction of a graph layout immediately in two-dimensional space (“2D”).

The research hypothesis was that, for some regular graphs, the strategy of
preliminary construction in a high-dimensional space followed by PCA projection into
2D may provide a more favorable combination of visualization speed and quality than
direct two-dimensional layout construction.

When implementing the “ND — 2D” approach for regular graphs of degree k,
it i1s assumed that the best results should be obtained when the initial layout is
constructed in a space of dimension k.

The aim of the study was to determine under what conditions, for the selected
classes of regular graphs, the two-stage “ND — 2D” construction is more justified than
direct 2D construction in terms of execution time and the quality of the final
visualization.

To construct graph layouts in multidimensional space, algorithms based on
physical models are used [1, 2]. In these algorithms, a graph is represented as a system
of interacting particles, that is, vertices that repel one another, while the edges
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connecting the vertices define attractive forces between them. The layout is constructed
as a search for the equilibrium state of this system, in which the graph structure
becomes visually readable: elements connected by edges are placed closer to one
another, distances between vertices become more balanced, and the overall layout
better reflects the topology of the graph.

For the experiment, an experimental set of regular graphs was formed, including
the following classes: hypercube, complete, torus, grid, Johnson, Hamming, and
Platonic graphs. A system of comparison criteria was also defined, including not only
execution time but also drawing quality. Comparative experiments were conducted for
the two layout strategies on the selected graphs.

As aresult, it was determined that for multidimensional cubes, the “ND — 2D”
strategy provides a time advantage, provided that the preliminary layout for a k-
dimensional cube is constructed in a space of dimension k. This strategy also produces
a more natural representation of the graph, since the multidimensional faces of the cube
are visually identifiable in the layout (Fig. 1).
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Fig. 1: Layout of a 10-dimensional hypercube: A — the “2D” strategy,; B
— the “ND — 2D” strategy.

References:

1. Kamada, T. & Kawai, S. An algorithm for drawing general undirected graphs.
Information Processing Letters, 1989, vol. 31, iss. 1, pp. 7-15. DOI:
10.1016/0020-0190(89)90102-6.

2. Fruchterman, T. J. & Reingold, E. M. Graph drawing by force-directed
placement. Software: Practice and Experience, 1991, vol. 21, iss. 11, pp. 1129-
1164. DOI: 10.1002/spe.4380211102.

13



DECOMPOSITION OF ARCHITECTURAL ERROR SOURCES IN
MULTISENSOR RADIO MONITORING SYSTEMS
Bondarenko O. S.

E-mail: olha.bondarenko@knu.ua
Taras Shevchenko National University of Kyiv

Distributed multisensor radio monitoring systems operate under high signal
density, mutual interference, propagation channel instability, and temporal asynchrony
of sensor observations, while their nodes differ in frequency range, bandwidth, noise
level, and antenna directivity. The central performance indicator of such systems is the
probability of an erroneous decision P,,,., which combines the probabilities of false
alarm and missed detection. A substantial portion of this error, however, does not
originate at the decision stage: it accumulates earlier, during preprocessing, inter-node
transmission, and temporal alignment of sensor streams, before any fusion algorithm
is applied. Such contributions are determined by system architecture rather than by the
choice of fusion rule, and no algorithmic change can reduce them once the pipeline is
fixed.

The algorithmic side of data fusion, covering Bayesian combination rules,
evidence theory, ensemble models, and deep neural networks, is well addressed in the
literature [1, 4, 6]. Distributed detection theory shows that centralised processing
reaches the highest accuracy under ideal conditions, while local-decision and feature-
level schemes sacrifice accuracy for lower communication load [2, 5, 7]. Infrastructure
aspects such as synchronisation, stream calibration, and channel quality are addressed
in standards and engineering practice, but are treated as implementation details rather
than as factors that directly determine the achievable lower bound of P,,,.. As a result,
among architecture-level design choices, the fusion level is routinely treated as a fixed
engineering constraint rather than a design variable, and no structured decomposition
of the architectural contributions to P,,, into distinct, independently controllable
sources exists in the literature. This limits the ability to prioritise error-reduction
measures when algorithmic choices are fixed by external constraints.

This work introduces a joint optimisation problem in which the fusion
architecture A covers the fusion level 4 (primary measurements, features, or local
decisions), the preprocessing operator T, and the decision rule §, and proposes a
decomposition of the architectural contributions to P, into three independent
mechanisms: fusion level, infrastructure-level synchronisation, and uncertainty-aware
combining. Each mechanism operates on the information conditions of the decision
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problem independently and complements the others, addressing a distinct structural
source of error.

The first mechanism is the fusion level. Performing data combination at the level
of spectrograms, cyclic spectra, or feature vectors rather than over primary 1/Q streams
fixes an information loss prior to fusion that bounds accuracy from below. From the
data processing inequality and the Fano inequality it follows that any preprocessing
which fails to preserve a sufficient statistic for the hypotheses raises the lower bound
of P,.., and no downstream algorithm can undo this. A classification of fusion
approaches by data representation level is proposed, allowing algorithmic optimality
and information completeness to be assessed together. In this view, centralised
processing at the primary level sets the accuracy ceiling, local-decision fusion at the
decision level often represents the lower-performing boundary among standard
architectures, and feature-level schemes lie in between depending on how much
hypothesis-relevant structure the extraction operator retains.

The second mechanism is infrastructure-level synchronisation. Independent
clock offsets and drifts across distributed nodes add an error component
indistinguishable from genuine hypothesis uncertainty at the fusion stage. This
component cannot be reduced by any combining rule and must be eliminated at the
source via precise time distribution. Synchronisation standards such as IEEE 1588
provide the engineering means for this, but they are rarely considered jointly in the
radio monitoring literature with uncertainty quantification methods as complementary
architecture-level mechanisms for reducing P,,,..

The third mechanism is uncertainty-aware fusion. Treating the outputs of sensors
with heterogeneous noise levels and calibration accuracy as equally reliable inflates
P...; quality-aware weighting and calibrated probabilistic outputs limit this
contribution [3]. Uncertainty-aware fusion is particularly effective when sensor quality
varies dynamically, as calibrated confidence estimates allow the combining rule to
down-weight degraded streams in real time without modifying the decision rule itself.

The three mechanisms address distinct structural sources of error: omitting any
of them leaves the corresponding contribution to P,,,. insufficiently controlled. The
decomposition recasts engineering parameters as major accuracy factors and provides
a basis for prioritising design investments. In bandwidth-limited deployments the
dominant gain comes from shifting the fusion level toward earlier representations; in
geographically distributed systems it comes from synchronisation accuracy; in
heterogeneous sensor arrays it comes from stream-quality calibration and uncertainty-
aware weighting. In systems where the fusion level cannot be changed due to legacy
constraints, the proposed formulation identifies the resulting irreducible error
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contribution and separates it from the algorithmic component, which remains open to
optimisation.

The relative weight of the three mechanisms is not fixed but depends on the
operating regime of the system. When the primary stream is available and the channel
permits centralised processing, the fusion level is close to optimal and the remaining
error budget is dominated by synchronisation and sensor-quality factors; conversely,
when bandwidth constraints enforce decision-level fusion, the information-theoretic
loss becomes the limiting factor and further investment in synchronisation accuracy
yields diminishing returns. A practical consequence is that architectural decisions
should be ordered: the fusion level is chosen first, as it fixes the attainable ceiling; the
synchronisation regime is selected next, to remove the timing-induced floor; and
uncertainty-aware weighting is introduced last, adapting the combining rule to residual
stream-quality variation. This ordering also clarifies the role of each mechanism in
modernisation scenarios, where partial upgrades of legacy infrastructure must be
prioritised under a fixed budget, and where changing the fusion level is typically the
most costly intervention while synchronisation and uncertainty-aware combining can
often be deployed incrementally.

The achievable bound of P,,.,. is thus a property of the system architecture, not
only of the algorithm, and joint design of the fusion level, preprocessing procedure,
synchronisation regime, and uncertainty-aware combining rule is a necessary condition
for minimising the probability of error. The proposed decomposition can serve as a
decision-support tool for architecture selection and modernisation planning under
prescribed P,,,- requirements.
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e The statement of the Dynamic Programming problem (Kappen H. J. [4])

Consider the control of a discrete time dynamical system:

Xee; = X + f(t,xe,us),t = 0,1,...,T — I where x; 1s an n-dimensional
vector describing the state of the system and u; is an m-dimensional vector that
specifies the control or action at time t.

Define a cost function that assigns a cost to each sequence of controls:

C(xp (U, Uy, ..., up_y)) = @(xp) + X721  R(t,x,,u,) where R(t, X, u)
is the cost that is associated with taking action u at time ¢ in state x, and @ (xr ) is the
cost associated with ending up in state x at time 7.

Introduce the optimal cost J(t,x;) = (@(xr) +XI!  R(s, x5 ug)) which
solves the optimal control problem from an intermediate time t until the fixed end time
T, starting at an arbitrary location x;.

e Bellman's principle of optimality

Theorem . (Bellman R. [1]) PRINCIPLE OF OPTIMALITY. An optimal
policy has the property that whatever the initial state and initial decisions are, the
remaining decisions must constitute an optimal policy with regard to the state resulting
from the first decisions.

Let us formulate the solution algorithm presented in the book [4]. The algorithm

to compute the optimal control w,, ,,, the optimal trajectory x(y,, .., and the

..... ‘U.T_])’

optimal cost has such steps:

1. Initialization:  J(T, x) = @(x)
2. Backwards: Fort=T-1,..., 0and for all x compute
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ui (x)=arg{R(t,x,u) + J(t + I,x + f(t,x,u)} Jt, x) =R(t, x, ui) +Jt + 1, x
At x, up)
3. Forwards: Fort =10, .. ., T- I compute x/,; = x{ + f(t, x{, ui (xt))

° The objective of this study is as follows:

1 To research typical problems of Dynamic Programming:
a Gold Mine problem [2]

b Knapsack problem [3]

C. The resource allocation problem [5]

d The optimal investment problem

2 Research methods of their solving.

Let us consider an example of solving Gold Mine problem from [2].

Given a gold mine represented as A = (a;;),i = 1,...,n,j = 1,..,m, where
each cell contains a positive integer indicating the amount of gold (in tons) available
in that field. The miner can start from any row in the first column. From any cell, the
miner is allowed to move in one of the following three directions:

° Diagonally up-right.

° Directly right.

° Diagonally down-right.

The miner continues moving in this way until reaching the last column or until
no further move is possible. Find the maximum amount of gold the miner can collect
following these rules.

Examples:

InputA=1[1332140641]:

Output: 12
Explanation: The miner starts from the second row of the first column (collecting 2
tons of gold), moves to the third row of the second column (collecting 6 tons of gold),
and then to the second row of the third column (collecting 4 tons of gold), for a total
of 2+ 6 +4 =12 tons of gold collected.

InputA=[1315224150230612]:

Output: 16
Explanation: The miner starts from the third row of the first column (collecting 5 tons
of gold), moves to the second row of the second column (collecting 2 tons), then to the
second row of the third column (collecting 4 tons), and finally to the first row of the
fourth column (collecting 5 tons), for a total of 5 +2 +4 + 5 =16 tons of gold collected

Several methods are available for solving the Gold Mine problem, including:

1. Method: [Naive Approach] Recursive Depth-First Search (DFS)
2. Method: Top-Down Dynamic Programming (Memoization) - O(nxm) Time and

O(nxm) Space
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3. Method: Bottom-Up Dynamic Programming (Tabulation) - O(nxm) Space and
O(nxm) Space
4. Method: Space-Optimized Tabulation — O(nxm) Time and O(n) Space
5. Method: In-place Dynamic Programming from Right to Left - O(nxm) Time and
O(1) Space
e Conclusion
According to source [4], Dynamic Programming is recognized as a universal
approach for solving optimization problems characterized by overlapping
subproblems. Examples that were considered - the "Gold Mine", the knapsack problem,
resource allocation, and optimal investment - demonstrate how the correct
identification of states and the construction of recursive relationships allow us to
effectively find optimal solutions. The key skill remains the ability to formalize a
problem in terms of Dynamic Programming, which opens the way to solving a wide
range of practical problems in economics, logistics, project management, and other
fields.

References:

1. Bellman R. "The Theory of Dynamic Programming" 1954, 55 p.

2. GeeksforGeeks. "Gold Mine Problem":
https://www.geeksforgeeks.org/dsa/gold-mine-problem/ (Accessed:
03.03.2026)

3. GeeksforGeeks. "0/1 Knapsack Problem":
https://www.geeksforgeeks.org/dsa/0-1-knapsack-problem-dp-10/  (Accessed:
03.03.2026)

4. Kappen H. J. "Optimal Control Theory and the Linear Bellman Equation" 2011,
34 p.

5. Studyit2.blogspot.com. "Method for solving the resource allocation problem via
Dynamic Programming" 2017, http://studyit2.blogspot.com/2017/01/blog-
post.html (Accessed: 03.03.2026)

FORECASTING ETF LIQUIDITY
Akym Davydov
E-mail: akymdavyd@gmail.com
Scientific Advisor: Revina Tetiana
Johannes Kepler Universitdt Linz (JKU)

Market liquidity describes how easily an asset can be traded without causing
large price movements.
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Since liquidity cannot be directly observed, empirical studies rely on proxies
constructed from trading data. This study uses the Amihud illiquidity measure
(Amihud, 2002).

ILLIQ; (1)
_ IR
DollarVolume;

where R; denotes the asset return and DollarVolume; is the traded dollar
volume on day ¢

This study investigates whether daily ETF liquidity is predictable at a one-day
horizon. Using log Amihud illiquidity as the forecasting target, the analysis compares
a naive persistence benchmark, autoregressive models, and nonlinear machine learning
methods, and tests robustness across macroeconomic regimes and different ETFs.

The empirical analysis uses daily data for the Technology Select Sector ETF
(XLK). Robustness tests are conducted on additional ETFs representing different
market segments: SPY (S&P 500), IWM (Russell 2000), and XLF (Financial Sector).

Because the raw Amihud ratio is highly skewed and exhibits occasional extreme
spikes, the forecasting target is defined as the logarithm of the illiquidity measure. The
final target variable is therefore

Log_ILLIQ, = log (ILLIQ,) )

which produces a more stable time series suitable for regression-based

forecasting models.
Log Amihud lliquidity (XLK)
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Fig. 1: Natural Logarithm of Amihud Illiquidity

The forecasting task is formulated as a one-step-ahead time-series prediction
problem, where the objective is to estimate the next-day value of Log_ILLIQ.

To ensure realistic evaluation, all models are tested using a walk-forward
expanding-window framework. At each step, the model is trained using only past
observations and then used to generate a one-day-ahead forecast. The training sample
expands over time as new observations become available. Forecast accuracy is
measured using RMSE and MAE.
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The analysis begins with a naive persistence benchmark, where the next-day
liquidity level is assumed to equal the current observation. This provides a strong
baseline for financial time series, where many variables exhibit substantial persistence.

The primary forecasting model is an autoregressive specification with 20 lags
(AR(20)), designed to capture multi-day liquidity dynamics. Relative to the naive
persistence benchmark, the AR model produces a substantial improvement in
forecasting accuracy. For the main dataset (XLK), AR(20) reduces RMSE by
approximately 27-29%, indicating that daily liquidity contains strong multi-day

persistence rather than behaving as a purely random process.
One-step-ahead forecast: AR(20) vs Actual (test set)

Yoy
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Fig. 2: AR(20) one-step-ahead forecast of log illiquidity versus actual values.

To examine whether market conditions contribute additional predictive
information, the autoregressive specification is augmented with lagged volatility
measures. The estimated coefficients reveal a stable negative relationship between
past volatility and future liquidity, meaning that higher volatility tends to be
followed by higher illiquidity. However, incorporating volatility into the linear model
yields only marginal improvements in forecasting accuracy, suggesting that much
of this information is already captured by the autoregressive structure of liquidity itself.

Finally, a Gradient Boosting regression model is implemented to test whether
nonlinear interactions between liquidity, volatility, and recent market conditions
provide additional predictive power. The nonlinear model improves forecasting
performance by approximately 4-5% relative to the AR benchmark. Although the
improvement is moderate, it indicates the presence of nonlinear effects—particularly
in the interaction between volatility and liquidity during periods of elevated market
stress.
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Fig. 3: HGB one-step-ahead forecast of log illiquidity versus actual values.

To test robustness across market conditions, the analysis is repeated across
several macroeconomic regimes, including the pre-GFC period, the financial crisis, the
post-crisis QE environment, and the COVID/tightening cycle. In all regimes, the
AR(20) model outperforms the naive benchmark with RMSE improvements of about
26-31%, indicating a stable autoregressive structure despite changing liquidity and
volatility conditions.

To test whether this persistence is specific to a single asset, the analysis is
replicated for additional ETFs representing different segments of the market: SPY
(S&P 500), IWM (Russell 2000), and XLF (Financial sector). Despite differences in
market capitalization, sector exposure, and baseline liquidity, the forecasting results
are highly similar. In each case, autoregressive models deliver improvements over the
naive benchmark of roughly 25-31%, closely matching the results obtained for XLK.
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Fig. 4: AR(20) RMSE improvement over naive benchmark by regime and ETF.
Taken together, these findings suggest that short-horizon liquidity persistence is
not limited to a particular asset or market environment. Instead, it appears to reflect a
general structural property of ETF liquidity dynamics, remaining stable across
both macroeconomic regimes and different segments of the equity market.
ETF liquidity exhibits strong short-horizon persistence: AR models reduce
forecast error by roughly 25-30% relative to the naive benchmark. The analysis also
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reveals a stable negative relationship between volatility and subsequent liquidity,
consistent with market participants widening spreads and reducing risk during
turbulent periods. The additional improvement from Gradient Boosting (about 4-5%)
suggests that part of this volatility—liquidity relationship is nonlinear, particularly
during stress episodes. Importantly, these patterns remain stable across different
macroeconomic regimes and across multiple ETFs, suggesting that liquidity
persistence represents a structural feature of ETF trading dynamics rather than an
asset-specific or regime-dependent effect.

References:

1. Amihud, Y. Illiquidity and stock returns: cross-section and time-series effects.
Journal of Financial Markets, (2002), 5(1), 31-56.

2. Chordia, T., Roll, R., & Subrahmanyam, A. Evidence on the speed of
convergence to market efficiency. Journal of Financial Economics, (2005),
76(2), 271-292.

HOW DO MACHINES PICK UP LANGUAGE? WHERE LANGUAGE AND
MATHEMATICS COLLIDE
Hutsalenko S.Y.
E-mail: sophisha2006@gmail.com
Academic advisor: Renska 1.1
National University of Life and Environmental Sciences of Ukraine

The evolution of machine translation has transformed linguistic knowledge into
a sophisticated mathematical instrument. Where software engineering meets
linguistics, human language is turned into mathematical data [7, 10]. To understand
how this works, we need to look at how computers combine large datasets with math
to recognise patterns in the way we communicate.[5, 10]

The mathematics behind today's translation systems is not founded on a single
branch, but rather on an integrated system composed of linear algebra, calculus,
probability, and information theory. Linear algebra serves as the structural backbone
of neural machine translation. Calculus functions as the learning engine for modern
translation systems. Probability and information theory provide the core modelling and
evaluation frameworks.[5, 10]

The main engine of modern Machine Translation (MT) is Corpus Linguistics,
utilising massive, structured collections of authentic texts. [1,2] Unlike monolingual
studies, MT relies specifically on multilingual parallel corpora consisting of source
texts strictly aligned with their target translations, such as the extensive databases of
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English and Ukrainian sentence pairs. [8] The availability of raw data allows software
to compare and map meanings across languages, representing a major shift from Rule-
Based Machine Translation (RBMT). While RBMT depended on linguists manually
coding rules, modern Statistical (SMT) and Neural Machine Translation (NMT)
systems learn through mathematical pattern recognition. By evaluating entire sentences
to spot statistical relationships, deep learning algorithms model human linguistic logic
without explicit grammar instruction[l, 10]. SMT reframed translation as a
mathematical decision theory problem: identifying the target sentence with the highest
conditional probability given the source sentence, largely driven by Bayes' theorem.
The fundamental equation of statistical machine translation involves finding the string
that maximises the product of the language model probability and the translation model
probability. In modern neural architectures, these probabilistic concepts remain
crucial.[10]

This data-driven transition is particularly critical for morphologically complex
languages like Ukrainian. Unlike English, which relies on strict word order, Ukrainian
utilises intricate inflectional morphology (prefixes, suffixes, and endings) to establish
syntactic relationships. Consequently, the success of NMT is entirely dependent on
high-quality parallel data; if data is sparse, the system’s tokenizer struggles, breaking
words into long, inefficient sequences that hinder performance [9]. High-quality data
serves as the essential bridge for the machine to recognise and generate complex
syntactic structures accurately [8]. Training a machine translation model is
fundamentally an optimization problem, where the goal is to seek optimal solutions
within an ultra-high-dimensional parameter space containing billions of variables.

Modern systems represent words, sentences, and texts not as linear symbols, but
as abstract vectors and tensors situated in high-dimensional semantic spaces. Meaning
is represented geometrically through spatial distances and directions, which allows
machines to compute and transform semantic content within a unified mathematical
framework. Before operation, corpora undergo preprocessing — deduplication,
language identification, and semantic similarity filtering — ensuring that only accurate
alignments (typically similarity scores between 0.75 and 0.99) are used for training [6].

The refined text is then segmented into tokens, a major engineering challenge
for languages where default tokenizers are often inefficient [9]. When tokens are
fractured too heavily, they lose semantic value, forcing attention layers to waste
excessive computational power. To solve this, engineers develop language-specific
tokenizers and employ"Trans-Tokenization" to align units across language pairs.
Utilising tools like Fast Align, this "semantic bridge" identifies tokens sharing the same
contextual space and transfers mathematical embeddings from source to target. These
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tokens are transformed into high-dimensional vector representations, allowing human
language to be processed as structured mathematical data [9].

Translation systems then utilise the Transformer architecture, which
revolutionised the field by processing sentences in parallel rather than word-by-
word[4, 10]. This architecture employs an encoder-decoder framework to create
abstract vector representations and sequentially generate target output. Its true power
lies in the Multi-Head Attention mechanism, which determines the contextual
importance of specific words by assigning Query, Key, and Value vectors to each
token. By calculating mathematical weights through these vectors, the system tracks
syntactic dependencies, pragmatics, and complex multiword terms[3].

Ultimately, mathematics acts as a universal meta-language connecting human
languages with exact computational representations, utilising these distinct
mathematical branches as a coherent and interdependent system to achieve
translation[5, 10].

STATEMENT ON THE USE OF ARTIFICIAL INTELLIGENCE

In preparing the manuscript I used the artificial intelligence tools NotebookLM,
Gemini for data analysis and Deepl, Grammarly exclusively for stylistic revision,
spell-checking, grammar correction, and translation refinement of English-language.
The author takes full responsibility for the content and integrity of the final manuscript.
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Introduction

Visual impairment is a major global health challenge that significantly affects
independence, safety, and quality of life. Individuals with visual disabilities often face
continuous difficulties in spatial orientation and obstacle avoidance, particularly in
unfamiliar or dynamic environments.

The most widely used assistive device is the traditional white cane, which
provides basic tactile feedback through direct physical contact with obstacles.
Although it is simple, reliable, and widely accessible, its effectiveness is inherently
limited by the short detection range and the absence of anticipatory warning
mechanisms. As a result, users often detect obstacles only at very close distances,
which reduces reaction time and increases the likelihood of collisions or unsafe
navigation.

With the rapid development of artificial intelligence, embedded systems, and
low-cost sensing technologies, new opportunities have emerged for designing
intelligent assistive devices. These technologies enable real-time environmental
perception, adaptive feedback, and improved decision support for users during
movement. Recent research has demonstrated that integrating sensors with
computational processing can significantly enhance mobility assistance compared to
conventional tools.

Within this context, the Smart Neural Cane Is introduced as an intelligent
assistive system designed to extend the capabilities of the traditional white cane. It aims
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to provide early obstacle detection, distance estimation, and real-time multimodal
feedback, thereby improving user awareness and mobility safety. The system
represents a transition from purely mechanical assistance to semi-intelligent human—
machine interaction.

Aim

This study aims to design, implement, and evaluate a Smart Neural Cane as an
Intelligent assistive mobility system for visually impaired individuals, focusing on
improving obstacle detection accuracy, reducing response time, and enhancing overall
navigation safety in controlled environments.

The study further aims to investigate the effectiveness of integrating ultrasonic
sensing, motion detection, and real-time signal processing into a unified assistive
framework. This includes evaluating how different obstacle distances influence system
responsiveness and how multimodal feedback (vibration and audio signals) supports
user decision-making during movement.

A key objective is to conduct a rigorous comparative experimental analysis
between the Smart Neural Cane and the traditional white cane under standardized
conditions, ensuring fair performance assessment across identical navigation tasks. The
study also aims to assess variability in user performance across repeated trials to
evaluate system consistency and reliability.

Additionally, this work seeks to examine the human—device interaction
dimension by analyzing how users adapt to artificial feedback signals and whether
these signals improve confidence, reduce hesitation, and support smoother navigation
behavior.

Ultimately, the study aims to contribute to the development of scalable, low-
cost, and intelligent mobility aids that can bridge the gap between traditional assistive
tools and modern Al-driven systems.

Materials and Methods

A controlled experimental study was conducted involving 20 participants with
no prior experience using smart assistive devices. Each participant completed
navigation tasks in a structured indoor environment containing standardized obstacle
layouts.

To ensure experimental reliability, a within-subject design was used, where each
participant performed identical navigation tasks using both the Smart Neural Cane and
a traditional white cane. The order of device usage was randomized to minimize
learning and fatigue effects.

The Smart Neural Cane integrates ultrasonic sensors for distance measurement
and inertial sensors for motion tracking. Sensor data are processed In real time using a
filtering algorithm to reduce noise and improve stability. A rule-based decision system
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classifies obstacle proximity into multiple levels and triggers corresponding vibration
and audio feedback.

Each participant completed 10 repeated trials per device, resulting in a total of
200 recorded navigation sessions. Performance metrics were automatically recorded,
including detection accuracy, response time, collision frequency, and navigation
completion efficiency.

Results

The Smart Neural Cane demonstrated consistently superior performance
compared to the traditional white cane across all evaluated metrics.

The mean obstacle detection accuracy was 91.2% (£3.8) for the Smart Neural
Cane, compared to 64.5% (£5.9) for the traditional cane, indicating a significant
improvement of 26.7%.

The average response time decreased to 0.78 + 0.12 seconds, compared to 1.52
+ (0.26 seconds for the traditional cane, demonstrating faster obstacle reaction
capability.

Collision frequency was significantly reduced, with an average of 0.9 £+ 0.5
collisions per trial for the Smart Neural Cane versus 3.4 + 1.0 collisions per trial for
the traditional cane.

User satisfaction ratings showed a marked improvement, with a mean score of
4.5/5, compared to 2.7/5 for the traditional cane.

Statistical analysis using paired t-tests confirmed that all observed differences
were highly significant (p < 0.001). The effect size for detection accuracy was
extremely large (Cohen’s d = 2.0), indicating a strong practical impact. Additionally,
low standard deviation values across repeated trials demonstrated high system stability
and consistency.

Conclusion

The Smart Neural Cane presents a highly effective intelligent assistive system
that significantly enhances mobility performance for visually impaired individuals
compared to traditional white canes. The experimental results demonstrate consistent
and statistically significant improvements across all evaluated performance metrics,
including obstacle detection accuracy, response time, collision reduction, and user
satisfaction.

The integration of ultrasonic sensing, motion tracking, and real-time feedback
mechanisms proved effective in providing early environmental awareness and
improving user decision-making during navigation. The system’s ability to classify
obstacle proximity and deliver adaptive feedback contributed to smoother and more
confident movement behavior.
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Beyond performance improvements, the study highlights the importance of
reliable human—machine interaction in assistive technologies. Users adapted quickly to
vibration and audio cues, indicating that multimodal feedback can effectively
compensate for the absence of visual information and reduce cognitive load during
navigation tasks.

Although the study was conducted under controlled indoor conditions, the high
level of consistency across repeated trials suggests that the system is stable and robust.
However, real-world environments introduce additional challenges such as dynamic
obstacles, uneven terrain, and environmental noise, which may affect system
performance. Therefore, future work should focus on outdoor validation and large-
scale user testing to further confirm scalability and real-world applicability.

In conclusion, this work contributes to the advancement of intelligent assistive
mobility systems by demonstrating that low-cost sensor integration combined with
simple intelligent processing can produce substantial improvements over conventional
assistive devices. The Smart Neural Cane represents a scalable foundation for future
developments in Al-driven mobility assistance, with potential for further enhancement
through machine learning integration, adaptive learning mechanisms, and advanced
environmental mapping techniques.
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Hayionanvnut mexuniunuu ynisepcumem Yxpainu "Kuiscokuti nonimexuiunuu
incmumym imeni I2ops Cikopcvkozo"

HITyuHu#t 1HTENEKT — 1€ TEXHOJIOTIA, KA Ma€ 3a OCHOBY MaTeMaTH4HY MOJIENb
aBTOMaTHU3allli 3aBlaHb, fAKI MOTPEOYIOTb BTPYYaHHS JIOJACHKOIO 1HTEJEKTY.
Hanpuknan, anami3, po3mi3HaHHS MOBH, TOIIYK, NepeBipka iHGopmMarllii ado HaBiTh
HaBYaHHS YOMYCh HOBOMY. lnes TOro, mo mIoch OKpPIM MO3KY JIOJUHU 3MOXE
BUKOHYBAaTH pOOOTY, MOTpeOyIOUy JIOJACHKOrO 1HTEJIEKTY, HE HOBA, ajié BOHA CTaJa
JOCSKHOIO 3aBISIKM MaTeMaTHYHOMY amapaTy. Pi3HI BYeHI Ta MNHUChMEHHUKU
nepeadavaiy MosiBy CHHTETUIHOT TYMKH, OTIMCYIOUX MOYKJTUBUI BUTJIS] TAKMX MAIITHH
y CBOiX TBOpax 1 mparpix. [lepmn koHmenmii MUCIeHHS, SKi MOJKHA Ha3BaTH IMTYYHUM
1HTEJIEKTOM, OyJIM IOCUTh HE3rpaOHUMHU, OO OMUCATH JYMKY MaT€MaTUKOIO Ha paHHIX
eTanax BUBYEHHS KOMIT IOTEPHHUX HayK OyJO Mailbke HEeMOXJIHMBO. Alle BCl 3rajKu
TaKUX TEXHOJIOT1M OyJIM MO€IHAHI OJHIEI0 CUCTEMOIO TMOTJIAIIB, sSIKa 3arajoM 1 craja
(GyHIaMEHTOM IITYYHOTO IHTEIEKTY.

3a 200 3 TUIIKOM POKIB 10 BAHUKHEHHS [TEPIIOr0 KOMIT F0Tepa JIIOIMHI BAANIOCS
BHUTAJIaTH MAITUHY, KA TPAIIOE 32 CXOKUM ITPUHITATIOM KOMOIHYBaHHS €JIEMEHTIB, 110
1 ceoroanimHi III. Poman [[xonatana Ceidra «Manapu ['yniBepa» 3manboByBaB
MeXaHi3M, 3a JIOMOMOT0I0 SIKOTO BUEHI MHUCAJIA CBOI KHUTH, TO3WYAIIH 11e1 1 CKIIaanu
¢binmocoderki Tpakratu. BoHM HaTHCKaauM Ha BaXKeb, SKHM 3allyCKaB BHUIIAJKOBE
OTpUMaHHS JIepeB’sTHOTO OJIoKy 13 cioBoMm. Came 1€ TepeMilllyBaHHS 1 €
aBTOMATH3AIIEI0 TIPOLIECY BUTAIKU HOBUX 171ei. CydacHi MOJIENIl INTYYHOT'O IHTEJICKTY
oOUparoTh JAEKIIbKa JKEpel, 13 SKUX BUOMPAIOTH CJIOBa 1 MEpeMIIyOTh iX. Sk
pe3yJIbTaT TE€HEPYEThCS TEKCT, MPOCTO 13 3aMO3WYeHHS CliB U iaei. Y 1914 pomi B
[Tapmxi icnancekuii iHxkeHep Jleonapao Toppec cTBOpUB (Pi3UUHY MOJENb CXOXKOi
mamuHu «El Ajedrecistay Ha npuHUMIAX TUCKPETHOI JIOTIKK. Po3pobiiena asis rpu B
Iaxu 3 JIIOJMHOIO, ajie 3 HI0AHCOM: ii METOI0 OYyJI0 BUTpaBaTH 1 MOMEPEHKATH IIPO
MOMUJIKHM YH IIaxpaicTBa 3 00Ky cynpoTuBHUKA. HaykoBenb 3poOMB OAMH 13 MEPIIIX
KPOKIB Ha MIJISAXY JI0 MOSBH IITy4YHOTO IHTEJIEKTY.

[lepma mwryuyna HeifponHa mepexxa SNARC Oyna crBopena B 1951 poui nBoma
BUHaxigHUKamMu: MapBiHoM MincbkuM 1 [iHom Egmynncom. CyTh eKCHEpUMEHTY
noJArana B 10C/iKeHHI HaBYaHHs Yepe3 IMOBIpHiCHe MiAKpirIeHHs. [i Ha3Ba MiCTHTD
KJIFOUOBE CJIOBO «CTOXACTHUYHMID (BUIAIKOBHI), 1110 BKa3y€ Ha BUKOPUCTAHHS TEOpIi
WMOBIPHOCTEH 11 MOJENIOBaHHS HaBYaHHSA. MammHa Mana iMITyBaTd IIypa y
Ja0IpUHTI, SKUH METOJIOM P00 1 TOMUJIOK HAaBUMBCS O 3HAXOIUTH MPABUILHI XOIH
OTpUMYBATH 3a i€ BUHaropoay. Bona ckiananacs 3 3000 BakyyMHUX TpyOOK 1 Mania
40 HelpornoaIOHUX OJIMHUIIL. 3a JOTIOMOTOXO III€1 Mpalll HACTYIHI BYEH1 «BUUIIN» CBOI
MaIuHY.

30



TepmiH MmITy4yHUW 1HTENEKT 3’sBUBCA y 1955 pomi sk i1es ceMiHapy
«IIpomo3unis Ans JJapTMyTChKOTO JIITHROTO MPOEKTY 31 IITYYHOTO 1HTENEKTY». PokoM
Mmi3HINIE BIITKY 3axin iHimitoBamu Jxon Makkapti 3 [lapTMyTCBKOTO KOJEIKY,
Mapgin Miucki 3 'apBapacekoro yHiBepcutety, Haraniens Pouectep 3 IBM 1 Kiox
[ITennon 3 Bell Telephone Laboratories. leit nepioa BBaxkaeTbest 0(iriiHOIO JaTOIO
CTBOPEHHS IITYYHOT'O 1HTEJIEKTY.

JliniitHa anrebpa — (QyHAAMEHT IITYyYHOTO IHTENIEKTY, 0€3 SIKOro aJiropuTMHU
BTpaTuiu 0 ¢pyHKIioHanbHICTh. ExcriepTu IBM Ha3zuBaroTh 1i MOBOIO, 1110 OMMCYE PYX
JaHUX Kpi3b MOJIETI Ta Mporiec HaB4yaHHs. Ha omneparisix miHiiHOT anrebpu 6a3yr0ThCs
QITOPUTMH MAIlIMHHOTO HABYaHHA Ta TEHEPATHBHI MOJCHTi, OCKUIbKA BOHH
onpanboByOTh OaraToBuMipHi Aadi. Y Il TekcT un 300pakeHHS CTalOTh BEKTOPAMH,
MaTpUIIMUA Ta TeH30paMu. MaremaTtuuHi 00'€KTH 30€epiraloTh J1aHi pPi3HUX BUMIpIB:
OyIb-SKMI BXIJIHUM CUTHAJ TEPETBOPIOETHCS HA MacUB YHCEIN, SKUM cHUcTeMa
00po0JIsie Yepe3 MHOKEHHS MaTPHUIlb, OOYUCIICHHS I€TEPMIHAHTIB Yd 00€pTaHHS.

Po3po6uuku Oynyrore Mozeni IIII Ha ocCHOBI HEHpPOHHHUX  MEPEK.
FreeCodeCamp Bu3Hauae JiHIMHY anredpy sik OCHOBY JJIS MPEACTABJICHHS JaHUX Ta
obuuncienb. BoHa onTuMizye poOOTy MEpEk, MO3BOJISIOUA OOpPOOJISITH MUIBHOHU
napaMeTpiB OJHOYACHO Ta MPHCKOPIOIOYM HABUAHHS Ha BEIMKUX Ha0Opax JaHUX.
Meroau niHi1HHOT anreOpyu TaKoXK BIJCIKAIOTh TyM, (DOKYCYIOUH MOJIETh Ha KJIIOYOBUX
ocoommBoctsix. Ha nymky @axiBiie UnderstandTheMath, marematnyna MoBa
YMOJXKJIMBIIIOE MAaHIMYJIIOBaHHS JTaHUMH BHCOKOi po3MipHocTi. JliHiliHa anrebGpa
3akiana 6asy ayisg poOOTH BeIUKUX Moaenei, Tomy 6e3 Hei LI He icnyBaB Ou.

[TapanenbHO WMOBIPHICTh 1 CTATUCTHKA BYaTh MOJENl JiATU B yMOBax
HEBHM3HAYEHOCTI. Teopis KMOBIPHOCTEH OLIHIOE pe3yJibTaTH, L0 BAXKIWBO IS
kinacudikamii Ta aHanizy pu3nkiB. MMOBIpHiCHI po3HOALIM H0IOMAralOTh 3HAXOUTH
3aKOHOMIPHOCTI Y MIHJIMBHUX JAHHUX, & CTATUCTUKA CTPYKTYpY€ 1HPOPMALIIIO: BUSBIISIE
TEHJIEHI[1i, OOYHMCIIIOE Cepe/lHI 3HAUYCHHS Ta TEepeBIps€ 3HAYYIIICTh PE3yJIbTATIB.
Perpeciitnuii aHai3 BCTAHOBIIIOE 3aJIEKHOCTI MI’K 3MIHHUMH, a TIMOTE3HE TECTYBAHHS
JI0TIOMAarae OLIIHUTH TOYHICTh MPOTHO31B. baileciBChki MeTOaM HE3aMmiHHI 3a Opaky
JaHUX: BOHM TMOEAHYIOTh TONEpPEIHIA JOCBIA 13 HOBUMHU HMOBIPHOCTSIMHU JJIs
yXBaJIeHHs OOTpPYHTOBaHUX pilieHb. CydacHi TeHepaTUBHI MOJI€l BAKOPUCTOBYIOTH 1X
JUISL OLIHKY BIIEBHEHOCTI y BiAMOBIAAX. OTKe, HMOBIPHICTh Ta CTATUCTHKA HAIIUIH
I 3paTHICTIO PO3YyMITH CBIT 1 aJanTyBaTHUCS A0 3MiH, JO3BOJISIIOUM MOJICIISAM
MPOrHO3YBATH MOJIIi Ta YXBAJIIOBATH PILLICHHS.
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B ymoBax rnobGamizamii Ta 3poCTaryoi IHTEHCHUBHOCTI MIXHApPOJIHUX
KOMYHIKaIliil 3HaHHS IHO36MHUX MOB CTa€ BCE O1IBIII 3aTPEOYBAHOIO KOMITETEHTHICTIO.
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3amacy: 0€3 JOCTaTHbOIO CJIOBHMKOBOrO (DOHAY HaBIThb 0a30Be CIHIJIKYBaHHS
3QIMIIAETHCS YCKJIaAHEHUM. TpanuiiiitHi MeToau poOOTH 3 JIGKCUKOK — MarepoBl
KApTKH, CIIOBHUKH, pPYYHI 3alMCH — TIOCTYNIOBO BHUTICHAIOTHCA LHUPPOBUMHU
pIIEHHSIMHU, 110 3a0€3MeUy0Th BUIIMA pIBEHb IHTEPAKTHMBHOCTI i NEpCcOHami3alii.
BoaHoyac OUIBLIICT HAsBHUX 3aCTOCYHKIB HE BpPAaXOBYIOTh KOHTEKCT, y SKOMY
KOPHUCTYBa4 3yCTPiB HOBE CJIOBO, TO/Il SIK CaM€ KOHTEKCTYyaJlbHE 3aCBOECHHS € OJTHUM 13
Hale(DEKTUBHIMINX MIX01B Y Cy4acHI JTIHTBOAUIAKTHIII. 3 OTJISITY Ha I1€, METOFO IT1€1
pobOTH € MPOEKTYBaHHS Ta po3poOka BeO-momatky LingoZitro — mmaTtdopmu ais
IHTEpaKTUBHOTO BUBYCHHS 1HO3EMHOI JIEKCHUKH, IO TMOEAHYE POOOTY 3 BIIACHUMHU
TEKCTOBHUMH MaTepiajaMi, CUCTEMY NEPCOHaNI30BaHMX KapTOK 1 MOJYJb TeHeparii
HABYAJILHOTO KOHTEHTY Ha OCHOBI IITYYHOTO iIHTEIEKTY.
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B ocHOBy cuctemMH MOKJIAJEHO KIIIEHT-CEPBEPHY apXITEKTYpy, pO3poOJeHY 3
aKIEHTOM Ha 3pPY4YHICTb, HIBUAKOJII0 Ta MaclmTaOoBaHICTh. KIIIEHTCbKY YacTHHY
peanizoBaHO 3 BUKOpUCTaHHAM Oi0mioTekn React [1] y moegHaHHI 3 IHCTPYMEHTOM
30ipkm Vite, 1o 3a0e3nednsio KOMITIOHEHTHUH MIAXia 10 opraHizaimii iHTepdeiicy Ta
BUCOKY TPOJAYKTUBHICTb PEHIASPUHTY Ha CTOpOHI Opaysepa. Jmsa crumizarii
3actocoBano Tailwind CSS [2], sxuii 103BOJIMB rHYYKO i OTIEpaTUBHO HAJAIITOBYBATH
30BHIIIHIA BUIJISA KOMIIOHEHTIB 0€3 HalMCaHHS TPOMI3IKUX TaOJUIlb CTHIIIB.
CepBepHy yactuHy noOyaoBaHo Ha MoBi Python [3] 13 Bukopucranasm Django REST
Framework [4], mo Hagano 3pyuni 3acobu mis peanizamii RESTful API, ynpasninus
013HEC-JIOTIKOI0 Ta IHTETpallii i3 30BHINIHIMUA MOJEISMHU IITYYHOTO 1HTENeKTy. Jlis
KOHTEWHEepHu3alii Ta BIATBOPIOBAHOTO PO3TOPTAHHS CEPEIOBUINA BUKOPHUCTAHO
Docker, a noxymenTartito 10 API cdhhopmoBano 3acobamu Swagger.

OyHKIIOHATBHI MOXJIUBOCTI LingoZitro OXOMIIOIOTH MOBHUN IUKI poOOTH
KOPUCTyBadya 3 1HO3eMHOI Jiekcukoro. Ilicis peectpamii Ta aBTeHTHDIKaIi
KOPHCTYBa4 OTPUMYE JIOCTYIl JI0 OCOOMCTOI O10/110TeKH, JIe MOKe 30epiratu BilacHI
KHUTU ¥ TeKcToBl Marepianu. I1ig yac untanHs Oynb-iKe HE3HAlOME CIIOBO MOXKHA
BUJIIUTU Ta 30epert Oe3nocepeHbO 3 KOHTEKCTY — TaKUM YUHOM JIEKCHKa
HAKOIUYY€EThCSI OPraHiyHO, 0€3 MepepuBaHHs IMpolecy YMTaHHS. 30epekeHl CloBa
IPYNyIOTHCA Yy IEPCOHATBHI KOJOHU JIJIS MOJANIBIIIOT CHCTeMaTH3allli Ta TOBTOPEHHSI.
JloJlaTKOBO peasi3oBaHO MEXaHi3M BIJACTEKEHHSI MIOJICHHUX HaBUYaJbHUX IIJIEH 1
CTATUCTHUKY TOCTIAOBHUX JHIB 3aHATH, MO (HOPMYy€E CTIMKY 3BHYKY JI0 PETYJISIPHOIO
HaBYaHHSA Ta MIATPUMY€E MOTHBAIIIIO KOPHUCTyBaya.

Ki1t04oBOI0 1HHOBALIMHOI CKIIAIOBOI0 MPOEKTY € MOAYJb aBTOMATUYHOI
reHepallii HAaBYaJIbHOTO KOHTEHTY 13 3aJyY€HHSAM LITYYHOTO 1HTENEKTY. TpaauiiitHo
CTBOPCHHS KapTK{ JUIsl HOBOTO CJIOBA BHMAara€ BiJl KOPHUCTyBada CaMOCTIHHOTO
MOIIYKY MEpeKaay, Mia0opy MPUKIAAIB BXKUBAHHS Ta GOpMYTIOBAaHHS BU3HAUYCHHS,
0 € TPYAOMICTKHUM TIPOIECOM 1 3HWXKY€E Temn pobotu. Y LingoZitro 1eit mpoiiec
aBTOMATU30BAaHO: CHCTeMa Iepeaae BHOpaHE CIIOBO pPa3oM 13 HOro OpHUTiHAIBHUM
KOHTEKCTOM y KHHU31 IO MOJIEJI IITYYHOTO 1HTEJCKTY, sIka TeHEPY€E PO3TOPHYTHUH OITHC,
TOYHHH MepeKIIaj] Ta ACKITbKa JOPEUYHUX MPUKIAAiB ykuBaHHs. Lle cyTTeBO ckopouye
4ac Ha MiJrOTOBKY HABYAJILHOT'O MaTepially 1 JI03BOJISIE KOPUCTYBaUEBl 30CEPEIUTUCS
0e3mocepeIHbO Ha 3aCBOEHH1 JIEKCHKH.

[IpakThyHa IIHHICTH PO3POOJICHOTO JAOJATKy TMOJSAra€ y KOMIUIEKCHOMY
migxoni: LingoZitro o6'eqHye mepeBipeHI METOIUKH POOOTH 31 CIOBHHUKOBUMU
KapTKaMd Ta YWTAHHSIM AaBTEHTUYHUX TEKCTIB 13 CYYaCHUMH MOXKJIUBOCTIMHU
IITYYHOTO 1HTENEKTy. Pe3ynbraToM CTajlo MOBHOLIHHE IMEpPCOHai30BaHe LU(pOoBe
CEPENIOBHUIIE, ¥ SIKOMY KOPHUCTYBa4 BHMBYA€ JICKCUKY HE 130JIbOBAHO, a Y JKHBOMY
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MOBHOMY KOHTEKCTI. llomanbuiuii poO3BUTOK MPOEKTY IMepeadayae po3MIUPEHHS
MiITPUMYBAHUX MOB Ta J0/IaBaHHsSI MOBHUX BITPaB Ha OCHOBI HAKOTIMYEHOTO CIIOBHUKA.

Chnucox BUKOPHUCTAHUX JI7KEPEJI:

1. React: odimiiinuii BeOGcait. URL: https://react.dev/ (mara 3BepHEHHS:
02.04.2026).

2. Tailwind CSS: odimirinuii BeOcaiit. URL: https://tailwindcss.com/ (nmata
3BepHeHHs: 02.04.2026).

3. Python: odimiiinuii BeOcait. URL: https://www.python.org/ (nata 3BepHEHHS:
02.04.2026).

4. Django REST Framework: odimiitauii BeOcaiit. URL: https://www.django-rest-
framework.org/ (nata 3Bepuenns: 02.04.2026).

BUKOPUCTAHHSA METOAIB CAMOHABYAHHS 15
ABTOMATMU3AILIl CETMEHTALI NOIIKOJXXEHb HECTAHJIAPTHUX
BAHTAXKIB

TI'onoeko M. A.
Hayxoesuii kepisnuk. Ilanuenxo A. C.
Xapkiscvkuii nayionanvHuu ynieepcumem imeni B. H. Kapa3sina

AHOTAILISA

VY po0oTi gocmiKeHo 3aCTOCYBaHHS MiAX0/iB camoHaBuanHs (Self-Supervised
Learning) nms BupilieHHS 3a7a4i  IOIMIKCEIRHOTO BHUJUICHHS Je(EKTIB Ha
300paKEHHSIX HECTaHIAPTHUX BaHTaxiB. PosrimsHyro mpobiemy  nedimuty
PO3MIUEHUX JAHUX Y JIOTICTHYHUX CHCTeMax Ta 3alpOIOHOBAHO METO]] MOMIEPEAHHOTO
HaBYaHHS MOJIeJIel Ha CUPUX MacUBaX JaHUX JUIS MiJABUIIEHHS TOYHOCTI JIOKaTi3alil
TTOTITKOIPKEHb.

KirouoBi  cioBa:  KOMIT'IOTEepHHA  31p, CEMaHTUYHA  CErMEHTAallls,
caMOHaB4YaHHS, Ae()EKTOCKOIIIs, IITHO0Ke HaBYaHHS, JIOTICTHKA.

BCTYII

ABTOMAaTH3aITis KOHTPOJTIO IIJTICHOCT BAHTAXK1B HA €Tarax TPaAaHCTIOPTYBaHHS Ta
CKJIQZICRKOTO 30epiraHHs € KPUTUYHO BAXKIMBHUM 3aBJIaHHSIM JJIs CyYacHHX
JOTICTUYHUX TEeHTpiB. OCOONMBY CKIIQIHICTh CTAHOBJISITh HECTAHAAPTHI BaHTaXI,
(dhopma Ta 30BHINIHIN BUTJIS IKMX 3HAYHO BapitorOThCs. TpaauiiiiiHi METo 11 HaBUaHHS
3 YUMTEJIEM BUMAararoTh BEJIMKOI KiJIbKOCTI aHOTOBAHUX 300pa)K€Hb, 1110 € CKJIAJIHUM

3aBJaHHSIM B yMOBaX MOCTIHHOT 3MiHA aCOPTUMEHTY TOBapiB[2].
INOCTAHOBKA 3AJIAUI
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Meroto JoCHiKEHHST € PO3poOKa ajlropuTMy CEerMeHTalii, 3JaTHOro
11eHTH(IKYBaTH MONTKOIHKSHHS 3 BUCOKOIO TOYHICTIO (BM STUHHU, PO3PHUBH YITAKOBKH,
BIJIKOJIM), BUKOPHCTOBYIOUM MIHIMAJIbHY KUIBKICTh PY4YHOi po3MiTku. OCHOBHa
rinores3a MoJIATa€E B TOMY, LIO0 BHKOPHUCTAHHS METO/IB CaMOHABUYaHHS J03BOJHTH
MOJICJII BHBYUTH YHIBEpPCaJIbHI O3HAaKM Bi3yaJbHUX CTPYKTYp BaHTaxiB 13
HEPO3MIYEHUX MACUBIB JaHUX.

METOJOJIOI'TA JOCTIIKEHHSA

VY po6oTi 3anPOIMIOHOBAHO JIBOCTATHUHN TTIX1;:

1. [lonepeqHe HaBYaHHS - BHUKOPHCTAHHS apXITEKTypU MAaCKOBAHHX
aBTOCHKO/IEPIB Ha BEJMKIM KUTBKOCTI Hepo3MiueHuX (oTtorpadiif, oTpuMaHux 13
KaMep KOHBEEpPHHUX JiHIM. Mojaenb HaBYAETHCS BITHOBIIOBATH IPUXOBaHI
JUISTHKYA 300pakeHb, (POPMYIOUX pO3YMIHHS T€OMETPIi Ta TEKCTYpH 00’ €KTiB[ 1].

2. Tonke HaJaIITYBaHHS - JOHAaBYaHHS MOJEN Ha Maliil BHOIpI PO3MIUYEHHUX
JTAaHUX ]I BAKOHAHHS 0e3MocepeHbo1 3a1a4l cerMeHTantii[3].

Jyist onrTuMi3altii mpoiecy HaBuaHHsSI BUKOPUCTOBY€EThCS KOMOIHOBaHA (PYHKITIS
BTPAT L;y¢q1, 10 TIOEAHYE OiHapHY Kpoc-eHTpomnito (BCE) ta dynkuiro [laiica (Dice
Loss). Ile mo3Bosiie Mozeni €(pEeKTUBHO MpaIlOBaTU B YMOBax HEPIBHOMIPHOIO
PO3MOJILTY KJIaciB, KOJIH IUIONIA IeeKTy 3HAYHO MEHIIA 32 TIoly (OoHY:

Liotar = @Lpce + BLpice
ne:
Lpcp— MiHIMI3y€ TOXHMOKY Ha PiBHI OKPEMHX TIKCENIB,;
L p;ce— BIAMOBIAA€E 32 MAKCUMAJIBHUH 301T MIXK Iiepe10aueHOI0 00JIaCTIO Ta €TaJIOHOM;
Q, [/ — BaroBi KOEQIIIEHTH, €— TapaMeTp 3TIAJUKyBaHHA I CTaOiIbHOCTI
OO0YHCIICHB.

PE3YJIBTATHU

Jlist mepeBipku e€(EeKTUBHOCTI 3alpONOHOBAHOTO MIAXOAY OyJl0 MPOBEAEHO
Cepit0 eKClepuMEeHTIB Ha 0a31 apxitektypu Vision Transformer[5]. Ilpouec
JOCJIIIKEHHST OYB OpraHi30BaHUM HACTYITHUM YHHOM:

e HanamryBanHs HaBuaHHA: [lonepeaHe camoHaBYaHHs MOJIEN1 TIPOBOAUIIOCS HA
BuOipii 3 1000 wHepo3mideHHX 300pakeHb, 10 MicTwik (ororpadii
HECTaHJApPTHUX BAHTAXIB Y PI3HUX CKJIAJICBKUX YMOBax. BukopucroByBanacs
CTpareris MacKyBaHHS 75% BUIaKOBHX MaT4iB 300pakeHHs. Ha etami ToHKOTO
HAJNAIITYBaHHS 3acTocoByBaBcsi ontuMizatop AdamW 13 MOYaTKOBOIO
mBHKicTIO Hapuanus 10”7 Ta po3mipoM makety 16[4].

e ExcriepumeHTanbHe TOPIBHSAHHA: [IpoBeneHO TMOPIBHSAIBHUN aHai3 MIXK
KJIACMYHUM HAaBUYaHHSM «3 Yy4YHUTEJIEM» Ta 3alpOTNOHOBAHMM METOJIOM 13
nonepeaHiM caMoHaBuyaHHsIM. OlliHKa TPOBOAMIIACS 32 METPUKOIO CEPETHHOTO
nepeTuHy Haj o0'eqHanHHsAM (mloU)[4].
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e AHami3 pesyiabTariB: BcraHoBieHo, mo mnpu BukopucTaHHi Jwumie 100
po3MmiueHux 3o00pakerb (10% Big 3araJdbHOTO MAacuBYy), MOJENb 13
CaMOHaBYaHHSM TMpojieMoHcTpyBana nmokasHuK mloU Ha piBHi 0.74. ¥V TOit e
yac MOJIeb, HABYCHA 32 CTAHIAPTHOIO CXEMOIO0 Ha Til )K€ KUIBKOCTI JaHUX,
nocsirna smmie 0.42, 1o cympoBOKYBAJIOCS 3HAYHUM IE€pEHABYAHHSIM Ta
HE3JaTHICTIO 10 TOYHOI JIoKauTi3alii ApiOHuxX aedexTiB[S].

ExcnieprMeHTansHo A0BEICHO, IO HABITh 32 HASIBHOCTI HEBEJIMKOI 0a3u JaHUX
y 1000 300pakeHb, €Tan caMOHaBYaHHS J03BOJIsI€ HEUpOMEpEeKi BUIIJIUTH 1HBAp1aHTHI
o3Haku 00'ektiB. lle mo3Boisie cucteMi CTaOUIBHO 1MEHTHU(IKYBATH MOIIKOIKEHHS
HaBITh 32 YMOB CKJIQJIHOTO (DOHY Ta 3MIHHOT'O OCBITJICHHS, IT[0 € KPUTUIHO BKIUBUM
JUTSI PAKTHYHOTO PO3TOPTAHHS B JIOTICTUYHUX TEpMiHaax.

BUCHOBKHA

VY xoai gocnipkeHHs 0y0 10BeeHO €(heKTUBHICTD M1IX0Ay CAMOHABYAHHSI JJIs
imeHTudikamii  nedexTiB  HecTaHAApTHUX  BaHTaxiB. OTpuMaHi pe3yJbTaTu
MPOJIECMOHCTPYBAJIA, 110 BUKOPUCTAaHHS MACKOBAaHUX aBTOCHKOJIEPIB J03BOJIE
nocsrru nokasHuka mloU 0.74 npu BukopuctanHi e 10% po3MiueHuX TaHUX.

Ile miaTBep/Ky€E, M0 MOJETh 37]aTHA YCHINIHO BUAUISTH 1HBApiaHTHI O3HAKU
00’ekTiB HaBITh Ha oOMexeH1i BuOipul y 1000 300paxeHpb, JEMOHCTPYIOYN BUCOKY
CTIMKICTh JI0 3MIHHOTO OCBITJIEHHS Ta CKJIQJHOTO (DOHY CKJIQJACHKUX MPUMIIICHb.
3anponoHOBaHUM METO/ TO3BOJISIE CKOPOTUTH BUTPATH HA MIATOTOBKY JAHUX Y KiJIbKa
pasiB, 10 € KIOYOBUM (PaKTOPOM ISl BIPOBAHKEHHS CUCTEM IHTEIIEKTYaJIbHOTO 30py
B peasibHI JIOTICTUYHI MPOIIECH Ta aBTOMATU30BaH1 cuctemMu oomiky [1, 3].

Cnncok BUKOPUCTAHMX JI7Kepest:
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JOCJIIIAKEHHSA EOEKTUBHOCTI AJITOPUTMY CAUSAL FOREST
JJISA OOIHIOBAHHSA YMOBHOI'O CEPE/IHHOI'O E®EKTY BILJIUBY
HA OCHOBI CUHTETUYHUX JAHUX
baoina P. B.

E-mail: ruslan.babilia@Inu.edu.ua
Hayxkosuti kepienuk. bineyvkuii B. M.

JIvsiscokuti Hayionanvrul yrieepcumem imeni leana @panka

3amaui mpuunHHO-HacmiakoBoro aHamizy (Causal Inference) octanHiM wacom
HaOyBaIOTh BEJIMKOI MOMYJSIPHOCTI B Pi3HUX cepax — BiA T0KA30BOT MEAUIIMHU IO
MEPCOHAII30BAHOTO MApPKETUHTY Ta E€KOHOMETpPUKH. KIIOWOBMM MOHATTAM y IIIH
obnacTi € oriHoBaHHs yMOBHOrO cepennboro edexrty BBy (CATE — Conditional
Average Treatment Effect), sike 103BoJiss€ BU3HAYaTH 1HIUBIIyaIbHI peakilii 00’ €KTIB
Ha TMEBHE BTPYYaHHsS a0o JIIKYBaHHS 3aJIEKHO BiJl iX XapaKTEPUCTUK. 3aCTOCYBaHHS
METO/IIB MAllIMHHOTO HAaBYaHHS, 30KpeMa aJITOPUTMY NMPUUYUHHO-HACTIAKOBUX JIICIB
(Causal Forest) [1, 4], no3Bosisie €peKTUBHO MOJCIIOBATH HENIHINMHI 3aJ€XKHOCTI Y
0araToBUMIPHUX MPOCTOPAX.

Merta po6oTH noJisirae y JOCHIIKEHH1 sikocTi podoTu anroputMmy Causal Forest
P pI3HUX 00cCsTax BUOIPOK Ta PIBHAX MEPEKPUTTs (overlap) Mixk KOHTPOJIIBHOIO Ta
[IJTLOBOIO TPyHaMU 3a JJOTIOMOT'OI0 pO3pOOJIEHOTO CUMYJIALIIIHOTO CepeIOBUIIIA.

B ocHoOBI1 o1inku e(heKTy JIeKUTh MOTEHIIHA MOJeNb pe3yibTaTiB PyOina.
Hexaii 111 K0’)kHOTO 00’€KTa MU MaeMO BEKTOp o3Hak X € RP, GiHapHUU iHIUKATOD
BBy W € {0,1} ta Binryk Y. Toxi CATE MoxHa BU3HaUUTH 32 GOopMYJIIorO 1:

T(x) =E[Y()-Y(O) | X = x] (1

ne Y (1) ta Y(0) — noTeHIiiHi pe3yabTaTy MPH HAIBHOCTI Ta BiICYTHOCTI BTPYYaHHs
B1/IMOBITHO.

Jlns ouinku CATE 3a nonomoroto anroputMmy Causal Forest 6ynytoTh ancamOJ1b
JEpeB pillleHb, fAKI pO30MBAIOTh TMPOCTIp O3HAK TaK, I00 MaKCHUMi3yBaTH
HEOJHOPIAHICT edekTy Mk juctkamu [4]. [Ipore Ha mpakTUIll podoTa aaropuUTMIB
CWJIHHO 3aJICKHUTh BiJl BIACTUBOCTEH HASIBHUX CIIOCTEPEIKYBAHUX JaHUX, 30KpeMa BiJl
o0cary BuOIpkM Ta OanaHCy CXWJIBHOCTEH 10 BTPYYaHHS B PI3HUX MiATpymax
(mepeKkpurTs).

JIJist cCHCTEMHOT0 TeCTYBaHHS MOJIEe HaMH po3po0JieHO HA0Ip CUMYIISIIIITHIX
R-ckpurTiB, 1110 103BOJISIOTH TEHEPYBATH CUHTETUYHI JaH1 3 BIIOMUMU “ICTUHHUMHU
sHaueHHsMu CATE 3rinno 13 meTogom Set-up A 3 po6otu Nie, Wager (2021) [3]. Lle
703BOJIsIE O€3MOCepeIHhO BUMIPIOBATH TOXUOKY MOJICTIOBaHHS, BUKOPHUCTOBYIOUH
dbopmyny 2 nis metpuku PEHE (Precision in Estimation of Heterogeneous Effects):
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PEHE = % (0x) — T(x)’ 2)
i=1

ae t(x;) — icTMHHUE e(eKT BIUIMBY s [-TO CIIOCTEPEIKCHHS, 3aJaHuil
mapamMeTpamMu cumyJsiii, a 7(x;) — ominka (mporuo3) eQpexTy BIUIMBY, OTpUMAaHa 3a
nornomMoroto anroputmy Causal Forest.

B pamkax nociikeHHSI MPOBEICHO EKCIIEPUMEHTH 3 TeHEepalli€lo BUOIPOK
pisaux  obOcari: N € {500,1000,2000,4000,8000}.  OuiHIOBaHHA  aJNTOPHUTMIB
npoBouitocs s mojieni Causal Forest [2]. Takox reHepyBanucst JaTaceT 3 TpbOMa
PIBHSMH TIEPEKpUTTS (MMOBIPHOCTI OTpUMaHHA BIUIMBY): Strong (~73%), Medium
(~88%) ta Weak (~98%). Cnabke exctpumanbHe nepekpurts (Weak) monemntoe
CUTYyaIlil0, KOJIU TPynu 00 €KTiB, II0 OTPUMAJM Ta HE OTPUMAIU BIUIMB, CYyTTEBO
BIJIPI3HSIOTBCS CBOIMHM BJIACTMBOCTSIMM, IO YaCTO 3yCTPIYAETHCA B OOCEpBallliTHUX
JTOCIIKEHHAX. Y CUMYJISIIIIHHUX €KCTIEPUMEHTAaX BUKOPUCTOBYBaIOCh 10 o3HaK (p =
10). 17151 KO>KHOTO ClIeHapito MpoBeaeHo SO cuMysIii.

Sx BunHo 3 posnoniny merpuku PEHE (puc. 1), anroputm Causal Forest
JIEMOHCTPYE CYTTEBO MEHIITY TUCIIEPCII0 TOMUIIKH ITPH CUIIbHOMY (Strong) mepeKkpurTi
HEe3aJIe)KHO BiJ1 o0cAry BuOipku. Y Bunajakax ciadkoro (Weak) nepekputts aucnepcis
Ta CEepPEIHE 3HAUYCHHSI IIOMUIIKH 3POCTAI0Th, OCOOJIUBO JIJIsI MaJuX BUOIPOK.

n =500 | n = 1000 n = 2000 n = 4000 n = 8000

0.54

0.4+

PEHE

0.24

Magit $¢¢$$$

T T T L v T T T T 1 4 T T v T v v
Strong Medium Weak Strong Medium Weak Strong Medium Weak Strong Medium Weak Strong Medium Weak
Cuna nepekpuTTa

0.14

Puc. 1: Poznooin mempuxu PEHE 3a o6cscom 6ubipku ma pescumom
nepexpumms (no 50 cumynayiti 015 KO#CHO20 CYeHapiio)
Amnani3 nuHamiku cepennboro 3HadeHHs PEHE (puc. 2) miarBepmxkye, mo 31
301IbIIeHHSIM po3Mipy BUOIpkH (N = 4000) moxubka CTpIMKO 3MEHIITYETHCS JIST BCIX
PEXKUMIB TIEPEKPUTTSI, HAOTMKAIOUHUCH JI0 CHIJIBHUX AaCUMITOTUYHHUX 3HAYEHB, MMPOTE
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JIIA ci1abkoro MNEPEKPUTTA BOHA BCC OJHO 3aJIMIIAETLCA BI/IH_IOIO.pe}KI/IMiB IEPEKPUTTH,
HaOIMKAIOYHCh a0 CIIUIBHUX aCUMITOTHYHHX 3HA4YCHb, IIPOTC MJIA CJIabKoTO
IMCPCKPUTTA BOHA BCC OHO 3aJIMIIAETHCA BUIIOIO.

0.301

0.25 4

0.20 4

Cepepnne PEHE

0.1519

0.10

500 1000 2000 4000 8000
Po3amip Bubipku (n)

MMepekpuTTs =8 Strong =® Medium =®=- \Weak

Puc. 2: JJunamixa cepeonvoeo 3nauennss PEHE 3anesicno 6i0 posmipy eubipku ma
nepekpumms
VY Bumagkax ciabKoro MEpPeKPUTTS MOJEIl JIOBOJAMTHCS EKCTPAroIIOBaTH
pe3yIbTaTH Ha AUITHKYU MPOCTOPY O3HAK, 1€ OpaKye CIIOCTEPEIKEHD 3 AIbTEPHATUBHUM
CTaTyCOM BTpy4YaHHs. J{J1s1 HarysiAHOTO aHami3zy 3BeAeHo ycepenHneHi 3naueHHs PEHE
y BIAMOBIAHIN Tabawui (Tadu. 1).
Tabnuys 1: Ycepeoneni snauenns PEHE npu pisnux pieusx nepekpumms ons Causal

Forest
Po3mip Budipku (N) | Strong Overlap | Medium Overlap | Weak Overlap
500 0.222 0.235 0.324
1000 0.191 0.214 0.278
2000 0.160 0.183 0.238
4000 0.133 0.152 0.189
8000 0.111 0.125 0.163

BucnoBku. Po3pobieHe cuMyisiiifHe CEpeloBHUINE TO3BOJMIO MPOBECTH
KOMILJIEKCHY TIepeBipKy anroputmy oiiHioBaHHS CATE B KOHTpOJIbOBaHUX YMOBAX 13
PI3HHM OOCSATOM JIaHWX Ta CTYNECHEM IMEPEKPUTTA. AHaJi3 pe3yibTaTiB aJrOpUTMy
Causal Forest Bka3zaB Ha CyTTeBY 3alIekHICTh AkocTi mporHo3yBanHa CATE He Tinbku
B1JI KUUIBKOCTI JTaHUX, aJie ¥, 0 OLIbII KPUTHYIHO, BiJl 30a7JaHCOBAHOCTI 00’ €KTIB IS

HaBuaHHa (piBHS mnepekputts). llpm wmamux obcsrax Bubipok (N < 71000)
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EKCTpUMAaJIbHE MaJie IEPEKPUTTSI KPUTUIHO 301IBIITY€E MMOMIIIKY Ta il AUCTIEPCit0, TOII
sk npu 3HagHUX 00csarax (N = 4000) Causal Forest 3maTHU 9acTKOBO TIOM SIKITTUTH
el BIUTUB, CYTTEBO 3MEHIITYIOYH IMTOXUOKY Ta MiABUIIYIOUN CTAOUIBHICTD OIIIHOK, X04a
PO3PUB Y TOYHOCTI MK CIA0KUM 1 CUJIbBHUM TIEPEKPUTTIM 3aIHMIIAETHCS TOMITHUM.
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CBoeyacHUN MOHITOPUHT €IiJIEMIOIOTIYHOI CUTYyallli € BaXXJIMBUM 3aBIaHHSIM
CUCTEMHU TPOMAJICBKOTO 370pOB’S, OCKUIBKH Ja€ 3MOTY BIJICTEKYyBaTh 3MIHU
MOKa3HUKIB 3aXBOPIOBAHOCTI, BUSIBJISITH PET10HATIbH1 OCOOIUBOCTI MOIIMPEHHS XBOPOO
1 TATPUMYBATH TPUUHATTS OOIPYHTOBAHUX YIPABIIHCHKUX pilieHb. BomgHouac
MOJAHHSA CTaTUCTUYHUX JAHUX JIUMIIE y BUIJSAAl TaOMWIb 1 TEKCTOBUX 3BITIB
YCKJIQIHIOE iX IUBHUJKE CHOPUUHATTS, MOPIBHSAHHSA Ta MNOJaiIbIIMi aHami3. Tomy
BUKOPHCTAHHS 1HTEPAKTUBHUX TaHEJCH € JOMUIBHUM MiAXOAOM i MO€THAHHS B
OJTHOMY CepeIOBHUII KapTorpadiuHoi Bidyasizallii, YMCIOBUX 1HAUKATOPIB, TpadikiB
JTUHAMIKH Ta 3aco01B GinbTparii [1, 4].

Meroto pobGoTu € po3poOka IHTEPAKTHBHOI TaHENI [JIi MOHITOPUHTY
eMiIeMIOJIOTIYHOI cuTyallii B YKpaiHi Ha OCHOBI PEAJIbHUX CTaTUCTUYHUX JaHUX TIPO
1H(]eKIIiTHy 3aXBOPIOBAHICTh. Y MeXax IOCTIHPKEHHS BUKOPUCTAHO BIAKPHUTI JlaHi
mono I['PBI, rpumy, rematutiB A, B 1 C, roctpux KHUIIKOBHX 1H(EKIIN Ta
CaJIbMOHEJIbO3Y, a TaKOX JONOMDKHI JeMorpadiuHi Ta kapTtorpadiudi JaHl A

40



pPO3paxyHKy IHTEHCUBHMX TMoOKa3HUKIB Ha 100 Tuc. HaceleHHS 1 BigoOpakKeHHs
perioniB Ykpaiau [5]. Ilim yac miaAroTroBKu JaHuUX OyJI0 BUKOHAHO X OYHIICHHSI,
y3rOJUKEHHSI Ha3B PETiOHIB, arperaiilo 3a YacOBHMH IMEpiofaMH Ta PO3PaXyHOK
1HTEHCUBHMX TTOKa3HUKIB Ha 100 THC. HaceIeHHS.

[lin vac mpoekTyBaHHS CUCTEMHU OyJIO BpaxOBaHO BHUMOTH JI0 HAOYHOCTI,
3pYyYHOCTI KOPUCTYBaHHS Ta IIJIICHOCTI TOJIaHHS pe3yibTariB. Po3pobiena
IHTepaKTUBHA MMaHeNb 3a0e3neuye GiapTpalliio 3a TUIIOM 3aXBOPIOBAHHS Ta MEPI0JIOM,
IHTEpaKTUBHE BIJOOpaKEHHS JaHUX Ha KapTi YKpaiHu [3], MOKa3 KIIOYOBUX
inaukaTopiB y KPI-kapTkax, meperisi neranizoBaHoi iHdopwMarii s BUOPaHOTO
periony, moOymoBy rpadikiB AuHamiku Ta (HOpMyBaHHS TaOIUINl JETai30BaHUX
noka3HuKiB. OKpeMO peani30BaHO PEXUM TMOPIBHSAHHS PETIOHIB, HI0 Ja€ 3MOTY
31CTaBJISATH 3HAYEHHS MDK OOJACTSAMU Ta BUSIBJISTH BIAMIHHOCTI Yy NPOCTOPOBOMY
PO3MO/ILII 3aXBOPIOBAHOCTI.

Bax1Bowo CKIa10BOI0 pO3pO0JIEHOI CUCTEMH € MPOTHO3HUN MOAYJb, SIKUN
JI03BOJISIE OI[IHIOBATH OYIKYBaH1 3HAYEHHS MOKA3HUKIB 3aXBOPIOBAHOCTI HA HACTYITHHUM
nepiog. Y cucremMi BiioOpaxkaroThCsl HE JIMIIE MPOTHO3HI 3HAYCHHS, a W Jlana3oHU
HEBHM3HAYEHOCTI, 110 MiABUIIY€E 1HPOPMATUBHICTH pe3yJbTarTiB. JlJig OLIHIOBaHHS
AKOCT1 porHo3y BukopuctaHo metpukn MAE, RMSE ta MAPE, siki natroTe 3Mory
KOHTPOJIFOBAaTH TOYHICTb OTPUMAHUX PE3YyJbTATIB 1 MPAKTUYHY MPUIATHICTH MOEINI
IUIs1 KOPOTKOCTPOKOBOT'O MMPOTHO3YBaHHS [2].

VY pe3ynbrari BUKOHAHOT POOOTH pO3pOOJIEHO MPOTOTHUIT MAHEII, KA TOETHYE
aHATITUYHUM, Bi3yali3alliiHui 1 mporHo3Huil ¢yHkiioHan. Cucrema 3abesneuye
IIBUJKE OTPUMAHHS y3arajlbHEHOI KapTUHM €MiAeMIOJIOTIYHOI CUTYyalli, nepexia A0
JETaI130BaHOTO0 aHalli3y OKPEMOIO PErioHy, MOPIBHSIHHS TEPUTOPIM MiX COOOI0 Ta
BUSIBJICHHS! TEHJEHIIN MOIIMPEHHS 1HPEKIIMHIX 3aXBOpIOBaHb. [IpakTH4Ha HIHHICT
PO3POOKH TOJSATAE Y MOMIJIMBOCTI BUKOPUCTAHHS CUCTEMH SIK JIEMOHCTPAIlIHHOTO Ta
AQHATITUYHOTO 1HCTPYMEHTY [JIi poOOTH 31 CTaTUCTUYHUMHU JaHUMH Yy cdepi
rpomMajicbkoro 3710poB’s. OKpemMow TmepeBaror 3alpONOHOBAHOTO MIAXOAY €
MOEHAHHS y MEXax OJHOro BeO-iHTepdeicy ¢GakTUUHUX CTAaTUCTUYHUX JaHUX,
3ac001B IX perioHaIbHOTO MOPIBHIHHS Ta KOPOTKOCTPOKOBOrO MporHo3yBaHHs. Lle nae
3MOTy BHUKOPHCTOBYBATH pPO3POOJIEHY CHUCTEMY SIK IHCTPYMEHT MiATPUMKH
AQHAJIITUYHUX PIIICHb IMiJ Yac OILIIHIOBAHHS MOTOYHOI €IMiJIeMIONIOTTYHOI CUTYyallli Ta
BUSIBJICHHS TEHACHIIHN 11 3MIHH.

[Tomanpmmii pO3BUTOK CHCTEMH MOXE OyTH TOB’S3aHUN 13 PO3MIUPEHHSIM
nepesiky JKepen JaHuX, YIOCKOHAJIEHHSM MPOTHO3HOTO MOMYJS, 0JIaBaHHSIM
aBTOMATU30BAHOTO OHOBJICHHSI CTATHCTHKH Ta PO3IIUPEHHSM HA0Opy aHATITHIHHUX
CLEHapiiB ISl TIIMOIIOTrO MOPIBHSAHHS PET10HIB 1 TUITIB 3aXBOPIOBAHb.
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[adekiiiiHa 3aXBOPIOBAHICT, HAa pPETiOHAJIBLHOMY piBHI (OPMYEThCA IiJT
BIUIMBOM HE JIMIIE MEAUYHUX, a U JaeMorpadidyHuX, COLIIbHO-CKOHOMIYHHUX,
MOBEIHKOBUX Ta OpraHizalifHUX YWHHUKIB. 3a TaKUX YMOB MPOCTHI OIHUC
CTAaTUCTUYHHX JAaHUX HE J]a€ 3MOTH BUSBHTHU 3B’ SI3KH MK PIBHEM 3aXBOPIOBAHOCTI Ta
ocobnuBocTsIMU perioHy. Lle 3ymoBitoe notpeOy y cCTBOpeHH1 1H(QOpMaLIiHO1
CUCTEMH, MPHU3HAYEHOI [JIs aHami3y MiATOTOBIEHOIO HA0oOpy perioHaJIbHUX
CTaTUCTUYHMX JIAHMUX, BUSBJICHHS 3B’SA3KIB MDK (paKTOpamMHu Ta 3aXBOPIOBAHICTIO 1
MPEJICTAaBICHHS Pe3yJbTaTIB y 3pYYHOMY aHAJIITHUHOMY BHUIJIsAl. MeToio poOoTH €
po3poOka Ta peamizamis iHGOpPMAIHHOT CHUCTEeMH IS aHami3y perioHaIbHOI
1H(DEKIIHHOT 3aXBOPIOBAHOCTI Ta BUSBIICHHS 3B’SI3KIB MK PIBHEM 3aXBOPIOBAHOCTI 1
pI3HUMH rpynaMu QakTopiB. Y LEHTP1 AOCTIIKEHHS Nepe0yBaloTh TPU HO30JIOTIYHI
Gopmu — Ty6epkynbo3, BIJI-indekuis Ta cudinic. Ix BuGip 3yMOBIEHHI JOCTYIHICTIO
odIIMHUX perioHaJbHUX JaHUX Ta eMiJeMIOJNIOTIYHOK 3HauylicTio. JlomaTkoBo
BpaxOBaHO, 10 3axBOpIoBaHICTh Ha BIJI 1oIiIbHO pO3TIIsaTi HE JIMIIE K OKpEeMY
L1JIbOBY 3MIHHY, a 1 SIK CYTTyTHIH eni1eMi0N0TYHUN (PAKTOP Y MOJEINAX TyOepKyIbo3y.
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[HdopmaliiitHy OCHOBY JOCHII)KEHHSI CTaHOBJATH BiAKpUTI nanHi LleHTpy
IPOMaJCBKOro 370poB’st YKpainu, [lep:kaBHOi cCily:)kOM CTaTHUCTHKM YKpaiHH Ta
noprtaiy data.gov.ua, Ha OCHOBI SIKUX OyJI0 c(hOpMOBAHO €NMHHUN aHATITUIHUA HAOIP
JUIA TIOJANIBIIOTO BUKOpHUCTaHHA B cuctemi [1, 2, 5]. Jlo ¢akTopHOTO OMKCY pPErioHiB
BKJIFOUEHO K1JIbKa 3MICTOBHHUX TI'PYIl MOKa3HUKIB. [leMorpadiunuii 610K BigoOpakae
MaciTad, CTPYKTYypy Ta MOOUIBHICTh HACEJICHHS; COLIAIbHO-€KOHOMIYHUN — PIBEHB
MaTepiaibHOro 3a0€3MEYEeHHs] Ta COIaNbHOI BPA3JIMBOCTI; MEAUYHUN — PECYpCHY
3a0€3IMEeUCHICTh CHUCTEMHU OXOPOHH 3J0pPOB’S; €IMiJIEMIOJIOTIYHUNA — I1HTECHCHUBHICTH
BUSBIICHHS, OOCTEKEHHS Ta CYNPOBOJY BUIAJKIB; MOBEIIHKOBUN 1 HAPKOJOTTUHUN —
MOMIMPEHICTh CYMYTHIX PU3UKIB; €KOJIOTTYHHUI — 3arajbHE TEXHOTCHHE HABAaHTAKCHHS
cepenoBuina. Takuil miaxiA 03BOJSE pO3TsAAaTH 1H(EKIIHHY 3aXBOPIOBAHICTh SIK
OararoakTopHe SBUILE, Yy SIKOMY TOE€JHYIOTHCS 30BHIIIHI JETEPMIHAHTH,
XapaKTePUCTUKU MEIMYHOI CUCTEMH Ta OCOOJMBOCTI BUSABIIEHHS XBOpoO. [HTEpdeiic
CUCTEMH 3a0e3Ieuye Neperiisy y3aralbHeHUX perioHalbHUX MOKa3HUKIB, IPOCTOPOBY
Bi3yalli3allilo KJacTepiB PU3MKY Ta TOPIBHSIHHS 3aXBOPIOBAHOCTI MIX PEriOHAMH.
OpHi€r0 3 MOKIIMBOCTENW CUCTEMU € MOEAHAHHS KOPOTKUX CTATUCTUYHUX MI1ACYMKIB,
KapTH KJIacTepIB JJ11 BUOpaHOi (POPMU HO30JIOTIi Ta Jllarpam perioHaaIbHOrO pO3MOILITY
MTOKa3HUKIB, 10 CHPOILY€ NEPBUHHUI OTJISA JAHUX 1 HOPIBHSIHHS TEPUTOPINA. Y Mexax
iHOopMAaIIHHOT CHCTEMHM peali30BaHO KiJbKa B3a€MOIIOB’S3aHUX aAHAJITUYHHUX
MoxayniB. Kopensmiiinuii aHaii3 BUKOPUCTOBYETHCS JUIsl TIEPBUHHOTO BHUSBIICHHS
CTaTUCTUYHMX acoIfiaiii MDK ¢akTopaMH Ta MOKa3HUKAMHU 3axBOprOBaHOCTI [3].
MHuoXuHHa JiHIMHA perpecis a€ 3MOTy KUIBKICHO OIIIHUTH BHECOK OKPEMHX
MPEAUKTOPIB 32 YMOBU (DIKCOBAHOrO BIUIMBY I1HIIMX 3MiHHUX. Meroa Lasso
3aCTOCOBYETHCS SIK THCTPYMEHT aBTOMATUYHOTO B110OpY HaWOUIbII 1HGOPMATUBHUX
O3HAaK Yy CUTYallli, KOJIM TOYaTKOBUM HAO1p MICTUTh B3aEMOTIOB’ si3aH1 400 HAJIJTUIITKOBI
¢aktopu. Random Forest BUKOpUCTOBY€ETHCS 111 MOACIIIOBAHHS CKIIAHIIIUX, Y TOMY
YUCIIl HEJHIMHUX, 3aJICKHOCTEH Ta OIIHIOBAHHS BaXKJIMBOCTI o3HakK [4]. IlpakTuuna
I[IHHICTh PO3pOOJIEHOT CHCTEMHU MOJSTAE B TOMY, 1110 BOHA 3a0e3Ieuye CTaTUCTUIHHMA
aHaj i3, MallMHHE HABYAHHS Ta Bi3yali3allilo pe3yJbTaTiB HAa OCHOBI IOIMEPEIHHO
MIJITOTOBJICHOTO HA0Opy perioHadbHUX JAaHuX. Lle J03BoJsiE KOpPUCTyBauyeBi
MEperyisiaTd pEerioHaJIbHI  MOKAa3HUKHU, I1HTEPHPETyBATH B3a€EMO3B’SI3KM  MIXK
(akTOpamMu Ta 3aXBOPIOBAHICTIO, TOPIBHIOBATH PE3YyJIbTATH PI3HUX METOJIIB 1 BUALIATH
HalO1IbII 1HPOPMATHBHI 3MIHHI JIJIs1 OKPEMHX HO30JIOT1H.

[Tomanpmmii po3BUTOK pOOOTH AOLIIBHO MOB’S3aTH 3 PO3MIMPEHHSIM YaCOBUX
MEX, BKITFOUEHHSM HOBUX TPyH (PaKTOPIB, YIOCKOHAICHHSIM MPOTHOCTUYHUX MOIYJIIB
1 pO3BUTKOM 3aco0iB MIATPUMKH aHATITUYHUX PIMIEHb y cdepi TpoMajChKOTro
310pOB’sl.
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Knacudikariist — ogHa 3 6a30BHUX 3a/1a4 KOMIT IOTE€PHOTO 30Dy, 1110 BU3HAYAE KJ1ac
300paxeHHsT a00 00’e€kTa, HE BpPAaxXOBYIOUM IXHE pO3TAllyBaHHS YH KUIBKICTb.
HarowmicTe posmizHaBaHHA OO’€KTIB € CKIQIHIIIOK 3a/ayero, siKa TMO€EIHYE

KiIacudikalliro Ta Jokamizamito. BigMIHHOCTI miAX0/1B MOKa3aHo Ha puc. 1.

Classification + Object Instance
Localization Detection Segmentation

Classification

6x Humans, Dog, Chessboard, 6x Humans, Dog, Chessboard,
Bag. Bench Bag, Bench

Human Human

e 2N oA

Y Y

Single Object Multiple Objects
Puc. 1: Biominnicms nioxo0ie komn 1omepHozo 30py
[e#t miaxig He TUIE BU3HAYAE, K1 00’ €KTH € Ha 300pakeHH], a i BCTAHOBIIIOE

ixHe TouHe po3TauryBaHHA (eng. bounding boxes). kim0 knacudikaiis BiANOBI A€ HA
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MUTAHHS 10 300pakeHO ?», TO PO3Mi3HABaHHS — «I110 1 e came?». KittouoBa pi3HHILA
noJisirae B PiBHI JAeTamizalli: kiacudikaiis nepeadadae A0CTaTHIO MPEICTaBICHICTh
00’€xTa, TOAI K pO3MI3HABAHHS BUKOPUCTOBYE JIOKAIbHI O3HAKH, TO3BOJISIOUN
IpaimoBaTH 3 KiTbKOMa 00’ €KTaMU Ta IXHIM MPOCTOPOBUM po3TairyBaHHsM. Lle
0COOJIMBO BAaXKJIMBO [IJI1 YaCTKOBO BHJIMMHUX OO0 €KTIB, J€ Kiacuikaiis Moxe
MOMUJISITUCS Yepe3 HEMOBHY iH(opMallito, a po3mi3HaBaHHA — ¢(EKTUBHIIIIE 3aBJsIKH
($OKyCyBaHHIO Ha BUIUMUX YaCTUHAX.

3a3Buuail TEXHOJOTII, SIKI HAIIJIeH] Ha PO3Mi3HaBaHHS 00’ €KTIB, MAalOTh Pi3HI
MEXaHI3MH JiJI1 OOpOThOM 3 OKITIO3MBHUMH JaHuMH. OIHAK BapTO 3ayBAKUTH, IO
KaTeropusallis pi3HUX apXiTeKTyp JUId BUKOHAHHS I1€1 3a/1a4l 3aJ€KUTh B MIX0TY,
I10 J103BOJIsIE€ MiAIOpaTH ii BIAMOBIAHO 10 MOTPEO, Ta Ma€e TP IPYIHU 300pakeH1 Ha PHC
2.

Object detection approaches

Y Y Y

One-stage detectors

Two-stage detectors

Transformer-based

4 2

YOLO family
SSD
RetinaNet
CornerNet
CenterNet
FCOS
ExtremeNet

EfficientDet

R-CNN family
R-CNN
Fast R-CNN
Faster R-CNN
Cascade R-CNN
Mask R-CNN

R-FCN

FPN

- N

DETR family
Deformable
RT-DETR
RF-DETR

DEIM

DINO

ViTDet

Swin Transformer

\ NG AN /

Puc. 2: ITioxoou 0o eupiuienns 3a0aui po3nizHaganHs 00 '€kmis

HoBusna poboTtu mosisirae B TOMy, [0 OUIBIIICTh MiAXOMIB JIMIIE YaCTKOBO
BUPILIYIOTh Mpo0sieMy, OalaHCYyIOUM MK TOYHICTIO PO3Mi3HABaHHS Ta OOPOOKOIO
MEePEKPUTUX 00’ €KTIB. Y poOoTI po3risiHyTO 5 cydacHux apxitektyp (YOLO 12/13,
RT-DETRv2, DEIMv2, SSD), ski NO€AHYIOTh e(GEeKTHBHE pO3IMi3HABAHHS 3
MeXaHi3MaMu OOpoThOM 3 OKIIO31siMH. JIJIsi OILIHIOBaHHS BHUKOPHCTAHO J1aTaCeTH
COCO (ms 3aranbpHOT siKOCTI Ta cTabinbHOCTI) 1 CrowdHuman (z71s1 mepeBipku po6oTH
B YMOBax OKIIO31i). Uepes BIACYTHICTh aHOTAIlM Y TECTOBOMY HA0OpPi 3aCTOCOBAHO
aBToaHoTaiiro Ha ocHoBi YOLO 13x Tta SAM 2.1 large, mo € goctaTHIM s
KOPEKTHOI'O MOPIBHSAHHA apXiTEKTYP.

OTtpumaHHs pe3ynbTaTiB OynyTh BinOyBaTUCA 3a JBOMa KIIOYOBUMU
dbopmynamu abo XK METpUKaMH, SIKI HasgBHI B yCiX 0€3 BHUHSTKY JOCIIIKEHHSIX
NOB’SI3aHUX 3 pO3Mi3HaBaHHSAM O0O0’ekTiB — mean Average Precision mAP =

N N
Zn:l AP(TL) Zn:l AR(TI,)- AP Ta AR

> ta mean Average Recall (mAR) mAR =

PO3PaxOBYIOTHCS SIK ILIOMIA TTijl KPUBOKO precision-recall AP = | ! p(r)dr ta AR =

0
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1 : : " . o
f 0 r(p)dp BinnosinHo. Takok 3a3BUYail BOHU BKIFOYAIOTh HACTYITHI BIJIOMOCTI, SIKi
0 OLTBIN ACTATBHO 3MOTJIM O OMHUCATH JIaH1: TOPIT MEPETUHY 3 BUZHAUCHOIO TPaHUIICH

|ANB| : : o
IoU(A,B) = po3mip 00’ekTiB (Area) Ta MakCHUMaJIbHa KIJIBKICTh Tiepe0adeHb
|AuB/’

Ha oHe 300pakeHHs (maxDets).

AHa3yIOuH pe3yJabTaTH OTPUMaHI Ha BATITAMIHTHOMY MOHA BUIITUTH TIOBHY
nomiHanio came YOLO 12, BpaxoByroun, mo YOLO 13 na Gi6mioremi ultralytics
poOumnucs eHTy3lacTaMu, TO il pe3yibTaTH TOBOJI OJIM3KI JO TOMEPEIHBO BEPCii.
TecroBuit HaOlp Takox TMoKa3aB MoBHY jgomiHamito YOLO cimelicTBa, w10
Y3TOKYEThCS 3 OQIIHHUMHU JOCTIKEHHSIMHU MPOBEJICHUMH Ha IUX apXiTEKTypax.
OpHak pe3yabTaTH Ha MEPEKPUTHUX 00’ €KTaxX MOKa3ald cede 30BCIM IHIUM YHHOM,

pEe3yJIbTaTH MOKHA MEPETIISIHYTU y pHUC. 3.
OCCLUDED

Models |
YOLO12 YOLO13 SsD RT-DETRv2 DEIMv2
Metric loU Area maxDets|(imsz=700x700,bs=16) | (imsz=700x700,bs=1¢ (imsz=300x300,bs=1) (imsz=700x700,bs=1| (imsz=640x640,bs=1)

mean .Avaragi: 0.50:0.95 all 100 0.202 0.195 0.107 0.166 0.205
Precision (mAP)

mean Average 0.5 all 100 0.452 0.436 0.313 0.411 0.450
Precision (mAP)

mean Average 0.75 all 100 0.121 0.155 0.052 0.115 0.164
Precision (mAP)

mean Average | 50.0 95| gmall | 100 0.323 0.317 0.174 0.261 0.321
Precision (mAP)

mean AVErage |4 50.0 05| meduim| 100
Precision (mAP)
mean Average

L 0.50:0.95| 1 100
Precision (mAP) i

mean Average | <0005 al 1 0.026 0.025 0.020 0.025 0.027
Recall (mAR) e o e o o :

mean Average
Recall (mAR)
mean Average
Recall (mAR)

mean AVrage | 5.0 05| small | 100 0.346 0.342 0.184 0.285 0.347
Recall (mAR) T st . e . - B

mean Average .

Recall (mAR) 0.50:0.95 |meduim| 100
mean Average

Recall (mAR) 0.50:0.95| large 100

mean Average 0 all 100 0.651 0.645 0.471 0.603 0.652
Recall (mAR) - ) i i i
mean Average
Recall (mAR)

Puc. 3: Oyintoeanns pobomu apximekmyp 3 OKIHO3USHUMU OAHUMU

0.50:0.95 all 10 0.191 0.187 0.118 0.166 0.193

0.50:0.95 all 100 0.346 0.342 0.184 0.285 0.347

0.75 all 100 0.320 0.314 0.120 0.236 0.319

Pesynbratn Ha CrowdHuman mokasyroTh, IO OKIIO31sl CyTTEBO YCKIJIQIHIOE
JETEeKI[it0: BCl Mojen MarTh HU3bKI MAP 1 mAR, ocobmuso nipu IoU = 0.75, mo
CBIIUMTh TMPO TMpoOJEeMH 3 TOUYHOK JoKajizamiero. Haikpaii mNOKa3HUKH
mAP@0.50:0.95 gactkoBo aemoncTpye YOLO 12, ane 3aranom nepeBakae DEIMv2,
tomi sik SSD € HaiimeHin edekTUBHOW0. 3HaueHHS MAR 3anuinarThCs HU3BKUMHU
HaBiTh npu maxDets=100, 1m0 Bka3zye Ha BEJIMKY KUIbKICTh MPOIMYUIEHUX 00’ €KTIB Yy
niiibHUX cueHax. Lle miarBepmkye oOMexxeHy e(pEeKTHBHICTh CY4acCHUX MIJIXOJIB B
yMOBax OKJIO311 Ta HEOOXIHICTh CHEIlaTi30BaHUX METOMIB JUIsl TOKPAIICHHS
JoKauli3alii i ypaxyBaHHS KOHTEKCTY.
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QOinbTpallis UIyMiB 1 BUJIIJIEHHS 3HAYYILMX O3HAK HaJleXKaTh JI0 KJIIFOUOBUX 3a7a4

Cy4acHOTO KOMII'FOTEPHOTO 30py. 300pa)KeHHs, OTPUMaHI 3 PeAIbHUX JDHKEpell, SK

MPaBUJIO, MICTSITh QIMTUBHUH IIIYM P13HOI MPUPOJINA — TAyCCIBCHKHM, IMITYJIbCHUN 200

CTPYKTYpHUH, — M0 CYTTEBO YCKJIAQJHIOE TMOJAIBIIMA aHalli3 Ta PO3IMi3HABAHHS

o0'ektiB. KmacwuHi migxoau, 3acHOBaHI Ha JKOPCTKUX MATPUYHHX 3TOPTKax

(mampukian, ¢uibtpu ['aycca abo ycepeaHEHHsI Y KOB3HOMY BiKHI), 3a0€3I€UyIOTh
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NPUNHATHUHN pE3ybTaT A1 0OMEXEHOTO0 KJIacy 3a/1a4, poTe Mo30aBieH1 MOKIUBOCTI
THYYKO aJanTyBaTHUCS [0 JIOKaJbHUX OCOOMMBOCTEH 300paxkeHHs. bBiibin
NEPCTIEKTUBHIUMH B 1IbOMY BiJHOIIEHHI € 1T€paTHUBHI MOJEINI, IO IPYHTYIOTbCS Ha
AuQepeHiaJbHuX PIBHAHHAX Yy YAaCTUHHUX TMOXIAHUX. MeToro 1€l poboTu €
JTOCIIIDKEHHSI MaTeMaTU4YHOI Mojenm JiHiHHOT audy3ii, modymoBa i AUCKPETHOTO
aHaJjory Ta IpOorpaMHa peasi3allisi YMCeIbHOT0 METOAY PO3B'sI3aHHA MJisi 00pOoOKU
JIBOBUMIPHUX MIKCEIHbHUX MACHBIB.

TeopeTHYHOI OCHOBOIO QITOPUTMY € KiIacu4Ha (i3uyHa MOJIeNb JIIHIHHOT
mudy3ii — piBHSIHHS TeronpoBigHocTi (opm. 1) [1]:

a_u = Au M)
dt
ne u = u(x,y,t) — IHTEHCHUBHICTb MiKCeJs K (DYHKIIiS MIPOCTOPOBUX KOOPAMHAT i
yacy, a 4 no3Haudae omnepatop Jlamnaca. I3 ¢pi3uyHOi TOUKH 30py L MOJIETb OIUCYE
PO3TIKaHHS TeIjia B OJHOPITHOMY CEpPEAOBUII: YMM JIOBIIE BI0OYBA€THCS IPOIIEC
(ToOT0 yuMm OlnblIe 1Tepaliii BUKOHYETHCS), TUM I1HTEHCUBHIIIE PO3MHUBAETHCA
300pakeHHs. 3B'S30K MiIX MacIITaOHUM MPOCTOPOM 300pa)K€HHS Ta JIIHINHOIO
nudy3i€ero IeTalbHO JOCTKeHO B po0oTi JIinaebepra, /ie moka3zaHo, 10 TayCCIBChKe
PO3MUTTS € €JUHUM JIHIHHUM ONEPaTOPOM, 110 33JI0BOJIbHSIE aKCIOMU MPUYUHHOCTI 1
HEJIOKAJIbHOTO MAKCUMYMY Y MaciiTabHoMy npoctopi [1].
Ilepexin Big HENEpepBHOI 10 AUCKPETHOI MOJENl 3IMCHEHO METOAOM
CKIHUYEHHHUX pi3HULb. Oneparop Jlamnnaca anpokCUMOBAHO M'STUTOYKOBUM I11a0JI0OHOM
(dopm. 2) [2]:

Aujj = Ujpqj+ Ujmgj U U1 — AU (2)

UYacona iHTerpallisi BAKOHY€ThCs IBHOKO cxemoro Eitnepa (popm. 3):

ult = ul; 4+ At - Aufy (3)

YMOBa yncenbHOI CTIHKOCT1 SBHOT CXEMH JJIsl TBOBUMIPHOTO BUIIAJIKy HaKJIa1a€e
oOMexeHHsa Ha Kpok 3a yacoMm: At < 0,25. IlopyieHHs 1€l yMOBH TIPU3BOAUTH 10
€KCIIOHEHI[IMHOTO 3POCTaHHS MOXUOKHU Ta HECTAO0ILHOCTI YMCEIHbHOTO pO3B'A3Ky. JlJis
KOPEKTHOI 00OpOOKM MIKCENIB HAa MeXax 300pa’KeHHsI 3aCTOCOBAHO I'PaHUYHI YMOBU
Heiimana, 110 BiIMOBiAa0Th HYJILOBOMY MOTOKY KPi3h MEXKY MAacCHBY 1 3a0€3MEUYyIOTh
BIJICYTHICTh apTe(PaKTiB Ha KpasiX.

[Iporpamuy peanizaiiito anropuTMy BUKOHAHO MOBOIO TypeScript. Bubip MmoBu
3YMOBJIEHUH CTpPOTOIO0 THUII3AIlE€I0, IMAPOKUMU MOXKIUBOCTAMU I poOOTH 3
MacHBaMHM Ta 3PYUYHICTIO 1HTErpailii 3 Be0-TexHojorisiMu. [atepdeiic kopuctyBada Ta
JIOTIKY B3aeMoJili moOya0BaHO 3acobamu ¢GpelMBOpKY Angular, 10 J03BOJIUIIO
peanizyBaTd HAOYHY JEMOHCTpALII0 TOKPOKOBOro mnporecy audy3ii B pexumi
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pealbHOro 4yacy. 3aBaHTaXEHHS 300pa)K€HHs, HaJAIITYyBaHHS MapaMmeTpiB
(xoedimienta audy3ii Ta KUIBKOCTI 1Tepamii) 1 BiTOOpakeHHS pe3yJbTaTy
OpraHi30BaHO y BUTJISIII IHTEPAKTUBHOTO BE0-3aCTOCYHKY.

Po3po6iennii mporpaMHuil MOIyJb MIATPUMYE OOPOOKY SIK MOHOXPOMHHUX, TaK
KOJILOpOBUX 300paskeHb y gopmari RGBA. Jlna xonbopoBux 300paxeHb Audy3is
3aCTOCOBYETHCS IO KOKHOTO KOJIBOPOBOTO KaHATY OKPEMO 13 TIOTIepeTHIM MHOKEHHSAM
Ha 3Ha4YeHHs ajb(da-KaHaly, Mo 3a0e3neyye KOPEKTHY OOpOOKy HaIiBIPO30pUX
JUISTHOK 1 3a1mo0irae mosiBi KoJibopoBuX apredakTiB. Y mpoteci gocuipkenss (Puc. 1)
MIPOAHAJII30BaHO BIUTMB JBOX KIIFOUOBHX MapaMmeTpiB: KoedirieHTa audy3ii Ta KPoKy
3a yacoM. BcraHoBIeHO, 1110 301IbIIEHHS YUCIIA ITepaliiii MPU3BOAUTD J10 TOCTYIIOBOTO
po3muTTs ApiOHuX Aeraneil (Puc. 2) 1 mrymy npu 30epekeHH] 3arajabHOi CTPYKTypU
300paKeHHsI, TOJIl SIK HEKOPEKTHUHM BUOIp KPOKY IHTETPYBaHHS CIIPUYUHSIE YUCETBHY
HECTaOUIBHICTh AITOPUTMY.

[IpoBenene moCHIIKEHHS IMIATBEP/KYE, IO MOJESIIOBaHHSA Tu]y31HHUX
mpoiieciB Ha 0a3l PIBHSHHS TEIUIOMPOBIAHOCTI € €(EeKTUBHUM 1 MaTEeMaTUYHO
OOTpYHTOBAaHMM TIJIXO0J0M 10 3afadl (uibTpaiiii 300paxeHb. MeToll CKIHUEHHHX
PI3HMIIb TOYHO BIATBOPIOE 1TE€paTUBHY (i3uuHy mnpupony audysii 1 3a0e3nedye
3aJI0BUTbHY TOYHICTb IIPHU JOTPUMAaHHI YMOBH CTIHKOCTI. PO3p0o0iieHuii anroput™ € He
JUIIE CAMOCTIMHMM 1HCTPYMEHTOM, a ¥ MaTeMaTUYHUM (QYHIaMEHTOM JUIs
MOIAJIBIIIOTO MEPEXOTY 10 HENHIMHUX aHI30TPOIMHUX NTUPY31HHUX MOIeNIel — 30KpeMa
mozaeni Ilepona-Manika, — y SKHX I1HTEHCUBHICTb PO3MHUTTS JUHAMIYHO
aJanTyBaTUMEThLCS J0 JOKAJIBbHOTO I'paieHTa 300pa)KeHHs, 110 JI03BOJIUTH 30epiratu
YiTK1 MeX1 00'€KTIB y mporeci pinbTparii.

Puc. 1: 306pasicenns 0 06p01<u
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Puc. 2: 3o06pasicenus nicisi 06pooxu
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Bizyanizaist rpadiB € BaXXJTUBAM 1HCTPYMEHTOM aHANI3y CKJIATHUX MEPEK, 10
JO3BOJISIE  JIOCHIDKYBAaTH  iXHIO  CTPYKTYpPY, BUSBISTA 3aKOHOMIPHOCTI  Ta
IHTEpIIPETYBaTH B3a€EMO3B’SI3KM MK eneMeHTamu. OcoOnMBOi yBarm B 3ajadax
aHamizy rpadiB HaOyBae BiOOpaXeHHS CHUIBHOT (KJIacTepiB), OCKUIBKA BOHU
BiIOOpaXal0Th MPHUPOJAHI TPYMyBaHHS BEPIIMH, XapaKTEepHI J[UId COLIAIbHUX,
010JI0T1YHHX Ta 1HPOPMALIIITHUX MEPEXK.

Cepen K1aCHYHUX aJITOPUTMIB YKJIaAaHHs rpadiB OJHUM 13 HAHO1IBII BIIOMUX
e Kamada—Kawai algorithm [1], sikuit 6a3yeTbcs Ha (Pi3UUHIA MOAEN NPYXKUH. Y
IIbOMY TI1JXO0JI1 BEPIIUHHU PO3TISJAIOTHCS K TOYKH B MPOCTOPI, MK SKUMHU JIIOTh
CIJIM, IO MpParHyTh AOCATTH PIBHOBKHOTO CTaHy, MIHIMI3YIOUHM EHEPIeTUYHY
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dyHkiio. Takuit miaxia A03BOJIsSE OTPUMYBATH AKICHI Ta IHTEPIPETOBaH1 Bidyasi3allii,
MPOTE MA€ BUCOKY OOUYUCITIOBAIbHY CKJIAIHICTh, 10 00MEXY€ HOro 3aCTOCYBaHHSA AJIs
BEJIMKUX rpadis.

VY cyuyacHHX JOCTIKEHHSAX aKTUBHO PO3TIISAAIOTHCS MIAXOAU A0 MPUCKOPEHHS
AITOPUTMIB yKJIaJaHHs rpadiB 3a JONOMOTOI0 METOJIB MAIIMHHOTO HAaBYAHHS.
3okpema, Albert-Laszl6 Barabasi 3ampornonHyBaB HelpoMepekeBUN MiAXig 10
ooy 1oBu rpadoBux po3kiaagok (apxitekrypy Neulay-2) [2], ssikuii 103BOJIsI€ 3HAYHO
NPUIIBUALIMTU Tpolec ontumiszaiii. Y po6oti [3] Oyio 3ampornoHOBaHO aJTOPUTM
KamadaNN, mo mnoennye imei amroputMy Kamada—Kawai algorithm 3
HEHpOMepeKEeBUM MTPUCKOPEHHSM, aHAJIOTIYHUM [0 Miaxoay Barabasi.

VY nmaHiif poOOTI IPOBEACHO MOPIBHUIbHUN aHami3 anroputMy KamadaNN Tta
anroputMy Neulay 3 Touku 30py sKOCTI Bizyamizaiii cniapHOT. s mporo Oysio
pO3po0JIeHO MporpamMHe 3a0€3MEUYEHHs, SIKE pealli3y€e MOBHUM UK €KCIEPUMEHTIB:
noOyoBy rpadiB, 3aCTOCYBaHHS aJTOPUTMIB YKIJIAJaHHS, MONIYK CHUIBHOT Ta
O0OYHUCIICHHS METPUK SKOCTI.

VY npoueci gocaiKeHHs OyJI0 BUKOPUCTAHO IIMPOKUIM HAO1p TECTOBUX rpadis,
K1 YMOBHO MOJAUIEHO Ha TPU CIMEHCTBA:

1. cumeTpuyHi rpadu 31 CTPYKTYpOIO CIUIBHOT;

2. HecUMETpUUHI Irpadu 31 CTPYKTYPOIO CIUIBHOT;

3. rpadu 6e3 BUpakeHOi CTPYKTYpH CHIIBHOT.
Takuii ToALT JO3BOJIMB OIIHUTH TIOBEAIHKY AaJTOPUTMIB y pI3HUX yMOBax Ta
MPOAHAI3YBATH IXHIO YYTJIMBICTh 0 TEOMETPUYHHX 1 CTPYKTYPHUX BIIACTHUBOCTEU
rpada.

Jnis koXKHOTO Tpada eKCIepUMEHT MPOBOAMBCS 3a OJHAKOBOIO CXEMOIO.
Cnouatky OyayBaiaucs ykiajaku 3a gornomoroto aaroputMmiB KamadaNN ta NeuLay-2
1 BUKOHYBaJIOCSI PO30OUTTS Trpada Ha COUIBHOTH 3 BUKOPUCTAHHSAM YOTHUPHOX PIZHHUX
MetomiB [4][5]:

e aynroputm Louvain;

e greedy modularity;

e label propagation;

e anroput™m Girvan—Newman.

[licns 1poro st KOXKHOI Mapu «yKJIagka — PO3OUTTS Ha CIUIBHOTH
OOYHCITIOBAIINCS METPUKU SKOCTI, IO XapaKTEepPU3yITh MPOCTOPOBE PO3TAIIyBaHHS
cniasHOT [6][7]:

1. iapexc [eBica—bonmgina;
2. Koe(DILieHT CUITyeTY;
3. KOMITaKTHICTb CIIJIBHOT;
4. cemapallisi CiJIbHOT.
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BukopucTaHHs KinbKOX aarOpuUTMIB MOUIYKY CHUIBHOT JAO03BOJIMIIO 3MEHIIMTH
BILJTUB BHUIAIKOBOCTI Ta IMiJIBUIIUTH HAAIMHICTH OLIIHKH, a Hallp METpUK 3a0e31euuB
KOMIUIEKCHUM aHami3 fK BHYTPIIIHBOI HIUIBHOCTI KJAacTepiB, Tak 1 iX B3a€EMHOTO
PO3IUICHHS Y TIPOCTOPI.

Puc. 1a), 16): epagh pymbonvrno2o m’saua 3i cninbhomamu 3 pisHUMU NAPAMEMPAMU

Okpemy yBary B po0OTI HpuAiIeHO MNOOYJI0BI TECTOBHX JaHHMX. byio
po3po0JIeHO JBa yHIBEepcaldbHI TeHeparopu rpadiB 31 croiutbHoTamu. [leprmii
TeHEPaTOP 3aMIHIOE KOJKHY BEPILMHY 331aHOT0 Tpada Ha CIUIBHOTY Ta CTBOPIOE pedpa
MK HUMU BIAIOBIAHO A0 CTPYKTYpH BUX1IHOTO Trpada. [pyruil renepaTop 3aMiHIOE
BEPUIMHHU OJHOIO rpada KomisiMu 1HIIOTo rpada, GopMyrodH CKIaaHIII OaraTopiBHEBI
CTPYKTYPH, TAaKOX JT0Aat0ur pedpa BIAMOBIIHO JI0 CTPYKTYypH mepiioro rpada. Takox
y pamkax po6otu Oyio 3anponoHoBaHo rpad pyrbéonbsHoro m’siya (puc. 1a), puc. 10))
31 CIJIBHOTAMH, KU TTOJaHO 10 BKIIOUeHHs B 010moTeky NetworkX [8].

Tabnuys 1: Pezynomamu nopieHANIbHUX eKCnepUMeHmig

Louvain DB Silhouette ~ Compactness Separation
ComSymGraphs KamadaNN KamadaNN KamadaNN NeuLay-2
ComNoSymGraphs Draw Draw Draw Draw
NoComGraphs KamadaNN Draw Draw Draw
Greedy DB Silhouette ~ Compactness Separation
ComSymGraphs KamadaNN KamadaNN KamadaNN  KamadaNN
ComNoSymGraphs Draw Draw Draw Draw
NoComGraphs KamadaNN KamadaNN KamadaNN Draw
Label propagation DB Silhouette ~ Compactness Separation
ComSymGraphs KamadaNN KamadaNN KamadaNN  KamadaNN
ComNoSymGraphs NeuLay-2 Draw Draw Draw
NoComGraphs Draw Draw KamadaNN  KamadaNN
Girvan-Newman DB Silhouette ~ Compactness Separation
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ComSymGraphs KamadaNN KamadaNN KamadaNN  KamadaNN
ComNoSymGraphs Draw Draw Draw Draw
NoComGraphs KamadaNN Draw KamadaNN  KamadaNN

Buiie HaBeneHo arperoBaHi Mo ceMelcTBaM TpadiB pe3yJbTaTu MPOBEACHUX
eKkcrepuMeHTiB (Tabn. 1): B KIITUHKAX 3a3HAYCHO SKUU 3 aJTOPUTMIB Ja€ Kparry
METPUKY JUIsI KOXKHOTO ceMelcTBa rpadiB Ta alropuTtMy MOMIIYKY CHUTBHOT, Draw
BIJINTOBI/Ia€ CUTYAIlli KOJH KOJICH 3 aJITOPUTMIB HE J1aB 3HAYHOI rmepeBaru. OTpuMaHi
eKCIIEpUMEHTAIbHI pe3yibTaTh TMokazaiu, mo anmroput™ KamadaNN nemoHcTpye
CYyTTEBO Kpally SKICTh BIJOOpaKEHHS CIUIBHOT JUISI CHUMETPUYHHX TpadiB 3i
CTPYKTYpOrO CHinbHOT. s HecumerpuuyHux TpadiB Ta rpadiB 0e3 BUpaKEHOI
CHUIBHOTHOI  cTpykTypu pe3yinbratu KamadaNN Ta Neulay-2 BusBwiucs
CIIIBCTABHUMH, 1 )KOJEH 13 aJITOPUTMIB HE Ma€ CTaOUIbHOI IEPEBArH.

TakuM 4YHMHOM, TMPOBEAEHE JOCIIJKEHHS MIATBEPIKYE €(EKTUBHICTh
3anponoHoBaHoro anroputMy KamadaNN Ta HOro KOHKYpPEHTOCIPOMOKHICTb
BIJIHOCHO CYy4YaCHHUX HEHpOMepexeBUX MiAxoiB. OTpuMaHi pe3yjabTaTH CB1IYATh PO
JOIUIBHICTh TIOJIAJIBIIIOTO PO3BUTKY METOMAIB yKJIadaHHS rpadiB, Opi€eHTOBaHUX Ha
KOPEKTHE B1100paXKEeHHsI CTPYKTYPHUX BJIACTUBOCTEH, 30KpeMa CIUIBHOT.
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Y poboTti mochimKyeThcsi €EeKTUBHICTh METOMIB TJIMOOKOTO HaBYAHHS IS
J1arHOCTUKH TIATOJIOTIH JIETeHh HAa OCHOBI PEHTTEHIBCHKHX 3HIMKIB. ABTOMAaTH3allis
aHaI13y MEIUYHUX 300paXKeHb € KPUTUYHO BAXKITUBOIO JIsl TPUCKOPEHHSI 1arHOCTUKH.
OCHOBHUM BUKIIMKOM € TIEPEKPUTTSI Bi3yaJdbHUX O3HAK PI3HUX THUIIIB PECHipaTOPHUX
3aXBOPIOBaHb, a TAKOX HE30allaHCOBaHICTh MEIMYHUX HaOOpiB maHux. PeanizoBaHo
naurany kiacugikaiii Ha YOTUPU KJIAaCHU: HOpMaJIbHU cTaH, mHeBMOHis1, COVID-19
Ta TyOepKyb03. [IpoBeicHO MOPIBHIBHUN aHaMI3 I’ ATH apXiTEKTyp: JBOX 0a30BHUX
3rOPTKOBHX MEPEX Ta TPhOX MOeIIe 13 BukopucTaHHsaM transfer learning (ResNet [1],
DenseNet [2], EfficientNet [3]). Halikpamuii pe3ynbrat mpoJieMOHCTpyBaJia MOJIEIb
DenseNetl121, nocsarayemm macro F1 = 0.93. [lng inTepnpeTtaltii poOoTH Mojaeien
3actocoBano meto Grad-CAM.

Bukopucrano Ha6ip manux 13 7097 3o00paxkenp (13 maraceriB [4], [5], [6]),
pPO3AUIEHUI HAa HaBYaJbHY 1 TecTOBY BUOIpku. HaBuanbHa BHOipka MiCTHTH 6326
300paxkeHb, TectoBa — 771. Kiacu € Hez0anancoBaHuMu: 0J113bK0 61% ycCixX 3HIMKIB
B TPEHYBaJIbHIN BUO1pI BiAHOCKUIUCH 10 ki1acy PNEUMONIA. Yci 300paxxenHs 0yJio
MPUBEAEHO 10 pO3Mipy 224x224. ]JIns HaB4YaHHS 3aCTOCOBAHO AayTrMEHTALli:
TOPU30OHTAJbHE BIAJ3EPKAJICHHS, BHUIMAJAKOBUN TIOBOPOT, Bapiallii sICKpaBOCTI W
KOHTPACTY, a TAKOK HEBENUKI adiHH1 3CyBU. SK JU1sl TpeHYBaIbHOI, TaK 1 AJI1 TECTOBOT
YaCTMHU BUKOPUCTOBYBAJIacsl HOpMati3allig 3 mapamerpamu ImageNet.

Byno mpotectoBano m’sTh apxiTekTyp. llepmioro Oyna 6a3oBa 3ropTkoBa
Meperxka 3 Tpboma Conv-MaxPool 6Omnokamu Tta nomaposum fully connected
kiacudikaTopoM i3 dropout. Bona ciyrye baseline-moaesto. J[pyroro Oyia 3ropTkoBa
Mepexa, y sikiil Bukopuctano 610ku Conv + BatchNorm + ReLU, raubury iepapxito
kaHaniB, Dropout2D ta Global Average Pooling. Ils apxitekTypa nmoOynoBaHa siK
MoKparieHa anprepHaTuBa 6a3oBiii CNN.

[Ticns mporo Oynu MPOBENEHI EKCIIEPUMEHTH 3 MEePETHABYCHUMU MEPEKAMH.
ResNetl101 Oyna iHimiamizoBaHa Baramu, HomepeaHhO HaBYeHMMHM Ha ImageNet;
backbone crioyaTky 3amopoxyBaBcs, a classifier 3aMiHIOBaBcs Ha HOBY ToJioBY. [licis

54



MIOYATKOBOI'O €Taly HaB4YaHHs OYyJIO pO3MOPOXKEHO ocTaHH1 AB1 rpynu residual layers i
BUKOHaHO fine-tuning. Amnanoriyno Oyna anmantoBaHa DenseNetl21: cmogarky
HaBuaBcs jmmme classifier, micas goro Oyno po3moposkeno denseblock4, transition3,
norm3 i ronoBy kiacudikarii. Ocranaporo moaeutio ctaia EfficientNetV2-S. Sk 1 qst
IHIIMX TIOTIEPETHPO HABYCHHWX MOJIETICH, CIOYaTKy HaByajacs TUTbKH HOBa
KiacudikaliiifHa rojosa, a motiM O0yj0 BUKOHaHO fine-tuning ocTaHHIX JABOX OJIOKIB
O3HaK.

Mertonosoris HaB4YaHHS Tepeadadana BUKOPUCTaHHS onTuMizatopa Adam i3
nouyaTkoBoro mBuAKicTIO HaBuaHHsA 0.001 Ta mnanyBanpHEKa CosineAnnealinglLR ams
MOCTYNOBOIO 3HIDKEHHS IMIBHJIKOCTI HaBYAHHS, IO CIHpHsi€ CTaOUIbHIA 301KHOCTI
mozemi. OIIHIOBaHHS SKOCTI 3MIMCHIOEThCS 3a MeTpukoro Macro Fl-score, mo €
JOLIUIBHUM ISl 0araTokJIacOBUX 3a/iay 13 MOXJIMBUM JaucOagaHCOM KiaciB. [HIIOIO
BaXKJIMBOIO MeTpHUKOIO € Recall 3a kimacamu, 1110 3yMOBJIEHO METMYHUM JJOMEHOM.

Tabnuys 1: Pezynomamu na mecmosiii 8ubipyi

Macro [Recall Recall Recall Recall

Monenn F1 (COVIDI19) [(NORMAL) ((PNEUMONIA) ((TB)
Baseline 1 0.84 (0.93 0.53 0.97 0.98
Baseline 2 0.87 10.92 0.76 0.90 0.85
ResNet101 0.92 10.97 0.70 0.99 1.00
DenseNet121 |0.93 [0.98 0.76 0.98 0.98
EfficientNetV2-

S 0.92 10.98 0.71 0.99 0.98

[Ipiopurerom nanoi cucremu € MiHimizaiis False Negative pe3ynbratiB. Bucoki
noka3Huku Recall mys kiaciB pecnipaTopHUX 3aXBOPIOBaHb CBITYATh PO HAJIWHICTD
MojieNiel K 1HCTPYMEHTIB MEPBUHHOTO CKPUHIHTY, JI€é TPOIYCK 3aXBOPIOBAHHS €
KPUTUYHO HETPUITYCTUMUM.

VY BciX momnepeaHbO0 HABYEHHX MOJIEIEH CIOCTEpITaniocs MOKPAIIECHHS Micis
fine-tuning BepxHix mapis. Lle Bka3zye Ha Te, 110 3arajibHi o3Haku ImageNet kopucHi,
ajie JUIsl pEHTIe€HIBChKUX 300pakeHb MOTPIOHA J0JaTKOBA ajamnTallis IiJ MEIUYHUMI
nomMeH. BogHodac HaiicTaOlIbHINIE TMOMUIIKOBI Kiacu]ikailii CTOCYBaIuCs KJacy
NORMAL, mo y3rofxyeTbcs 3 MEIUYHOIO NPHUPOJOI0 3ajadi: MOIEIbh YacTille
JE€MOHCTPYE KOHCEPBATUBHY MOBEAIHKY 1 BIIHOCUTH HOPMaJIbH1 3HIMKH JI0 MTATOJIOTI].
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Puc. 1. Mampuys nomunox ons DenseNet121 na mecmositi ubipyi
st inTepnperarii pobotu mozenei Oyno 3actocoBaHo Grad-CAM, skwmid
TI03BOJISIE BUIIIJTUTH MPOCTOPOBI 001aCcTi 300paskeHHsI, 1[0 HAHOUIbIIe BIUTMBAIOTH Ha

Kkiacudikaiio. Pe3ynbraty 1OKa3ywoTh, IO MOJEIb y OUIBIIOCTI BHUIMAJAKIB
(bOoKyCyeThCS Ha JUISIHKAX JIET€HEBOT TKAaHUHHU, 1110 € KOPEKTHOIO MOBEIIHKOIO 3 TOUKU
30py MeauyHoi 1HTepnperamii. lle miaTBepaxkye, 10 MOJENb BUKOPHUCTOBYE
pElIeBaHTHI aHATOMIYHI O3HAaKH, a HE BHIAAKOBI apredakTn 300pa)keHHS, IO
MIJBUILYE TOBIPY JI0 11 MPOTHO31B y MEIUYHOMY KOHTEKCTI.

True: COVID19 True: NORMAL True: PNEUMONIA True: TURBERCULOSIS
Pred: TURBERCULOSIS (1.00)

Pred: COVID19 (1.00) Pred: NORMAL (0.78)

i

Pred: PNEUMONIA (0.99)

Grad-CAM for NORMAL Grad-CAM for TURBERCULOSIS

Puc. 2. Bizyanizayii Grad-CAM
BucnoBok. IIpoBeneHi ekcrnepuMeHTH TMOKa3aiM, IO Ui Kiacudikartii
PEHTTeHIBChKUX 3HIMKIB TPy IHOI KiIITKH transfer learning € 3HaUHO €PEKTUBHIIINM 3a
HapuanHds CNN 3  wyms. Haiikpamy TOpoayKTHBHICTh —MPOJAEMOHCTPYBasIa
DenseNetl21, ska nocarna macro F1 = 0.93. 3nauenns Recall qis koxxHOro kiacy
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xBopoO ckiaio 0.98, Toxi sk s kinacy Normal 6yso gocsrayto 0.76, mo Moxe 0yTH
MPUHHATHUM Yy MEIWYHUX 3a/Jadax, J¢ MNPIOPUTETOM € BHCOKA YYTIUBICTH 10
nmaToJiorid Ta MiHIMI3alia mommiok Tumy false negatives, TOOTO TpOMycKiB
3axBopioBaHb. OTpUMaHi pe3yJbTaTH MiATBEPHKYIOTh JOIUIBHICTD BHUKOPHUCTAHHS
MOTIEPEIHbO HAaBUCGHUX MojeNell 1 monanbimoro fine-tuning mms  MemauyHOI
Kiacudikarii 300paxeHs.
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[Iporpamuo-Bu3HaueHi mepexi (SDN) 3a0e3meuytoTh THy4YKe IIEHTpali30BaHe
KEpyBaHHS MEPEXEBOI 1H(PACTPYKTYpOIO, OJHAK 31 30UIBLIEHHAM MAacIITaly
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TOIOJIOTIT TPaJUIITHUN MOHITOPHUHTI CTBOPIOE HAJIMIIKOBUM CIIy»KOOBUU Tpadik i
3HIDKYE UYTIUBICTh 1O JIOKAIbHUX aHoMaliid. MeTta poboTu — po3poduTH
OaraToareHTHY cucteMy MOHITOpUHTY SDN, sika moeaHye OeleHTpati30BaHy OLIHKY
CTaHy KaHaNIB 13 aJanTHBHOIO TEJEMETpiel0 Ta 3ale3nedye Kpaily CTIHKICTb Y
JUHAMIYHUX YMOBaX.

Cucremy peanizoBaHo Ha 6a3i Mininet 1 Ryu (OpenFlow 1.3). Apxitektypa
BKJIIOYA€ areHT 300py TeJIeMeTpii, areHT aHali3y CTaHy Ta KOOPJUHATOP TII00aIBHOTO
CTaHy; y JEUEHTPaII30BaHOMY PEXKHUMI JOJaTKOBO BUKOPUCTAHO JIOKAJIbHI areHTHI
OLIIHKM KaHaJiB 1 CerMEHTHY arperamito. 3amporOHOBAHO aJANTHUBHY MOJITUKY
3BITHOCTI: y CTa0UTbHUX YMOBax MepeaaroThcsi KoMmakTHI heartbeat-moBigomieHHs, a
3a O3HaK Jerpajailii akTUBYETbCS MOBHA IOJi€Ba 3BITHICTh. Ha piBHI KOHTpoJepa
peanizoBaHO aJanTUBHUMN 1HTEpBa polling CTaTUCTUKU MOPTIB.

ExcniepuMenTanpHa oIfiHKa MpoBOAWIIACh Ha TomnoJorisx 3/5/7/10 komyTaTopiB
13 mpodinamu Tpadiky stable, peak, mixed, failure like Ta unexpected burst. ¥V cepii
noBHUX KammnaHii (360 creHapiiB) MiATBEPIXKEHO BIITBOPIOBAHICTH PE3YJIBTATIB 1
0a30By KOPEKTHICTb areHTHOro KoHTypy (accuracy 0.75, FPR 0.00, FNR 0.15). [l
MPUKIAAHOI OIIHKM e(deKTy BUKOHaHO A/B-mopiBHsaHHS: adaptive mpotu static
MOJITUKY 3BITHOCTI Ta normal npotu degraded BuguMocTi KOHTpoJepa. Y nepuiomy
BUIIAJIKy OTPUMAaHO 3MEHIICHHS CiIy»)00Boi Tenmemerpii (telemetry reduction gain
6.67%) 0e3 BTpaTh TOYHOCTI JMAETEKIli. Y Jpyromy BHMaAKy B CTpPEC-yMOBax
decentralized-pexxum mmokasaB BUIILy CTIWKICTh OPIBHSHO 3 centralized (accuracy gain
0.4445 1 FNR gain 0.4444 y degraded-3pi3i).

JlonatkoBo BukoHaHo mopiBHsHHS threshold Ta ML-anamituku. ¥ runtime-
KaMmImaHii 3 eauHor wmatpuiero yMoB (analyzer mode=thresholdiml) ML-miaxin
MOKa3aB TMOKpaIlleHHs SKOCTI JeTekiii (accuracy gain +0.0278) 6e3 3pocTaHHS
FPR/FNR. V ninotHomy offline-nopiBHsHHI Ha BiJKJIaJaeH1d TecToBiid BuOipi ML-
OciiznmaiiH (nearest centroid) maB BupaszHimmi mpupicT: accuracy 3pocia 3 0.7778 no
0.9167 (+0.1389), FNR 3menmmace 3 0.1111 go 0.0278 (mokpamenns 0.0833) 3a
He3minHoro FPR = 0.0. OtpumaHni pe3yiabTaTH MiATBEPHKYIOTh JOIUIBHICTh MEPEX0y
B1/1 (PiKCOBAaHMX MOPOTIB 10 HABYYBAaHUX MOJENeH y 3aa4l MOHITOpUHTY SDN.

Taxum unHOM, 3aIIPOIIOHOBAaHA OaraToareHTHa CUCTeMa 3a0e3meuye 0THOUYACHO
MIJIBUIIICHHS CTIHKOCTI MOHITOPUHTY, 3HHWKEHHSI HAKJIQJHUX BUTpAT TEJIEeMETpii Ta
BIITBOPIOBAHICTh ~ €KCHEPUMEHTAJIbHUX pe3ynbTaTiB. [loganbini  1OCHIIKEHHS
nepenbavaroTh  MmacmraOyBaHHS Ha  Outemii  tomoJiorii, — online/continuous
KamiOpyBaHHST MOJIeli Ta BUKOPUCTAHHS METOMIB TJIMOMHHOTO HaBYaHHS 3
I IKPITUICHHSIM.
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3abe3neueHHs HaAIMHOI aBTeHTU(iKalii Ta aBTOpU3allli € OJHIEI 3

(dbyHAaMEHTAIBHUX BUMOI JIO Cy4YaCHHMX B€0-3aCTOCYHKIB. 31 3pOCTaHHSIM KUIbKOCTI

PO3MOJIICHUX CHUCTEM TPAJIUIINHI CeCliHI MEXaHI3MHU TOCTYMAlOThCSI TOKEH-

OpIEHTOBAHUM II1JIX0/aM, 1110 He MOTPeOyIoTh 30epexeHHs cTany Ha cepBepi. Cepen

TaKUX MiJIXO0IB 0cobsmBoro momupeHHs Hadyna Texnonoris JSON Web Token y
MOETHAHHI 3 POJBOBOI0 MOJEIUTIO po3MexyBaHHs nocrymy. ITmargopma ASP.NET

Core Hamae po3BHHEHY IHPPACTPYKTYpY Uil peamizaimii MmoaiOHUX PIllIeHb 4Yepes
Mmexanizm middleware Ta BOyoBani 616miotexu Identity it Authorization [1]. MeToro

11i€i pOOOTH € MPOEKTYBAaHHS Ta PO3pOOKa BeO-CHCTEMU KepyBaHHS KOPUCTyBadaMH,
o peanizye JWT-aBrenTudikaiiito Ta poiaboBy aBTopuzailito y cepenonuiii ASP.NET

Core.
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JWT e Biakputum ctangaptom (RFC 7519), skuii BU3Hauae KOMITAKTHUMN
dbopmar mepenmayi gaHMX MK crtopoHamu y Burisigi JSON-oG'ekta [2]. Token
CKJIQIa€ThCSl 3 3aroJioBKa, KOPUCHOTO HABAaHTAXKEHHS Ta MIAMUCY, 3aKOJOBAHHUX Y
Base64URL. 3apnsku kpunrorpadiyHoMy MIANUCY cepBep BepudiKye IUTICHICTD
KOXXHOTO 3amuTy Oe3 3BEepHEHHS 10 0a3u JaHuX, U0 3HWKYE 3aTPUMKH Ta
HaBaHTaxkeHHA. PonboBa monens koHTposto noctymy (RBAC) peanizyerbcsi B
ASP.NET Core uepe3 arpubytr [Authorize(Roles = "Admin")], mo mo3Boisie
JIEKJIapaTUBHO OOMEXYBaTH JOCTYII IO OKPEMHUX KOHTpoJiepiB abo i [3].

ApXITEKTypy CHUCTEMH TMOOYyJAOBaHO 3a TPHUIIAPOBOIO CXEMOIO: pIBEHb
npencraBieHnss — REST API wa ASP.NET Core; piBeHb Oi3HEC-JIOTIKH — CEpBICH
aBTEHTH(]IKallli, aBTOpHU3aIlii Ta yNpaBIiHHSI 0OJIKOBUMHU 3allMCaMU; PIBEHb JAHUX —
Entity Framework Core 3 CYB]J] PostgreSQL. Yci koMmyHikalii MiX KIIE€HTOM 1
CEpBEpPOM  3IIMCHIOIOThCS uepe3 3axumieHuit mporokon HTTPS. Tlpornec
aBTeHTHU(IKaIlI] B1IOYBAETHCS HACTYITHUM YMHOM: KJIIEHT HaJICHIIa€ OOJIIKOBI JaH1 Ha
enanoinT /api/auth/login; cepBep mnepeBipse iX, BukopuctoBytoun BCrypt mns
MOPIBHSHHS X€IlIIB MapOJIiB, 1 TOBEPTAE KOPOTKOCTPOKOBUI aCCESS-TOKEH 13 TEPMIHOM
i 15 xBunuH Ta refresh-token 13 Tepminom aii 30 ni6 [4]. Bamigarisi TOKeHiB
BUKOHY€eThC 4epe3 TokenValidationParameters 3 mepeBipkoro MmiANMuUCy, €MITEHTA,
aynurtopii Ta TepMminy ii. [licns 3akiHUeHHS 1T acCess-TOKEHA KIIEHT BUKOPUCTOBYE
refresh-TokeH a7 OTpUMaHHS HOBOI Mapu 0O€3 MOBTOPHOTO BBEIEHHS MapoJsl.
Pexomennanii momo 6e3mneunoro 3acrocyBanus JWT omucano B8 RFC 8725 [5].

Cucrema niaTpumye Tpu podii: Administrator 13 moBHUM JOCTyroM, Manager 3
JOCTYIIOM 70 onepaliinux aanux ta User, 0OMexeHul BIaCHUMHU pecypcaMu. 3MiHa
poJiell 3M1MCHIOEThCA Yepe3 aaMIHICTPATUBHUU 1HTep(deic 13 BEACHHSIM KypHay
aynuty. JloTpuMaHO IPUHIIMI MIHIMAJIBHUX MPUBLIEIB, a 3acTocyBaHHs policy-based
authorization 103BoJIsi€ MOENHYBATH POl 3 claims I THYYKIIIOTO KOHTPOJIIO IOCTYITY
[3].

TectyBanns npoBoaunioch 3acobamu xUnit 1 Moq 13 mokputtsim 87 %.
HapantaxxyBanshe TectyBanss (k6) miarsepausio o6poobky 500 ogHOYACHUX 3aIUTIB
13 cepeiHIM yacoM BianoBial 120 Mc npu macmTaOyBaHHI Ha J1Ba €K3EMIUISIPU CEPBICY.

Po3pobiniena cucrema 3abesneuye Haaiiny JWT-aBTeHTHdIKAIII0O Ta THYUYKe
po3mexxyBanHs goctyny B ASP.NET Core. Iloeqnanns refresh-tokenis, Bcerypt 1
policy-based authorization ¢opmye cydacHy macmTaboBaHy apXiTEKTypy Oe3Iekw,
MPUAATHY ISl 3aCTOCYBAHHS Y IPOMHUCIIOBUX B€03aCTOCYHKAX.
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[Iporpamuo-Bu3Haueni wmepexi (SDN) 3a0e3neuyioTh IEHTpalli30BaHE
VOPaBIIHHS MEPEXEBOI 1HOPACTPYKTYpPOIO dYepe3 BIJOKPEMJICHHS  TUIOIIMHU
YIpaBIIHHS BiJ] TUIOMIMHY Tepeaadi JaHux. TpaguiiiiiHi alropuTMu MapuipyTU3ailii,
30KpeMa anroput™ JlelkcTpu, 00uparoTh CTATUYHUNA HAWKOPOTIIUNA MUTSIX HE3aJICKHO
BiJI TTOTOYHOTO HABAHTAXKEHHsI, 11O MPU OJHOYACHIM Mepenayi ACKUIbKOX MOTOKIB
MPU3BOJUThH JI0 MEPEBAHTAXKEHHS CHUIBHUX KaHaiiB. Mera poOoTH — pPO3pOOUTH
MyJIbTUAreHTHY CUCTEMY Ha OCHOBI HaBYaHHS 3 MIIKPIMUICHHSM, 3JaTHY JUHAMIYHO
po3noauiATy Tpadik MiX allbTepHATUBHUMU MapIIpyTaMHu.

TectyBanHs mpoBoAMIIOCH ¥ emMyJsiTopi Mininet Ha Tomosorii 3 6 KOMyTaTopiB,
3'€THAaHUX aCUMETPUIHUMU KaHaitamu (8—15 M6it/c), 3 kouTposepom Ryu (OpenFlow
1.3). HasBHICTP JEKUIBKOX MUISXIB PI3HOI MPOMYCKHOI 3aTHOCTI CTBOPIOE
MOXJIMBOCTI JUIsl OanaHCyBaHHS HAaBaHTAXXEHHS, SKI CTAaTUYHUI alrOPUTM He
BUKOPHCTOBYE.

JIist KOKHOI mapyu KOMYTaTOpPiB CTBOPIOEThCS OKpeMuid Q-learning areHr, 1o
oOupae OIMH 13 TOCTYNMHUX MapuipyTiB. Kito4oBOIO 1HHOBALIEIO € 8IOHOCHUL CMAH
WLIAXY: areHT CIOCTepIrae JUCKPETU30BaHY 3aBAHTAXKEHICTh KaHATIB, 10 HAJIEKATh
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came Moro KaHJIuJaTHUM MaplipyTam, a He rio0aibHuil ctan mepexi. Lle 3abe3neuye
MpsAMYy 3aJIEKHICTh MDK CIOCTEPEKEHHSM Ta [I€I0 — SKIO0 OJWH 13 MUISIXIB
3aBaHTAKEHUI, areHT 0aYMTh 1€ Y CBOEMY BEKTOP1 CTaHy.

JlomaTkoBO 3ampomoHOBaHO Tpu MexaHi3mu. [lo-meprme, iHimiamzarmis Q-
Ta0IUI 3 BUKOPUCTAHHSIM alropuTMy JleMKCTpH: KOPOTII NUIIXH OTPUMYIOTh BHIII
noyaTkoBi Q-3HAUYEHHS, TOMY JI0 HAKOMWYEHHS JOCBIJly areHT MOBOJUTHLCS HE Tipliie
3a cTaTU4YHUM anroputMm. [lo-npyre, KoopAUMHAIIMHUN MEHEKEp, Mo0ya0BaHUN Ha
OCHOBI MOJIEJII PO3MOJIUICHOI MapiIpyTu3allii ["ajmiarepa: mpoTsaroM 4acoBOoro BiKHA
pIIICHHS areHTiB BIJACTEXYIOTHCS, 1 HACTYNHUW areHT KOpurye cBoi Q-3HadyeHHS 3
ypaxyBaHHSM YK€ BHUKOpPHCTaHMX KaHaiiB. [lo-TpeTe, OOYHCIICHHS HAropoaud y
MOMEHT BHOOPY JIii Ha OCHOBI CTaHy MEPEXI JI0 MOYATKy Mepeaadi MOTOKy, 0 YCyBae
po0JIeMy XUOHOTO CUTHAITy BUHATOPO/IH.

Hagpuanns npoBoauiock npotarom 390 emni3o011iB 13 JIHIHHUM 3MEHIIICHHSM € BiJl
0.5 nmo 0.05. Ilporpama akieHTye KOHKypeHTH1 ciieHapii (70% emni3o0/iB), OCKUIbKU
caMe B HUX OYIKY€ThCSI TIepeBara aJlaliTMBHOIO Mmiaxoay. [lopiBHSHHS IPOBOIUIIOCH Y
YOTUPHOX CIEHAPIAX: OJUHOYHMU TMOTIK, KOHKYpPYIO4l TIOTOKH JIO0 OJHOIO
MpU3HAYEHHS, TIEPEXPECH] TOTOKH Ta JIBOHAIIpaBJICHA Tepeada.

MynbTHareHTHa CHCTEMa TIOKa3aja CepeaHE TOKPAIIEHHS IPOITYCKHOI
3natHocTi Ha +34.3% nopiBHIHO 3 6a30BUM KOHTposiepoM. HaitOunbiuii Burpaim — y
CIIeHapii 3 KOHKYPYIOUHMMH IMOTOKaMH JI0 OJHOTO npu3HaueHHs: +84.1% (21.14 npotu
11.48 M6it/c). s mepexpecHuX MOTOKIB MOKpaIlieHHs cTaHoBUTh +50.9% (20.92
npotu 13.87 M6it/c). VY crieHapisix 3 OTHUM TOTOKOM Ta JBOHAMPABIICHOIO TIEPE1ayueio
cuctema 30epirae maputeT 13 0azoBuM kKoHTpoJsiepoM (+1.5% ta +0.6%), uio
MIATBEPAKY€E KOPEKTHICTh MOYATKOBOI 1HIIIa13aLlli.

Taxkum 9MHOM, 3aMPONOHOBAaHA MYJIbTHar€HTHA CHCTEMa €)EKTHBHO PO3B’SI3y€
3aja4y JuHaMigHoro posnoauty Tpadiky B SDN-mepexax. [loganbii qociimKkeHHs
nepeadoavyaroTh NepeBipKy eEKTUBHOCTI CHCTEMH Ha TOIOJIOTISAX OUIBIIOr0 MacIiTady
Ta 3aCTOCYBaHHS METO/IIB TTIMOMHHOTO HAaBYAHHS 3 TIKPITUICHHSM.
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Tpaaumiiini metonu 3ano6irands mikponetisiMm (LFA, TI-LFA) 6a3ytotbes Ha
CTaTUYHOMY pO3paxyHKy pe3epBHUX NUIIXiB. [Ipore B yMoBax JMHAMIYHHX
HAaBAHTAKEHb Ta yacTux KoiuBaHb KaHamiB (link flapping), ctatuuni anroput™Mu He
BCTUTAIOTh AJIANITyBATUCS, IO IPU3BOIUTH 10 KACKaIHUX BIJMOB.

[TocTanoBka 3anayi. Po3poOka 1HTENEKTYyalTbHOTO MOAYJS ISl KOMI'FOTEPHOL
Mepexi, KU 3MaTHUNA MPOTHO3YBAaTH IMOBIPHICTH MOSBH MIKPOIETEIh HAa OCHOBI
aHaJ13y TeJIeMETpii B pealbHOMY Yaci.

Merta pocnigkeHHs. 3aCTOCYBaHHS peKypeHTHUX HelpoHHUX Mepex (RNN),
3okpema apxitektypu LSTM (Long Short-Term Memory), aJist aHasnizy 4acOBUX PSIIiB
MepexkeBoro Tpadiky Ta MoNnepeKeHHs MEPEX0/I1B MEPEXKi Y HeCTabIbHUMN CTaH.

Pesynpratn  nmocuimkenHs. HaykoBa HOBHM3HA TmoJiArae y BIIMOBI Bif
PEaKTUBHOTO NIEpeMHUKaHHA TpadiKy. 3amponoHOBaHa CUCTEMA MTPAITIOE 32 TPUHITUTIOM
«MpeBEHTHBHOI KoHBepreHilii»n. Moayns ML ananizye 3atpumku (RTT), mxutrep Ta
yacTtoty oHOBJIeHb LSDB.

Anroput™m niependavae TpU eTamu:

e 301p Tenemetpii: By3os 30upae 1aHi npo cTaH CyMIXHUX JIIHKIB.

e [IporHo3 HecTaOULIBHOCTI: SIKIIO MOAENb MPOTHO3Y€E BUCOKY MMOBIPHICTB
30010 (Anomaly Score > 0.8), cucrema 3a3ganeriap akTuBye MexaHizm T1-
LFA st KpUTHYHUX TIOTOKIB, HE YeKaro4uH (hpi3HUHOTO OOpPHUBY.

e Ontumizaris Bar: KoperyBanHs BapTOCTI METPHUK JHKIB IS «M’SIKOTO
BUBEJICHHS HABAHTAKCHOTO KaHATy 3 eKCIUTyaTallli J0 MOMEHTY WHOTO
B1IMOBH.

Y xomi exkcrnepuMeHTy OyJI0 HaBYEHO MOJIeJIb Ha JaTaceTi MEpekKeBol

aKTUBHOCTI KOPIIOPATUBHOTO JaTa-leHTpy. Pe3ynbrat MoKas3yroTh, IO TOYHICTH
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POrHO3yBaHHS KPUTUYHUX CTaHIB, SIK1 BEAYTh 10 YTBOPEHHS MiKPOIIETEIb, CTAHOBUTH
94.2% (puc. 1).

NETWORK ARCHITECTURE FOR ML-BASED PREDICTIVE MICRO-LOOP PEVENTION
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Puc. 1. Pe3ynomamu HaguanHs MoOeni NPOSHO3YB8AHHS CMAOLIbHOCMI MONON02TT

[le mo3Bosisie MpakTUYHO MOBHICTIO HiBenmtoBaTu Packet Loss (3HMKEHHS 10
0,01%), OcKUIbKK MEpEMUKaHHS Ha pe3epBHUM HLIAX BiIOyBaeThes 3a 100-150 mc do
(aKTUYHOTO PO3PUBY 3'€THAHHS.

BucHoBku. [HTerpaifisi METOMIB HITYYHOTO I1HTEIEKTY B POOOTY MEpEKEBUX
MPOTOKOMIB  103Boisie  peamidyBatu  koHuenmiro  Self-Healing ~ Networks.
Bukopucranuss LSTM-moneneit  3a0e3neuye  NpPeAUKTHUBHUNA — 3aXUCT  BIJ
MapuIpyTH3aliiHUX aHOMalik, M0 € KPUTHUYHO BaXKIUBUM JII XMapHUX
1H(PACTPYKTYp HACTYIMHOTO MOKOJIHHS.
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This work investigates the practical importance of applying curriculum learning
principles to the MuJoCo HalfCheetah Reinforcement Learning (RL) agent’s
performance in a changing physics environment. In the scope of this paper, we consider
the core physics changes in world dynamics, specifically, ground friction and joint
damping. According to our initial hypothesis, presenting these criteria within the
curriculum learning framework enables the policy to adapt to unexpected physics
alterations, thereby generalising more robustly to unseen conditions. The results of this
paper include recommendations for selecting physics parameter strategies for
curriculum learning.

Keywords: curriculum learning, classic physics, environment dynamics,
robustness

Crpareriss MOETAamHOTO HABYaHHS 3 MIAKPIIUICHHSAIM — II€ METOJ
onTHUMi3allli, 0 3aCHOBaHWW HA BUKOPHUCTAHHI MONEPEIHbO HAKONMMYEHHX 3HAaHb,
KWW JIONIOMara€e areHTOBI 3HAXOJUTH PIIICHHS MOBHOTO HA0Opy 3aBlaHb 13 BUIIOIO
TOYHICTIO Ta/a00 MIBUAKICTIO. 3aBJaHHS B HaABYAHHI 3 M1JKPIIVICHHAM BU3HAYAETHCS
MapKOBCHKUM IPOIIECOM, a MOCIIJIOBHICTh 3aBJaHb € OPIEHTOBAHUM allMKIIYHUM
rpadom.

¢c=,EgT) (1)

VY Ttakomy rpadi 3aBmanbp (dopm. 1) V — me mHOoxuHa BepumH, E C
{(x,y)|(x,y) € V XV A x # y}— 11c MHOXXHHA OpiEHTOBaHUX pedep, g : V —
P(DT) — pynkuis, 10 OB’ A3y€ BEPUIMHY 3 i IMHOKUHAMHU BapiaHTis nepexoxy y DT
— MHOXHHI BCIX MOXJIMBHUX BapianTiB 13 T. Y KoHTekcTi HaB4aHHs RL-areHra 1s
TeXHIKa rnepeadavac MocTymnoBy 3MiHy MapaMeTpiB y Mpoiieci TpeHyBaHHs. Binrak e
JI03BOJISIE CTPYKTYPOBAHO BBOJMTH BAPIaTUBHICTH Y CEPEIOBUIIE i Ma€ TO3UTUBHUN
BIUTMB Ha T€HEpAJII3aIlilo y paHillle HEBIIOMUX TUHAMIYHUX YMOBaX.

Kitacuuni moniTHKY HaBYaHHS 3 MIJKPIMUICHHSM HE € aJallTOBaHUMU JI0 3MiH
YMOB CEpEelIOBHUIA, Y SKOMY areHT OyB crepily HaTpeHoBaHuil. Ile moB’s3aHo 3
npupoaoro RL-areHTiB, siki 37e01IBIIOTO CHEIIANI3YIOTHCS Ha BUKOHAHHI OJHIET
MOCTAaBJICHOI 3a/layi, TOX TeHepasi3allisl 3a 3aMOBUYBaHHSM HE € HATUBHOIO; TIPH
bOMY JIOHaBUYaHHS B yMOBaX, IO JO3BOJSIOTH JUHAMIKy, a00 3MiHa (yHKIIT
BUHATOPOIN YaCTO € BUCHAXIMBUMHU JISIMU 3 TOUYKH 30Py OOUUCITIOBATIBLHOT CKIIATHOCTI
a00 BuTpat. BUKOpuCTaHHS METOJIy MOETAITHOTO HAaBUYaHHS MOKE CTaTH B HAroOJi Il
yac pO3B’s3aHHS KOHKPETHOIO CIIEHApilo, SAKUH YMOXKIIMBIIIOE 3MIHY MapaMeTpiB
CEpeIOBHUIIA areHTa, HAMPUKIIAJ, 3aCTOCYyBaHHS RL-pimeHHs i3 TaHUMH PEealbHOTO
CBITY.
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[lepeBipka BIUIMBY BUKOPUCTAHHSI CTPYKTYpPOBAaHOIO IUIaHY Ha CTIAKICTh RL-
MOJIITUKA 0 3MiH (PI3MYHMX MMapaMeTpiB CEpeNOBHINA 3IiMCHIOBAjacs y Mexax
¢bpeitmBopky MuJoCo — ¢i3uyHOro ABUTYHA 3 BIIKPUTUM KOJIOM, SIKHi CTBOPEHO IS
JAOCTDKEHb JWHAMIKM 0araTOJaHKOBUX CHCTEM 13 YypaxyBaHHAM KOHTAaKTHOI
B3aeMojli. Y mikt poboti mu 3ocepenunucs Ha crBopeHHl Curriculum Learning-
ctparerii aiis piznunux napametpis cepenonuiia HalfCheetah — 6enumapky B ramysi
HABYaHHS areHTIB pyXy. 30kpema, Oysi0 po3IIISIHYTO JABa apaMeTpu: Koe(DIilieHT TepTs
geom_friction, MO PETYJIIOE€ BCl KOHTAKTH MK YaCTHHAMM T1JIa areHTa Ta MOBEPXHELO,
1 koediwieHT nemndipyBanus dof damping, 0 BU3HAYAE B'I3KHUI OMIp Y KOKHOMY 31
CTYIIEHIB CBOOOM CyTI001iB areHra.

Tabauysa 1: Ilouamxosi 3HavenHs kpumepiro geom_friction

sliding torsional rolling

0.4 0.1 0.1

Tabnuys 2: Ilouamkosi 3nawenus kpumepiio dof damping

Torso x | Torsoz/ | Torso Bthigh /| Bshin /| Bfoot /| Fthigh /| Fshin /| Ffoot /

/ Pyx | Pyx KYT 3aIHE 3aHA 3a/IHA MepeIHe | mepeAH | mepeaH

ynepen | Bropy HAXMJIy |CTerHo |romijika | croma CTerHO |5 sl cTONA
YM BHU3 romMijika

0 0 0 6 4.5 3 4.5 3 1.5

TunoBa moxens HalfCheetah mae crangapTHi HamamTyBaHHS MapaMeTpiB
geom_friction (tabn. 1) ta dof damping (tabn. 2). [linkpecnuMo, 1Mo B KOHTEKCTI
pob6otu 3 HalfCheetah mMu 31me6inbinoro 3amikaBiieHl Juiie y Tumi Teptsa sliding,
OCKIJIbKH 1HIII J{BA HE BIUIMBAIOTH HA IMHAMIKY BIATBOPEHHS Oiry.

V wiit poOOTI MU CTBOPUIIU BJIACHY CTPATET1IO MOCTYNOBOTO HABYAHHS MOJITUKH
areHTa, KoJiM CKJIAJHICTh apaMeTpiB, 110 PO3TIAAAI0ThCs, HEBOIMHHO nporpecye. [1ix
gac (opMyBaHHS [IOTO HAOOPY MU JOTPUMYBAIIUCS TAKUX MTPABUII:

1. 3MiHM 3HAYEHB TEPTS geom_friction BCIX CKJIaJ0OBUX BUKOHABIS Bi10YBalOTHCS
Y3rOJKEHO: MU 3MIHIOEMO YHCJIO 1 PO3MOBCIOIXKYEMO MOTo IS BCiX 9 yacTuH
areHra.

2. 30epiraeMo JIOTIYHY BIOPSAKOBAHICTh 3Ha4YeHb KpuUTepito dof damping:
3HAYEHHS 3MEHIIYIOThCS BIJl CTErHa 110 ctonu (6 — 4.5 — 3), a nepeHi HOTH €
JeTmMU Bij 3aaH1X (4.5 — 3 — 1.5 npotu 6 — 4.5 — 3).

Jlist epeKTUBHOI Ta IPYHTOBHOT MEPEBIPKU MU OOpasu JBl CTpaTerii BBEIECHHS
3MIHHHMX 3Ha4€Hb JUIS MapaMeTpiB. Y BUMAAKY geom_friction MU 3aCTOCYBaJd METO/
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paHaoMI3allli 3 PO3MIMPEHHSIM Jiana3oHy, 10 BIAMOBIA€ KIaCHYHIN 11ei Automatic
Domain Randomisation.
Tabnuya 3: Cmpameeia ons sliding geom_friction

Kpox Jiana3on IHosicHeHHst

1. [0.35; 0.45] bmusepko 10 nedonTHUX 3HAYEHD
2 [0.25; 0.65] Tpoxu mmpmmi po3max

3. [0.2; 0.8] [Tupoxnii

4. [0.2; 1.0] [ToBHMIA miana3oH

TakuMm 4yuHOM, JUCIiepCis Tapamerpa geom friction TPOTPECUBHO 3pOCTAE 3
Mepexo/IOM Ha HOBUM €Tall HaBUYallbHOI cTpaTerii (Tabi. 3), 1oJaroud CKIIAJIHICTh 1
MIJJal04YU areHTa BUpoOyBaHHIO. BaXIuBo 3a3Ha4MTH, 110 3MIHU CTOCYIOTHCS JIMILIE
tuny sliding friction.

Harowmicts mapametp dof damping motpebye nemno iHIIOTro Niaxoay A0 podoTu
3 IMHAMIKOIO, & caMe BUKOPHUCTaHHs KoedillieHTa MaciiTaOyBaHHS.

Tabnuys 4. Cmpamezia ona dof damping

Kpok InrepBag koedimieHTa IMosicHeHHst
MaclITa0yBaHHHA

1. [0.9; 1.1] +10% Big nedonty

2. [0.7; 1.3] +30%

3. [0.5; 1.5] +50%

4. [0.2; 2.0] IToBHMIt miama3oH

Ile no3BOJNsiE 3MIHIOBATH 3HAYEHHS KPUTEPIIO [ CyrjaoOiB areHra
npornopitiitHo nedonty (tadmn. 4). Takum unHOM, Mu 306epiraeMo (Hi3udHy KOPEKTHICTh
MOKa3HUKIB. Y IIbOMY BHITQJIKy JIJISi KOXKHOTO €Mi30/ly OOMPAEThCS OJIMH CKAISPHUN
Koe(irieHT pangoMizallli 1 3aCTOCOBYEThCA J0 BCIX 9 3HAUEHb KPUTEPIIO BITHOCHO
iXHIX MOYaTKOBUX BEIIUYHUH.

Y miii pobOTI MU ONHCATM NPAKTUYHY 3HAYUMICTH METOAY IOETAIHOIO
HaBuaHHA 11 RL-areHTiB, a Takox copmyBaiu MOJITUKA BUOOPY 3HAUEHb JBOX
napameTpiB KJIaCUYHOTO (P13MYHOT0 CBITY HABYAHHS 3 MIJIKPIIUIEHHAM — geom_friction
ta dof damping — y xoHTekcti podotu B cepenoBuiii HalfCheetah. 1li pesynpratu
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CIYTYIOTh €KCIEPUMEHTAJIBbHOI 0a3010 JI aHaNI3y BIUIMBY KOHIEMIN curriculum
learning ma RL-arentiB y ¢peiiMBopky MuJoCo y mMOpiBHSHHI 31 CTaHJAPTHUM
metosioM Proximal Policy Optimisation (PPO).
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[HTeHCMBHUN PO3BUTOK TexHOJOTIH 1mTyuyHoro iutenekty (ILI) icroTHO
BIUIMBAa€ Ha BCl cdepu JIOJCHKOTO JKUTTS, OCOOJIMBO, HA OCBITHIM TpoIlec.
Bukopucranns 11 3ymoBitoe aBTomMaTu3alliio HaBYaHHS, MEPCOHAIIZAIII0 OCBITHIX
TPAEKTOPIM Ta, 3a €TUYHOTO BUKOPUCTAHHS, CHIpUA€ MIABULIEHHIO €(EKTHUBHOCTI
OTpUMAaHHS 3HaHb. Y TOW caMuil yac, IHTerpallisi HUX TEXHOJIOT1H Crpysie BAHUKHEHHIO
HU3KW €TUYHUX BHUKJIMKIB, 30KpeMa MpoOJIeMH YIEPEIKEHOCT! arOPUTMIB, 3aXUCTY
MEPCOHAILHUX JaHUX KOPUCTyBada, MPO30POCTI MPUUHATTS PIIIEHb 1 JOTPUMAHHS
aKaJIeMIgHOT TOOPOUYECHOCTI.

Y poGoti y3aranpHeHO pu3uku BukopuctanHs I Ta oO6rpyHTOBaHO
HEOOX1AHICTh BIAMOBIJATLHOTO BUKOPUCTAHHS CTYJICHTAMH Y HaBYAJIbHOMY MPOIIEC.

Texnozorii I Bce yacTiie BUKOHYIOTh POJIb IHTEJIEKTyaIbHUX TOMIYHHKIB Ta
AHATITUYHUX 1HCTPYMEHTIB y HaBYaHHI, TaKUM YUHOM, 3aMIHIOIOYM TpagUIiiHI
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MiXOAU 10 HaBYaHHS Ta OL[IHIOBaHHS HAOyTHMX 3HaHb. BogHouac Takuii pO3BUTOK
MOPO/DKY€E Pi3HI €THUYHI BUKJIHUKH, IO MOTPEOYIOTh JETAIBHOTO OCHIDKEHHS Ta
aHami3y.

OpHi€ro 3 BaXIMBUX MpoOiIeM € oOMexeHa MOSICHIOBAHICTh pOOOTH Mojemei
MaIllMHHOTO HAaBYaHHS, TaK 3BaHOi KoHIeMIii «black-box»[1]. Heitponni Mepexi, siki
nexatb y pynnamenti cydacHux LI, BUBOIATH pe3yiabTaTH Ha OCHOBI ONpPAIIOBAHb
BEJIMKOI KIJIKOCTI OOYHCIIEHb Ta aJTOPUTMIB, SIKI CKJIAJTHO MOSICHUTH JIJIsl CY4acHOTO
KOpPUCTyBaua y 3po3yMilTiii ¢opmi, MO0 CTBOPIOE PU3UK MOBEPXHEBOTO PO3YyMIHHS
pe3yibTaTy, SKMA OTpUMaB CTyAeHT. JlaHa mpoOieMa CymepeyuTh NPUHIIAIIAM
rIMOOKOTO HABYAHHS Ta PO3BUTKY aHATITUIHOTO MUCIICHHS.

BomHodac, BeMMKUM PU3UKOM € alTOPUTMIYHA YHEPEKEHICTh, KA MOXKE
BUHUKHYTH BHACIIJIOK HEPENPE3CeHTATUBHOCTI JAHUX YU MOMUIIOK Yy iX 00poOii. B
yMOBaX HaBUYaJbHOTO MPOIECY, JaHa CHUTYyallld MOKE MPU3BECTH 10 (PopMyBaHHS
HEKOPEKTHUX BHUCHOBKIB, aHaJi3y, BIATBOPEHHS COI[IAJIbHUX CTEPEOTHUINIB, a TAKOXK
HETaTUBHO BIUIMHYTH Ha MOJAIbINy MpodeciiHy TisIbHICTh 4Yepe3 CIHOTBOPEHHS
MIJIXO/1B J0 pOOOTH 3 JTaHUMHU.

CyuacHni cuctemu I gis BracHoro (yHKIIOHYBaHHSI MOTPEOYIOTh BEIMKHX
oOcariB 1H(opmanlii, Mo, IHOAl, MOXE MICTUTH MEpPCOHaJIbHY a00 YyTIUBY
iHdopmarrito. ITig yac Bukopuctanus I, cTygeHTH MOXYTh HECBIIOMO MepeaBaTu
BJIacH1 KOH(IIEHIIAHI JaHi CTOPOHHIM cepBicam, 10 MOXKE CHPHUSITH iX BUTOKY YH
HECaHKI[IOHOBAaHOMY BUKOpHUCTaHHI0. Came TOMy, BaXJIMBUM € (JOPMYBaHHS HABUYOK
0e3reyHoi poOOTH Ta YCBIJIOMJICHHS BIAMOBIAAIBHOCTI MPU BUKOPUCTAHHI BJIIACHHUX
TaHUX.

AKTyaqTbHUM TIMTaHHSIM € JOTPUMaHHS TIPaBHJI Ta HOPM aKaJAeMIYHOI
100pOYECHOCTI MpH 3anyudeHHl y poOoTi cucteM LI, ockiibku pe3yiabTaT MOXYTh
OyTn oTpumMaHi 0€3 KOHKPETHOIO I1HTEJNEKTYyaJIbHOTO BHECKY cTyJeHTa. JlaHa
npo0JsiemMa yCKIaHIOE MOXKIIMBICTh KOPEKTHOTO OI[IHIOBAaHHS 3HAHB Ta MOTPeOy€E 3MIHH
TPATUIIMHUX IMIXOAIB JO KOHTPOJIO HaBYAIBHUX JOCSATHEHb, TOMY BaXXJIHBOIO €
nepeBipka po3yMiHHS KOHKPETHOTO HaBYAJILHOTO Marepiaiy, a He TUIbKH KIHIIEBOTO
pe3ynbTary.

BaxxsimBUM € MOHSATTS BIAMOBIAAIbHOCTI OTPUMAHUX PE3yJIbTaTIB Ta BACHOBKIB,
HE 3Ba)kKalOYM Ha aBTOHOMHICTH cucTeMm IIII, BOHM HE MOXYTh pPO3TIAAATHCH SK
cy0’€KTH, 1110 MarOTh HACIIJIKH 32 iX BUKOPHCTaHHS. ByIb-sKi pe3yabTaTH, BKIFOYHO
13 TMOMUJIKOBUMH Ta AUCKPUMIHALIMHUMH JIe)KaThb HAa KOPUCTYBadi, MO0 aKIEHTYE
HEOOX1/IHICTh OPMYBAHHS Y CTY/ACHTIB BIACHOI 3HAYYIIOCTI Y MPUHHSITTI BUCHOBKIB
MpU BUKOPUCTaHHI MOBHUX MOJIEJICH, SIK y HaBUYaHHI, TaK 1 Y TOBCAKICHHUX JI5X.

3arpo3u 30BHIIIHKOrO BIIMBY Ha Mozeni LT ta ix Bpa3nuBicTh 10 MaHIMy SN
BXI1JIHUMH JITAaHUMU YM KiOepaTak € BaXKJIMBUM HAMPSIMKOM JOCIIIPKEHHsI, 30KpeMa TakKi
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PU3UKA MOXYTh ICTOTHO BIUIMBAaTH Ha KOPEKHICTh Ta cTaOUIbHICTH pobotu I, a
TaKOX 3MIHIOBATHU iX MOBEIIHKY, YA BUBOJAUTH HEKOPEKTHI BUCHOBKH. SIK HACIIJOK,
cuctemu LI MoxxyTh HajaBaTH HETOUHI a00 XMOHI pe3yIbTaTH,

BaxxnmuBuM HampsMOM JOCIHIKEHHS € TaKOX BPA3JIUBICTh CUCTEM IITYYHOTO
IHTEJIEKTY JIO0 30BHINIHIX BIUIMBIB, 30KpeMa MAaHIMYJAMiHd BXIJIHUMH JaHUMH a0o
kibeparak. Taki 3arpo3u MOXKYTh CyTTEBO BIUIMBATH Ha CTaO1IbHICTh 1 KOPEKTHICTH
poOOTH Mojened, 3MIHIOIOUYM iXHIO MOBEIIHKY a00 CHOTBOPIOIOYM pe3yJbTaTH
00poOku 1H(opMarlii. YHACHIIOK IbOTO CHUCTEMa MOXKE BHaBaTH HETOYHI a00 XHOHI
pe3ynbTaTH, IO € O0cCcOoOMMBO HeOe3NeyHUM T1pu  (GOopMyBaHHI 3HaHb Ta
KOMITETCHTHOCTEH CTYIEHTIB, @ TaKOX PO3BHUTKY iX KPUTHYHOTO MHUCIEHHA. Taki
HeOe3MeKH BUKJIMKAIOTh CYMHIB IIOJ0 HaAIHHOCTI aBTOMaTu30BaHuXx pimens I, ski
BUKOPUCTOBYIOTBCSI JUIsl MIATPUMKH HaBUaJbHOTO MPOIECY, IO HAroJollye Ha
HEOOX1THOCTI pO3pOOKH JAIEBUX IHCTPYMEHTIB 3aXUCTY MOJIeNIeH, IEPEBIPKHU SKOCTI Ta
KOHTPOJIIO iX POOOTH.

OTxe, BUKOPUCTAHHS MITYYHOTO 1HTENEKTY B IT-0CBITI € CKIIaAHUM MPOIIECOM
Ta MOTpeOy€e BpaxyBaHHS TEXHOJOTIYHUX, €TUYHHUX, COIIaJIbHUX Ta MEAaroriyHux
(daxrtopiB. EdextuBHa iMmmiemenTalliss TexHosorii LI moxiuBa TIIBKM 32 YMOB
CUHEPreTUYHOTO MOETHAHHS IHHOBAI[IHHUX PIIICHB 13 TPUHIIUIIAMH BiAMOBIJATLHOCTI,
aKaJIeMivyHO1 T0OPOYECHOCTI Ta 6e33anepeyHOro JOTPUMAHHS MIpaB JIOAUHHU.

[ToTpibHo mam’sitatu mpo MacmTabuuii BrumB Il Ha ocBiTy, 30Kkpema Ha
mpoiiecu HaByaHHS Ta (GOPMYBaHHS KOMIIETEHTHOCTEH 3700yBayiB  OCBITH.
Buxopucrannss 1l 3gatHe migBuIIyBatT €(QEKTUBHICTH 3aCBOEHHS 3HAHb,
MEePCOHAII30BYBaTH OCBITHIO TPAEKTOPIIO, IMOKpAIlyBaTH AaHAIITUYHE MUCIICHHS.
BonHouac 3a BiJICYyTHOCTI YITKOTO TMEJAroriyHOro0 KOHTPOJIIO, ICHYIOTH HEOe3MeKH
3HM)KEHHSI PIBHS CaMOCTIMHOCTI, KPUTUYHOro MHCIeHHs. IIpore 3a BIACYTHOCTI
HaJIeKHOT'O MEIaroriyHOr0 KOHTPOJIIO ICHY€E PU3HMK 3HM)KEHHS PIBHSI CAMOCTIHHOCTI,
KOTHITUBHOI aKTHUBHOCTI CTYJEHTIB, IO TMOCWJIIOE 3HAYYIIICTh HEOOX1JHOCTI
30a7IaHCOBAHOTO HAYKOBOTO miaxoay Ao interpaiii cucrem Il y nHaBuanHi.

Orxe, BukopuctanHs IIII B ocBiTI € HE3BOPOTHIM MPOIECOM Ta MOTpedye
3IaTHICTh OCBITHbOI CUCTEMHU 3a0€3MEYUTH palliOHAJIbHE MTOETHAHHS TEXHOJIOTTYHOTO
MIporpecy i3 MPUHITUIIAMHU TYMaHI3My Ta HaBYaJIbHO-METOINIHUMHU IT1X0JaMH, 1110 B
CYKYIHOCTI 3a0€31e4yI0Th cTalle (PYyHKI[IOHYBaHHS OCBITHBOI CUCTEMH.

Crnncoxk BUKOPUCTAHMX JI7Kepest:
1. Yarypsau I'M., fman b.O. [IpobremMu Ta MpUHIUTIN €TUYHOTO 3aCTOCYBaHHS
IHCTPYMEHTIB IITYYHOTO 1HTEJIEKTY MPU BUBYEHHI 1HPOPMAIIIHHUX TEXHOJIOT1H

CTyleHTaMu. Akmyanvui numanus y cyyacuiu Hayyi, 2026. No 2(44). C. 1887 —
1898.
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CrpiMkuii po3BUTOK 1HGOPMAIIMHUX TEXHOJOTIH, mudpoBa TpaHchopMmalris
CyCHiIbCTBa Ta TIJio0aiizaiisa 1HGOPMAIIMHOTO MPOCTOPY CHPUYUHUIN CYTTEBE
3pocTaHHsl 00csATiB 00poOKH, MepeaaBaHHs Ta 30epiraHHs JaHUX. Y TaKUX yMOBax
3a0e3nedeHHs 1HGOPMAITHOT OE3MeKH CTae OJHUM 13 KIIFOYOBHX 3aBJaHb CYy4aCHUX
iH(QOpMaIIHHUX CUCTEM. 3POCTaHHS KUIBKOCTI KiOep3arpo3, HECaHKI[IOHOBAHMX
BTpPYy4YaHb, BUTOKIB KOH(1IEHIIHHOI 1HPopMallii Ta KibepaTak 3yMOBIIO€ HEOOXITHICTb
BUKOPUCTAHHA €(PEKTUBHUX METOJIB 3aXUCTy JAHUX, CEpel] SKUX IPOBIIHE MicClEe
3aiimatoTh KpunrtorpadiuHi Texnosorii. Kpunrorpadis Buctynae ¢pyHnaMeHTaIbHOIO
CKJIaZIOBOIO  KiOepOe3meku, 3a0e3meuyroud  KOH(IJICHLIMHICTh,  LUIICHICTD,
ABTEHTUYHICTb 1 HEBIIMOBHICTbH 1H(pOpMalii y HU(HPOBOMY CEPETOBHUILII.

[cTopuunHMil po3BUTOK Kpunrorpadii AEMOHCTPY€E MOCTYNOBHM MepexiJ BiJ
OPOCTUX METOJIIB TPHUXOBYBaHHS TMOBIJOMIIEHb JO CKJIQJHAX MaTeMaTUIHHUX
anroputmiB 3axucty iHpopmarii. Ilepun kpunrtorpadiudi cuctemu Oa3zyBajaucs Ha
M1JICTAHOBOYHUX 1 MEPECTAaHOBOYHMX MmU]pax, mpukiagamu skux € mudp Llesaps ta
nomandasitHi metoau mudpyBaHHa. OCHOBHOIO METOK TaKUX TMIAXOIIB OyJo
YCKJIQJHEHHS TPOYNTAHHS MTOBITOMJICHHS] CTOPOHHIMHU 0CO0aMu, OJTHAK 13 PO3BUTKOM
MaTE€MaTUYHOTO aHaJi3y Ta OOYMCIIOBAIBHOI TEXHIKH X KPUITOCTIMKICTh BUSBUIIACS
HeJocTaTHbO. HoBuil eranm po3BuUTKy Kpuntorpadii po3noudaBcs y XX CTOJITTI 3
MOSIBOI0 CHUMETPUYHHUX aITOPUTMIB IMHUGPYBAHHSA, IO BHUKOPUCTOBYIOTH OJMH
CEeKpeTHUM KItou i mudpyBaHHa Ta Aemd@pyBaHHs 1HPopmarii. CumeTpuyHa
Kpunrtorpadisi  XapakTepU3ye€TbCsl BHUCOKOIO IIBUAKICTIO OOpOOKM JMaHWX 1
e(eKTUBHICTIO MPU POOOTI 3 BETUKUMH 1HHOPMAIIIITHUMU MAaCUBAMH, 110 3yMOBHJIO 1i
IIMPOKE BUKOPUCTaHHS y (palIoBUX cUCTEMax, 0a3ax JaHUX Ta MEPEKEBUX CepBicax.
Boanodac npobiiema 6e3meqHoro mepenaBaHHsl CEKPETHOTO KITF0Ya MK CTOPOHAMH
cTajlla CyTTEBHUM OOMEXKCHHSIM TaKWX CHCTEM, IO CHPUSIIO TOSBI aCUMETPUYHOI
kpunrorpadii. AcuMeTpuyHi  KpunrorpadiuHi  anropuTMu  0a3yroTbCid  Ha
BUKOPUCTaHHI Mapy B3a€MOIMOB’SI3aHUX KJIIOYIB — BIJIKPUTOIO Ta 3aKPUTOrO. Takuii
MIIX11 J03BOJIUB BUPIMIMTH TPOOJIEMY PO3MOBCIOKEHHS KJIIOYIB 1 CTaB OCHOBOIO
CyYaCHHUX TMPOTOKOJIIB 3aXHUIIEHOTO OOMIHY JaHUMH, EJIEKTPOHHOTO IHU(PPOBOTO
MIJUCY, CJIEKTPOHHOI KOMEpIIii Ta iHTepHeT-0aHKiHTy. [loenHaHHS CUMETPUYHHX 1
ACUMETPUYHHUX METOIB CHOPMYBAJIO CydacHy Kpunrtorpadiuny iHGPacTpyKTypy, 0
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JIEKUTh B OCHOBI (PYHKIIIOHYBaHHS Mepexi I[HTepHeT, XMapHUX TEXHOJIOTIH,
MOOLUTFHUX 3aCTOCYHKIB Ta CUCTEM €JIEKTPOHHOTO YpsiAyBaHHs [2].

CyuacHi iHbopMaIliiiHi cucTeMU (YHKIIIOHYIOTh Y IWHAMIYHOMY CEpEIO0BUII,
7€ TpaauIliiiHI CTAaTHYH1 MEXaH13MH 3aXUCTY BKe He 3a0€3MeUyI0Th IOCTaTHHOTO PiBHS
oesneku. Came TOMY OJHHUM 13 KJIIOUOBHMX HAMpsAMIB PO3BUTKY Kpuntorpadii € ii
1HTErpalisi 3 TEXHOJOTISIMHU IITYYHOTO 1HTEIEKTY. MeTou MalllMHHOTO HaBYaHHS Ta
HEHUPOHHI MEpeXi aKTHUBHO 3aCTOCOBYIOTHCA JUIA  aHali3y IOBEIIHKOBHUX
XapaKTEpPUCTUK KOPUCTYBayiB, BHUSBICHHS aHOMAaliii MepexeBoro Ttpadiky,
aBTOMATUYHOTO BH3HAYEHHS TMOTCHIIMHUX Bpa3jIMBOCTEH Ta MPOTHO3YBaHHS
kibep3arpo3. BuKOpHCTaHHS IITyYHOTO 1HTEICKTY JO3BOJISIE TEPEXOIUTH BiA
PEaKTUBHUX MOJENel KiOep3aXucCTy A0 MPOAKTHUBHHUX CHUCTEM, 3JJaTHUX CAMOCTIIHO
ajantyBaTHCs 110 3MIH cepefoBuma. OJHUM 13 NEPCHEKTUBHUX HANpPSMIB €
3aCTOCYBaHHS IITYYHOTO I1HTEJEKTY Y KpUITOAHATI31 — TIpoLeci JOCTIIKEHHS
KpUINTOrpadiuHuX aJIfOPUTMIB 3 METOIO OI[IHKHU iX CTIMKOCTI. AJTOPUTMHU MAIIMHHOTO
HaBUaHHSA 3/1aTHI OOpOOJSATH BEIMKI MACHMBU JaHUX Ta BUSBISATA MPHUXOBaHI
CTATUCTUYHI 3aKOHOMIPHOCTI, 1110 MOK€ SIK IT1IBUIIYBAaTH PIBEHb 3aXUCTY 1H(POpMAIIii,
TaK 1 CTBOPIOBATH HOBI BUKJIMKHU JJI1 PO3POOHUKIB KPUOTOrpAPIYHUX CUCTEM. Y
pe3yabTari (HOPMYEThCA TMOCTIHHE TEXHOJOTIYHE MPOTUCTOSIHHSA MIX 3acobamu
mU(ppPyBaHHS Ta METOJIaMU iX aHali3y. BaXJIMBOIO TEHAECHIIIEI0 CYyYaCHOTO PO3BUTKY
€ TMOsIBa MOCTKBAHTOBOI KpunTorpadii. AKTUBHUN PO3BUTOK KBAaHTOBUX OOYHCIICHb
CTBOPIOE TOTEHIIIMHY 3arpo3y Uil KJIACHMYHUX KpUOTOrpadiyHUX aJrOpUTMIB,
CTIHKICTB IKMX 0a3y€ThCs Ha CKIAQAHOCTI MAaTEMAaTUYHUX 33714 (DaKTOpU3AIlil BEJIUKUX
gricenn ab0 JUCKPETHOTO JorapudmMyBanHs. KBaHTOBI alropuTMu MOXKYTh CYTTEBO
CKOPOTUTH 4YaC PO3KPUTTA TAKUX IIUPPIB, IO CTUMYJIIOE TOCHIIKEHHS HOBHX
KpunTorpadiuHux MiIX0A1B, CTIMKUX 10 KBAHTOBHUX aTak. [loCTKBaHTOBI aJropuTMH
PO3IIIAIal0THCS SIK OCHOBA MalOyTHIX cucTeM 1H(dopmarliiiHoi 6e3neku [1].

Kpunrorpadiuni TeXHOJOTIi ChOTOHI 3aCTOCOBYIOTHCA Y IIMPOKOMY CIIEKTPI
chep: (diHAaHCOBHX oOmeEpalisik, eJIEeKTPOHHOMY JTOKyMEHT000Iry, 1udpoBii
imeHTudikamii  ocoOu, IHTEpHETI pedeil, XMapHUX CepBicax, BIHCHKOBHX
iH(opMaIIiHUX cHUCTeMaxX Ta KPUTUYHIN 1HOPACTPYKTYpl Aep:KaBU. 3pOCTAHHS PO
uudpoBux TIATPOpPM MIJICUIIIOE 3HAYEHHS Kpunrorpadii sSK 1HCTPYMEHTY
dbopmyBaHHS JOBIpM MDK KOpHCTyBauaMH, cepBicamMu Ta iH(oOpMaliiHUMU
cucteMaMu. TakuM 4WMHOM, cydacHa kKpunrtorpadis nepeOyBae Ha eramni riIMOOKOi
€BOJIIOITIT, 0 TIOEHYE MAaTeMAaTHYHI METOAM 3axXHCTy iH(OopMarlii, 1HTEIEeKTyalbHI
QITOPUTMH aHANI3y JaHUX Ta TEPCICKTUBUM KBAHTOBUX TexHoJorid. [logampimii
PO3BUTOK KPHUOTOTrpapiyHUX CHCTEM TIOB’SI3aHUN 31 CTBOPEHHSM aBTOHOMHHX
aJanTUBHUX MeXaHi3MiB 1H(OpMaliiiHOi Oe3MeKHu, 3MaTHUX 3a0e3MeUUTH HaiHHUMI
3aXUCT JaHUX y HU(GPOBOMY CYCHUIBCTBI MallOYTHHOTO.
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Traditional statistical models regularly rely on simplifying assumptions, such as
linearity (a direct, proportional relationship between variables) or Gaussianity (the
assumption that data follow a normal distribution). These assumptions limit their
ability to represent the complexity of real-world systems. Recent machine learning
approaches, such as deep generative models (algorithms that approximate complex
data sets to generate new data) and differentiable causal discovery (methods that use
optimisation to uncover causal relationships between variables), can identify hidden
factors without strict parametric constraints. However, these methods may prioritise
flexibility over interpretability and reliability, making their results less trustworthy in
applied settings [1]. The present study deals with this challenge. It consistently
compares classical and modern latent-variable algorithms (techniques that model
hidden or unobserved variables to explain observed data) using large-scale mental
health survey data.

The main goal of this research is to find the hidden causal structure in the Oxford
Trust Mental Health Survey. The survey covers over 10,000 respondents and more than
220 questions. We focus on whether the concepts Worry (Q72), Mistrust A (Q74),
Mistrust B (Q75), Negative Self-Belief (Q85), Reasoning Style (Q94), Sleep (Q95-
Q100), and Social Anxiety (Q101) are arranged in a hierarchy with higher-level hidden
factors or work as separate, independent parts. These constructs were selected because
they capture core cognitive and emotional domains relevant to transdiagnostic risk and
resilience concerning mental health. Each is represented by thematic item blocks that
have undergone prior psychometric validation (i.e., statistical testing to maintain
reliability and validity). This selection targets coherent, theoretically meaningful
domains most likely to detect underlying causal patterns. It also keeps the
methodological scope manageable. We test algorithms for finding hidden hierarchies
(IL2H, LiNGLaH), which identify layered structures; independence-based direction
(GIN, HSIC), which assesses if relationships among variables are independent; and
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stability (bootstrap selection), which evaluates the robustness of results through
repeated sampling. We compare these with clear baselines such as factor-analytic
summaries and nonparametric factor analysis (NFA), which group related variables
based on statistical patterns without assuming their distributions. After quality control,
10,382 complete cases remained. These cases had no missing data in any of the
analysed sections. Quality control involved removing responses with very short
completion times (meaning the total survey was completed in less than 10 minutes—
below the 5th percentile, which was based on the distribution of all recorded times and
initial testing of the survey's minimum reasonable completion length) and inconsistent
answers (defined as answers with contradictions within repeated or logically connected
items, or consistently identical responses to all questions in a set). All items were
ranked and standardised before running the algorithms. Table 1 shows that reliability
was high for Worry, both Mistrust sections, Defence Mechanisms, and Social Anxiety
(o = 0.878-0.926). It was acceptable for Sleep (o = 0.792), but lower for Reasoning
Style (a = 0.674).
Table 1. Internal consistency of thematic blocks (Cronbach’s a) after QC.

Block Items Cronbachs «
Worry (Q72) 10 0.912
Mistrust A (Q74) 8 0.878
Mistrust B (Q75) 10 0.926
Defence mechanisms (Q85) 20 0.923
Hallucinations (Q94) 20 0.674
Sleep (Q95-Q100) 4 0.792
Social anxiety (Q101) 17 0.924

The analysis uses four main algorithmic groups. Constraint-based methods (PC,
FCI) build causal representations by testing for conditional independence. Score-based
GES and hybrid MMHC serve as additional baselines. ICA followed by
DirectLiINGAM [2] uses non-Gaussianity to determine causal order. The main analysis
relies on IL2H [3]. This method works in three steps. Phase I finds measurement stars
using rank-deficiency tests on covariance sub-matrices. Phase II removes false bond-
set clusters. Phase III adjusts edge assignments to ensure d-separation. LINGLaH [3]
builds on IL2H by using the Generalised Independent Noise (GIN) condition [4]. This
condition tests whether a surrogate E = ™Y is independent of the regressors Z. It uses
HSIC with permutation calibration and a Benjamini-Hochberg FDR correction to set
the edge direction among latent factors. NFA [5] checks measurement quality using
Mokken scaling and row-bootstrap (B = 200 resamples).In Phase I of IL2H, stable
measurement groups were identified for main blocks: 8-9 of 10 items for Worry (Q72),
all 8 items for Mistrust A (Q74), and about 3 for Mistrust B (Q75). Extended blocks
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Q85 and Q101 did not yield stable groups, failing the IL2H purity standard despite
high Cronbach’s a. This illustrates the difference between reliability and latent-variable
purity. Figure 1 shows the Phase Il measurement graph: three red hidden nodes (L72,
L74, L75) link to their respective pure indicator items, with no directed connections
remaining among factors, indicating parallel, distinct latent variables.

LiNGLaH orientation tests (which test the directionality of relationships
between variables) clearly showed there was no hierarchy. Table 2 presents the results
for all three pairs in the main group. The median p-value (a statistic indicating the
probability that results occurred by chance) was 0.007 in both directions for each pair.
No anchors (reference variables intended to identify systematic differences) showed a
consistent imbalance after FDR correction (false discovery rate correction, a method
for adjusting for multiple comparisons). GIN block-wise checks (testing for latent
variables in subgroups) confirmed that each block had its own hidden factor. The shares

of anchors with p > 0.05 (anchors that did not show a notable imbalance) were 0.70 for
Q72, 0.76 for Q74, and 0.64 for Q75

LNGLaH

served
tent

Q721
Q47
g i Q743
i Q759

Q2.5

ars.a a8

Q755

72_4
Q753 .

Q748

Q72.8;

Q72.3;

Q74 4}

Q72_10

-Q75_7

ars2”

‘a75_10

Q72,6
Q74_6
Q7a_1

75_6
s Q745

Figure 1. IL2H Phase Il measurement graph. Red nodes = latent factors (L72, L74,
L75); coloured circles = observed items (blue = Q72, green = Q74, orange = Q75).
No directed inter-latent edges survived Phase II, indicating that the latent dimensions

are parallel.
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Table 2. LINGLaH/GIN orientation tests among core latent factors. Symmetrical p-
values and zero shares in both directions confirm parallel structure.

Pair med p (A—B) Share med p (B—A) Share Conclusion

Loy L7y 0.007 0.00 0.007 0.00 Parallel (no robust asym.)
Lo+ L7s 0.007 0.00 0.007 0.00 Parallel

Lr7s<>L7s 0.007 0.00 0.007 0.00 Parallel

Non-parametric factor analysis, a method that does not rely on assumptions of
normality, supported the quality of the measurements. Mokken scale-level strength
scores, which measure the reliability and scalability properties of items, were strong
for Q72 (Ss = 0.860), Q74 (Ss = 0.836), Q75 (Ss = 0.860), and Q101 (Ss = 0.813).
Scores were moderate for Q85 (Ss = 0.802) and only moderate for Q94 (Ss = 0.569).
Bootstrap confidence intervals (B = 200), which indicate the accuracy of the scores
based on resampling, were narrow for Q72 and Q74. The respective intervals were Hs
=0.846 [0.840, 0.851] and 0.808 [0.802, 0.813]. This shows that the lack of hierarchy
is not due to weak measurement. The Jaccard overlap, a statistic measuring the
similarity between sets, between IL2H groups and top-Si Mokken sets was 1.00 for
Q74, about 0.56 for Q72 and Q75, and only 0.20 for Q94. This fits the mixed content
of Q94.

There are three main findings. First, IL2H consistently finds clear hidden
measurement groups for Worry and Mistrust, with strong internal consistency
confirmed by the bootstrap method. Second, LINGLaH/GIN orientation tests indicate
that there are no stable directional links among the hidden factors, suggesting that the
main mental-health concepts in the Oxford Trust Survey function as parallel rather than
hierarchical parts. Third, NFA supports this by clarifying item-level nonlinearities and
reducing false overlaps, confirming that the lack of hierarchy is not due to poor
measurement. These results suggest that treatments for Worry, Mistrust, Sleep, and
Social Anxiety can each be justified on their own, rather than focusing only on a single
root cause. Future research should apply these methods to nonlinear hidden-variable
models and test whether the findings hold across cultures.

References

1. Louizos C., Shalit U., Mooij J., Sontag D., Zemel R., Welling M. Causal effect
inference with deep latent-variable models // arXiv. — 2017. — 1705.08821.

2. Shimizu S., Hoyer P. O., Hyvarinen A., Kerminen A. J. A linear non-Gaussian
acyclic model for causal discovery // IMLR. — 2006. — Vol. 7. — P. 2003—-2030.

3. Huang B., Low C. J. H., Xie F., Glymour C., Zhang K. Latent hierarchical causal
structure discovery with rank constraints // arXiv. — 2022. — 2210.01798.

4. Xie F., Cai R., Huang B., Glymour C., Hao Z., Zhang K. Generalised
independent noise condition for estimating latent variable causal graphs // arXiv.

77



—2020.—-2010.04917.
5. Zheng Y., Liu Y., Yao J., Hu Y., Zhang K. Nonparametric factor analysis and
beyond // AISTATS. —2025. — Vol. 258. — P. 424-432.

MATHEMATICAL APPROACHES TO SOLVING MULTI-CRITERIA
OPTIMIZATION PROBLEMS
Syniakina A.V.
E-mail: anzhelika.syniakina(@student.karazin.ua
Academic advisor: Revina T.V.
V. N. Karazin Kharkiv National University

Modern mathematical problems increasingly require the simultaneous
optimization of multiple criteria. In such cases, classical single-criterion optimization
is insufficient because improving one indicator often leads to the deterioration of
another. This study applies multi-criteria optimization methods to solve the problem of
distributing railway cars among loading points.

Mathematical Model

The problem of distributing railway cars among loading points is formulated
based on the model presented in [1]. The task involves distributing 50 railway cars
among three loading points with capacities m; = 25, m, = 28, m; = 20 cars. Due to
different technical equipment at the loading points, the railway's operating costs for
unloading are C; = 20, C, = 30, (; = 35 respectively. Simultaneously, the client
tariffs for unloading services are P, = 60, P, = 55, P; = 45.

The variables x;, x,, x; represent the number of cars assigned to the first, second,
and third loading points. The objective is to minimize two conflicting functions:
railway operating costs (C) and client payments (P).

{x1+x,+x3=50; x1 <25x, <28x3 <20x; >0}
C = 20x; + 30x, + 35x3 = min (1)
[T =60x; +55x, + 45x; - min

Methodology

The study utilizes the Pareto optimality principle to exclude dominated
solutions and find a set of efficient solutions, based on the model presented in [3]. To
implement this approach, a specialized Python script was developed. The algorithm
iterates through all feasible distribution options and filters out those that are dominated,
ensuring that for each selected solution, no criterion can be improved without
degrading another .
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Fig. 1:Set of Pareto-efficient solutions.
To obtain a single optimal plan, the linear weighting method is applied according to
the approach described in [4]:

F=w;-C+w,-P->min, wherew; +w, =1

2)
Three methods for determining weight coefficients (w;) were compared: point
allocation, ranking, and pairwise comparison, based on the methodologies described in

[5].

Table 1: Comparative analysis of results

Method Case Weight Optimal railway Client

coefficients plan operating | payments
Wy, Wy (x1,%5 ,%3) costs

“Point allocation” |1 0,5; 0,5 (25; 5; 20) 1350 2675

2 0,8;0,2 (25; 25; 0) 1250 2875

3 0,2; 0,8 (2;28; 20) 1580 2560

“Ranking method” | 4 0,67; 0,33 (25; 25;0) 1250 2875

5 0,33; 0,67 (2; 28; 20) 1580 2560

“Pairwise 6 0,75; 0,25 (25; 25; 0) 1250 2875

comparison” 7 0,25;0,75 (2; 28; 20) 1580 2560

To solve the single-criterion optimization problem derived from the linear
weighting method, the method used.
The analysis of the results presented in Table 1 shows that for both the "Railway
Priority" and "Client Priority" strategies, the optimal plans remain identical regardless
of the weighting method used.

simplex was
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Fig. 2 Graphical representation of the feasible region

The feasible region is constructed as a convex bounded polyhedron (Fig. 2).
According to the fundamental theorem of linear programming presented in [2], the
optimal value of a linear objective function is reached at at least one of the corner points
(vertices) of this region. The intersection points A(2, 28), C(25, 25), and D(25, 5)
directly correspond to the previously identified optimal plans (2, 28, 20), (25, 25, 0)
and (25, 5, 20).

Analysis of the Pareto set revealed that Point B (22, 28, 0) is not optimal, as it is
dominated by other solutions and excluded from the efficient set.

It was mathematically proven that a direct transition from a "Railway Priority"
strategy (Point A) to a "Client Priority" strategy (Point C) is impossible. The transition
occurs only sequentially through a compromise solution (Point D).

Difference functions (A) of the objective values are introduced for the plans
corresponding to points A and D, as well as D and C. The critical values (roots of the
functions) are identified by solving for A = 0 to determine the points where the optimal
plan changes .

AA—D(Wl) ES F(A) - F(D) ES 345W1 - 115 = O == W =

AD—C(Wl) = F(D) - F(C) = 300W1 - 200 == 0 - Wy =

The method of intervals is applied to these functions to determine the range of
the weight coefficient w; (w;=1 - w,) for which each plan remains optimal:

(2,28,20): 0 < w; < -

(25.5,20): < w; <=

N w
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(25.25,0): 2<w; <1
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Introduction
Climate change remains a serious environmental issue, and rising CO2 emissions

are one of its main drivers. Although many European countries are taking steps to lower
emissions, the situation still differs significantly from one country to another.

These differences are linked to economic conditions, industrial structure, and

energy policy. For this reason, it is useful not only to compare CO: indicators, but also
to group countries with similar emission patterns. Cluster analysis makes it possible to

identify such groups and detect general trends in the data.

Data Description
The analysis is based on open statistical data from the Our World in

Data platform, which provides information on CO: emissions in European countries.
The dataset covers the period 2000-2023 and includes 20 selected European countries.
Two key indicators were selected for the study:
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- CO2 emissions per capita;
- total CO: emissions per country.

These variables allow a comprehensive comparison of countries by considering
both individual and overall emission levels. Each country is represented as a point in a
two-dimensional feature space defined by these indicators.

To ensure comparability between variables, the data were standardized using Z-
score normalization:

_ X —mean(X) (1)
— SD(X)

Methodology

Two clustering approaches were applied in this study: the k-means method and
hierarchical clustering using complete linkage.

The k-means algorithm partitions the dataset into k clusters by minimizing the
distances between observations and their corresponding centroids. Each observation is
assigned to the nearest cluster center, and the centroids are iteratively updated as the
mean values of the assigned points until convergence is achieved.

Hierarchical clustering follows an agglomerative approach, where each
observation initially forms its own cluster. At each step, the two clusters with the
smallest distance are merged. In this study, the complete linkage method was used,
where the distance between clusters is defined as the maximum distance between their
elements.

To evaluate the quality of clustering, the silhouette coefficient was applied:

_ b)) —a(®) 2)
~ {a@®,b(D}
The silhouette coefficient ranges from -1 to 1, where higher values indicate better
cluster separation.

Results and Graphical Representation

To provide an initial overview of the dataset, Fig. 1 and Fig. 2 present the
distribution of CO- emissions across the selected countries. These diagrams illustrate

s(i)

the differences in both per capita and total emission levels before data normalization.

The clustering results are illustrated in Fig. 3 and Fig. 4, where each country is
represented in the feature space defined by normalized CO: emissions per capita and
total CO2 emissions.
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83



Fig. 3. shows the results obtained using the k-means method. Four clusters were

identified:
e C(luster 1 includes Belgium, Czechia, Denmark, Finland, Greece, Norway, the

Netherlands, and Ireland - countries with medium to high CO: emissions per
capita and moderate total emissions;

Cluster 2 consists of Poland, Italy, France, Spain, Ukraine, and the United
Kingdom - countries with average emission levels;

Cluster 3 includes Portugal, Croatia, Hungary, Slovakia, and Sweden - countries
with relatively low emissions;

Cluster 4 is represented by Germany, which forms a separate cluster due to
significantly higher total emissions.

Fig. 4 presents the results of hierarchical clustering. The overall cluster structure

remains similar, with some differences in the assignment of individual countries.
Denmark and Greece belong to Cluster 1 in the k-means method and are assigned to

Cluster 3 in hierarchical clustering, indicating that cluster membership may depend on
the chosen algorithm.

The silhouette coefficient was used to evaluate clustering quality. The average

silhouette score is 0.533 for k-means and 0.460 for hierarchical clustering, indicating
that k-means produces more compact and better-separated clusters.
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A large and important class of control systems can be represented as feedback
interconnections between a linear dynamical system and a nonlinear element. These
are so-called Lur’e systems (also written Lurye or Lurie in English). Of particular
interest is the question of absolute stability: asking whether the closed-loop
system remains stable, in some sense, for all nonlinearities belonging to a prescribed
class; see, for example, [4]. Absolute stability theory thus addresses robustness with
respect to nonlinear uncertainty. The Popov criterion is a celebrated sufficient
condition for absolute stability of (unforced) Lur’e systems [6]. The
terminology unforced refers to the fact that there are no external forcing terms present,
with corresponding asymptotic stability concepts. Here, we report recent stability
results, established as part of the PhD studies of the first author, in the spirit of the
Popov criterion which ensure exponential Input-to-State Stability (ISS) (see, for
example, [7]) properties for forced Lur’e systems. The proofs of these results will
be presented elsewhere.

In state-space form, Lur’e systems between linear time-invariant system, G (s)
and memoryless nonlinearity, ¢, may be expressed as:

x(t) = Ax(t) + Bu(t), y(t) = Cx(t),
u(®) = ~p(y(0)) ()
where x(t) € R™ is the state vector, u(t) € R? is the control input, and y(t) € R™ is
the measured output. The matrices A € R™*", B € R™™, and C € R™ ™ describe,

respectively, the system dynamics, the input influence, and the output mapping. The
corresponding transfer function from input u to output y is given by:

G(s)=C(sI—A)™'B (2)
which provides a frequency-domain representation of
the underlying linear system’s input-output dynamics.
We assume that A is asymptotically stable, and ¢@(:): R™ — R™ is locally
Lipschitz, time-invariant nonlinearity satisfying the following sector restriction:
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0< o (Ky—9()) VYy€eR™, 3)

where K is symmetric positive definite. We introduce the so-called Popov multiplier:

Z() =K'+ (1 +as)G(s), a € R™™ 4)
Definition 1. A rational function G (s) is said to be positive real (PR) if:
Re(G(s)z,z) = 0, Vz e C",Vs € Cy\ 2; (5)

where every point in X; is a pole or essential singularity of G. Alternatively, (Form.5)
can be expressed in the form He(G(s)): = é(G*(s) +G(s)) = 0.

Definition 2. The function G is called strongly positive real if there exists § >

0 such that He(G(s)) = 81,Vs € Cy\ ;.

The Popov criterion was first developed for Lur’e systems with scalar
nonlinearities (m = I, :R — R). The natural extension is to the diagonal case,
meaning K, a and ¢ are diagonal (also called decoupled), and was treated in [5]. We
now consider general nondiagonal case for multi-input multi-output system (MIMO)
withm € N.

The following results (Lemma 3, Theorem 4, Theorem 5) are based on the work
[3]. During our analysis, an inconsistency was identified in Lemma 1 of that work. The
lemma and theorems were subsequently revised and corrected. Based on the corrected
result, the corresponding stability conditions were further extended to forced Lur'e
systems (Theorem 7), yielding new ISS-type results for the nondiagonal sector case.

Lemma 3. Let K € R™™ be positive definite and symmetric, a € R™™ be
symmetric, A_, A, be positive semi-definite and such that « = A, — A_. Define

My(P) =[ATP+ PAPBB"PO]
M;=[0—-C" —C —2K™1]
M, =—[0ATCTaaCAaCB+B'C a]
M; = He([ATCT(A)Y2K(A)Y2C0BTCT(A)Y2K(A)Y?C0])

And formulate the following statements:

A. There exists some symmetric P, > 0 such that My(P,) + M; + M, < 0.

B. There exists some symmetric P, > 0 such that My(P,) + M; + M, + M5 < 0

C. Forallw € R: He[K '+ (I + jwa)G(jw)] > 0
Then a) and c) are equivalent, b) implies a) and, as the result, c).

Theorem 4. Let the static nonlinearity u(t) from (Form.1) be subjected for the
sector bound (Form. 3) for some symmetric positive K € R™™. Let N be a set of
positive semi-definite N € R™*™ satisfying:

1. IEN,
2. the inequality @ (¥)Ta'/2(K~a'/2¢(y) — a'/?y) < 0 holds for all y,
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3. there exists some continuous @,:R™ - R such that a@(y) =V®, (or

equivalently @, (y) = foy @(1)Ta dr)

Suppose that condition (Lemma 3, b)) is satisfied for some o = A, — A_ with
A_, A, € N and with My, M;, M, and M; defined as in (Lemma 3). Then

Vy(x) = xT(Py + CT(A)Y2K(A)Y2C)x + 20, (Cx) — 20,_(Cx)

is a Lyapunov function for the system (Form.l) in the nondiagonal setting.
If we impose stricter conditions, then we arrive at a more elegant result:

Theorem 5. Let the static nonlinearity u(t) from (Form.1) be subjected for the
sector bound (Form. 3) for some symmetric positive definite K € R™™. Let N be a set

of positive semi-definite N € R™*"

satisfying conditions 1, 2 and 3 of the Theorem 6.
Suppose further:
4. the condition (Lemma 3, b)) is satisfied for some « = A, — A_with A_, A, €
N and A, A_ = 0;therefore, there is some symmetric P, = P >0
satistying (Lemma 3,a)) with the same a (with My, M;, M, and M5 defined
as in (Lemma 3)).
5. K and N commute forany N € N.
Then
Va(x) = xTPyx + 29, (Cx) — 2&,_(Cx)
is a Lyapunov function for the system (Form.1) in the nondiagonal setting.
For locally essentially bounded v: R, — R representing an external forcing or
control term, let us consider now the so-called forced Lur'e system:

x =Ax —B¢p(Cx)+ B,v, x(0)=0 (6)

for B, € R™*? and integer q. The stability concept we consider for the forced Lur’e
system (Form.6) is so-called exponential Input-to-State Stability.

Definition 6 ([2]). The system (Form. 8) is said to be exponentially input-to-state
stable (ISS) if there exist positive constants L and A such that every trajectory (v, x) of
(Form. 8) satisfies

lx(t + 7;w)| < L(e M |x(@)| + [ulomern) VT = 0. (7)

The following result is our main contribution of the Abstract, and states that the
hypotheses for (Theorem 4) are themselves sufficient for exponential ISS.

Theorem 7. Imposing the notation and assumptions of Theorem 4, then (Form.
6) 1s exponentially input-to-state stable.

A future line of enquiry is to generalise (Theorem 7) to Lur’e differential
inclusions, specifically with set-valued nonlinearities, which may be used to model
discontinuous systems (corresponding to certain friction types) or systems with
hysteresis. Some initial work in this direction appears in [1].
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The report presents the stable matching problem (SMP), which considers a set

of N men and N women, where each participant ranks members of the opposite sex
based on their personal preferences. The objective is to construct a matching with no
blocking (unstable) pair, that is, no man and woman who both prefer each other to their
assigned partners [2]. The relevance of this topic lies in its fundamental role for market
design and resource allocation, for which Lloyd Shapley and Alvin Roth received the
Nobel Prize in Economics in 2012.

The main part of the report is devoted to the Gale-Shapley algorithm, a standard

method for finding a stable solution. The algorithm's operation is described using the
following formal steps:

l.

Each man makes a proposal to the woman who ranks first on his list of
preferences.

If the man is the woman’s top choice, she responds “yes”. If he ranks lower, she
gives a tentative “maybe” response.
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3. If a woman receives multiple proposals, she chooses the best one according to
her preferences, responding “yes” or “maybe” to the desired candidate and
rejecting all others.

4. Men who have been rejected propose to the next woman on their list. Men who
receive a “maybe” response take no further action at this stage.

5. If a woman later receives a proposal from a man who is higher on her list of
preferences than her current tentative partner, she rejects the previous suitor and
responses “yes” or “maybe” to the new better-ranked candidate.

6. These steps are repeated until there are no men left who are willing or able to
make further proposals. At this stage, all “maybe” answers become final “yes”
answers, and the algorithm ends.

It is shown that this algorithm terminates and always produces a stable matching.
Moreover, the resulting matching is optimal for the proposing side, meaning that each
proposer receives the best partner achievable in any stable matching [3]. To
demonstrate the practical application of these steps, the report contains a detailed
description of a 4x4 example (4 men and 4 women) (Table 1).

Table 1: Lists Of Preferences

1 2 3 4
Alex Yana Ira Dasha Olga
Bohdan Olga Ira Dasha Yana
Chris Yana Olga Dasha Ira
Dmytro Olga Dasha Ira Yana
1 2 3 4
Yana Bohdan Chris Alex Dmytro
Ira Alex Dmytro Chris Bohdan
Dasha Chris Alex Dmytro Bohdan
Olga Dmytro Bohdan Chris Alex

This example illustrates step-by-step proposals and responses to them and shows
how iterative “tentative” commitments eventually stabilize into a final optimal match
for all participants (Table 2).

Table 2: Resulting Pairs

Alex (Rank 1 for Ira) Ira (Rank 2 for Alex)
Bohdan (Rank 4 for Dasha) Dasha (Rank 3 for Bohdan)
Chris (Rank 2 for Yana) Yana (Rank 1 for Chris)
Dmytro (Rank 1 for Olga) Olga (Rank 1 for Dmytro)

89



In addition, a program code on python was written to implement this algorithm.
The implementation corresponds to a complexity of O(N?) [4], which makes it efficient
enough for moderate-sized cases while maintaining the simplicity of the logic. Besides
the classic version in which men make proposals, the report also considers an example
in which women take the initiative to make proposals, emphasizing how the optimal
matching (Table 3) changes accordingly.
Table 3: Women-Proposing Resulting Pairs

Yana (Rank 4 for Bohdan) Bohdan (Rank 1 for Yana)
Ira (Rank 2 for Alex) Alex (Rank 1 for Ira)
Dasha (Rank 3 for Chris) Chris (Rank 1 for Dasha)
Olga (Rank 1 for Dmytro) Dmytro (Rank 1 for Olga)
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Python — cxoBuiie 616:110Tek. Ha HhOMy MOKHA ¥ mMcaTH MaJIeHbK1 MPOTPaMH,
1 aHamizyBaTu JaHi, rpadiunuii iHTepdeiic ayxe npoctuit aus HanucanHs. Python mae
IIMPOKE OXOTUIEHHS mpodecionaniB. [[eski MOBU BUKOPHUCTOBYIOTHCS MEPEBAXKHO IS
backend, frontend a6o Mo61s1bHOT po3p00OKH, a Python € yHiBepcalbHUM IHCTPYMEHTOM
U1 po3poOHUKIB, (axiBIliB 3 0OpOOKM JaHMX, AOCHIJHMKIB Ta IHIIMX. BiH 5K
MIBEUIIAPCHKUM HIK Ccepell MOB IPOTrpaMyBaHHS - YHIBEpPCAIbHUM 1 3pyUHUN Maiixke
JU1s1 OYJIb-SIKOTO 3aBJIaHHS.[2]

SQL (Structured Query Language) - e MoBa CTPyKTypOBAaHMX 3aIlMTIB, 110
BUKOPUCTOBYETHCSI U YNPABIIHHS Ta MAaHIMYJIIOBAHHSA pENSALIHHUME OazaMu
naHux.[3]

[TpoOnemu SQL:

[ToBTOpIOBaHI PSAAKY;

HeBu3znaueHi 3HaueHHS;

SIBHa BKa3iBKa MOPSIKY KOJIOHOK 3J1iBa HAIIPaBo;
Komonku 6e3 iMeH1 Ta iMeHa KOJIOHOK, 110 TyOIIOI0ThCS,
BiACyTHICTB MIATPUMKH SIKOCTI «=;

BukopucTaHHs MOKa)KUWKIB;

NNk D=

Bucoka HagMipHICTb.[4]
SQLite - 11e koMmnakTHa, BOy10BaHa pelisiiiiiHa 0a3a TaHuX 3 BIAKPUTUM KOJIOM.
Bona Mmae Garato mepeBar, cepea SKuUX MPOCTOTa I1HTerpaiii 6e3 HeoOXiJHOCTI
HaJAIITYBaHHS OKpemoro ceppepy 0Oasu ganux. SQLite He moTpebye A0AaTKOBOIO
CEPBEPHOTO MPOrPaMHOTO 3a0e3MeUeHHs, 1 Bcs 0aza € ogHuM (haiioM, 110 MOJICTIIYE
30epiraHHs Ta ynpaBiiHHS JaHuMU. KopucTyBaueBi Lie Ay»Ke 3pYy4YHO, OCKUIBKH HE
MOTPIOHO 3amyCcKaTh OKpeMUM cepBep 0a3u JaHMX 1 MOTIM BIAKIIOYATH WOTO MICHs
pobotu mporpamu. Bes cucrema mpairoe 0e3 3aiiBUX HalallITyBaHb, IO CHPOIIYE
MpolLieC PO3pPOOKH 1 MiJIBUILYE €(PEKTUBHICTB.[S]
Po6umo nogaTok /uist HaBYaIBHOTO BIJILTY, IKHI BUPIIITY€ HACTYITHI MPOOIEMHU:
[IpomykT aBTOMaTH3y€E pOOOTY JCKAHATY.
Po3paxoBye cTaBku 3a MEPIINA/APYTUI CEMECTP Ta HABYAIBHHM PIK 3a JaTaMu
Ta CTaBKaMH J0 HUX.

e Po3paxoBye 3arajbHE HaBYaJIbHE HABAHTAXXCHHS 34 IMEpPLIMH Ta JpPYyrud
CEMECTPH 3 BHJIaMH HaBUAJIbHUX HABAaHTAXKCHH Ta TOJWH, a TAKOX aBTOMATHYHO
pO3paxoBye piuHi FOJIMHHU.

e 34YuTy€, CKUIbKY HABYAJIbHUX TOJIMH OYJI0 3allJIAaHOBAHO, PO3PAaXOBYE, HACKIIBKU

JI0JIMHA HEJOBUKOHAIA a00 MEepEeBUKOHAIIA TIJIaH.

[TepeBipsie, U BUKOHY€E 0CO0a YaCTKy CTaBKH B MEKaX CBOEI CTaBKHU.
[lepeBipsic, un BUKOHYE 0co0a YacCTKy CTaBKM B MEXKaxX CBO€i CTaBKU TpH
3HIDKCHHI HaBYAJIbHOTO HaBaHTA)KEHHSI.
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e IlepeBipsie, un yuTa€e aCUCTEHT JIEKIIii, 1110 3a00POHEHO.

e [lepeBipsie, un Kepye aCUCTEHT KBaMiPiKaliiHOIO poOOTOI0, 110 3a00pOHEHO.

e [lepeBipsie, un mpuiiMae aCUCTEHT ICIIUTH, 110 3a00POHEHO.

e [lepeBipsie, 4 MPOBOAUTH ACHUCTEHT KOHCYJBTAIlll MEpe] ICOUTaMH, M0
3a00pOHEHO.

e IlepeBipsie, uyn Kepye cCTaplIdid BUKJIagad KBali(iKaIiiHO poOOTOI0, IO
3a00pOHEHO.

e [lepeBipsie, un ynTa€e cTapIIMii BUKIIaAa4 JeKIlii 6e3 J03BOIy BUCHOI pajaH, 110
3a00pOHEHO.

e OO6uucnioe cepenHe HapuanbHe HaBaHTaxkeHHs HIIII mo daxynpreTam Ta
Kadeapam.

e OO0uucnioe cepenHe HaBuaibHe HaBaHTakeHHa [III mo ¢akynpTeTam Ta
Kadeapam.

e (OOuuctoe cepeqHe JekiiHe HaBuanbHe HaBaHTaxkeHHst HIIIT mo dakynereram

Ta Kadeapam.

e (OOuucitoe cepeaHe NekiiitHe HaBuyanbHe HaBaHTaxeHHs I1I1 o dakynpreram

Ta Kadeapam.

e OOuuciioe cepeaHe ayAuTOpHE HaByaibHe HaBaHTaxeHHs HIIIT mno
dakynpTeTaM Ta Kadeapam.
e (OOuuciIoEe cepeHe ayaAuTOpHE HaByalibHe HaBaHTaxkeHHs [1I1 o dakynpreram

Ta Kadeapam.

e (OOYHCITIOE KUIBKICTh TOJIMH, SKI MOXK€ YMTATH MEBHA 0co0a MpH HaJaHOMY

MIPOMIXKKY 1 CTaBIli pOOOTH.

Ile HEOOXiMHO aJig CHpPOILIEHHS POOOTH HABYAIBLHOIO BIJILTY, 3MEHIICHHS
iXHBOTO POOOYOTrO HABAHTAXKEHHS, 100 BOHM MOIIM 3aliMaTUCA BaXKJIMBIIIMMU
CIpaBaMH, Ta MEPEHECEHHS IMX OMepaliil Ha KOMI'IoTep. A OCKUIbKM BCl i Jii
BUKOHY€ MaIllMHa, BIUIUB JIIOJICBKOTO (aKkTopa BTPAYaEThCS, a 1€ O3HAYaE, IO
pE3yIbTaTH € TOUYHIIMIUMHU Ta AYy>K€ IITBUIKUMH.
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Beryn

PoGota mpucBsiueHa JOCHIKEHHIO 3a/Jad ONTUMAJIbHOTO KEpyBaHHS IS
HEJTHIWHUX cucTeM. Taki MojelN BIIIrPaloTh KIOUOBY POJIb JJIs 3a7a4 JIOTICTHKHU Ta
aBTOMAaTH3allli, KOJIM OO0 €KT 3MYIICHHI NiJalITOBYBaTH CBOIO TPAEKTOPIIO,
HaIlpUKJIaJ, IPY MAHEBPYBaHHI CyJIHa B 30Hax 31 CKJIAJHOIO Tediero abo mpH pyci
KOJIICHOTO po00Ta 10 MOBEPXHI 3 PI3HOIO AKICTIO HOKPUTTS, J€ 31aTHICTh JO TOBOPOTY
3aJIe)KUTh BiJl HOTO MOJOKECHHS.

OO0’eKTOM JIOCIHIJKEHHSI € KepoBaHa CHUCTEMa, 10 € y3arajJbHEHHSIM MOl
mwiomuun ['pymuHa, e MBUAKICTH 3MIHM OJHIET 3 KOOPJAMHAT MA€ CTEIECHEBY
3aJIEKHICTIO BiJ] CTaHY CHCTeMH. MeTOr poOOTH € aHAIITUYHUN OMTUC ONTUMAJIBHOTO
PO3B’S3Ky Ta JOCHIHPKEHHS T€OMETPUYHUX BIACTHBOCTEH CIMEWCTBA ONTUMAJIbHUX
KpUBHX. 3ayBaXKMMO, 110 TaKi CUCTEMH OCTaHHIM 4acOM AaKTUBHO AOCIIDKYIOTHCS 3
p13HUX TOUOK 30py [1-3].

IlocranoBka 3agaui

Posrnsinemo 3amady MBUAKOAIT AJisi JABOBHUMIPHOT HENIHIMHOI CHUCTEMH 3
napameTpoM k € N:

(X =u;, % =xfu
3 TPAaHUYHUMH YMOBaMH Ta 0OMEKCHHSIM Ha KEPYBaHHS:
x(0) =0, x(8) =x%, w(t)+ui(t) <1, te[0,0], 6 - min.

JIist ToCiI>KeHHS 3aCTOCY€EMO NMPUHLKIT MakcumyMmy [lonTpsirina [4]. OyHKis
I"aminproHa-IloHTpsATIHA Ma€ BUTIISI

H =y u; + rxju,,
a BIJMOBIHA CTIPSDKEHA CUCTEMA 3aMHCY€EThCS K

(W, = —kpxl ©Ou, (), ¥, = 0.
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3acToCyBaHHS METOJly MHOXHUKIB Jlarpanxa juisi Makcumizamii QyHKIIl
I'amineToHa-TIOHTpATIHA HAa OAMHWYHOMY KOJNi U7 + U3 = ] JO3BOJMIO BCTAHOBHTH
HaMm, [0 ONTHMAaJIbHE KEPYBaHHS € HETIEPEPBHO-AU(PEPEHITIHOBHOIO (PYHKIIIEIO.

B po6orti mokaszaHo, 10 ONTUMANIBHHUNA pyX HE Tependadae MEepeTHHy OcCeu
KOOpJMHAT, OCKUTBKH BUX1/1 32 MEK1 KBaJpaHTa CIIPUYUHUB OU PO3PUB KEPyBaHHS, IO
CYINepeuruTh YMOBaM ONTUMAJIHHOCTI.

Benenns ¢azoBoro kyTta ¢ (t) D03BOJMIIO MTApaMETPU3yBaTH KEPYBAHHS K

{u;(t) = cos($(1)), ux(t) = sin(§(t)),
1 3BeCTH 3aj1a9y /10 pO3B's3aHHs CUCTEMU TU(epeHITiaTbHUX PiBHSIHb:
(&, =cos(®), # =xfsin(), § =ckxf,  x(0) =x00)=£0)=0,

ne ¢ = —Zb—j [nsxoM BIJOKPEMIICHHS 3MIHHHUX OTPUMYEMO CITiBBITHOIICHHS

sin(§) = cx¥, saxe BU3HAuae KPUBY TOYOK IIOBOPOTY: IIEPETHMH Ii€i KpHBOI

CYNPOBOKYETHCS 3MIHOIO 3HAKY X (t).
['eomeTpuyHe Miclle TOYOK MOBOPOTY YTBOPIOE KPHUBY ¥, PIBHSHHS SIKOT MH
3HAUIIUIM aHATITHYIHO 3a JOTIOMOTOIO CIIeIialbHUX (YHKITIH:
1 1 1
Kk+1
X; = ax oe a——B(I —)
r 2k 2k’ 2)
a B(x,y) — 6era-¢ynkmis Efinepa. BignoBigHuii MOMEHT JOCSTHEHHS TOUYKH TTIOBOPOTY

BU3HAYAETHCS SIK
B (L l)
P = 2k’ 2 .
1
2kck
3aexKHO Bijl MOIOXKEHHsS KiHLeBol Touky x” BiHOCHO KpHBOi Y, MU pO30UIH
3ajavy MIBUAKOIT Ha JABa KJIacH, U KOYKHOTO 3 SIKUX OTPUMAJIM TOYHI PIBHSHHS IS
BU3HAUCHHS HEBIJOMOTO Tapamerpa ¢ Ta onTtuMaibHOro 4Yacy 6. OCKUIbKA B
JOBUTHHUI MOMEHT 4Yacy TPAEKTOPisS MOXKE HE JOCATaTh TOYKU MOBOPOTY, SISl OTIHCY
CUCTEMHU 3aCTOCYBaJIM HETIOBHY OeTa-pyHkIito B, (x,y).
Bunaoox 1: xinyesa mouxa x° nescums nusicue kpueoi'y.
Pyx BinOyBaeTbcs 0€3 3MIHM HAIMIPSIMKY B3JI0BXK OC1 X ;.
HesinomMuii mapameTp 3HAUIIUIN, SIK KOPIHb HEJIHIMHOTO PIBHSIHHS:

oy 1

11 ]
kx) = —B ] € .
© Tk 2<x">2"( % 2) ce @ (xg))k]

OnTuManpHUi 4ac pyxXy CTAaHOBHUTH:
11
0 = —= B 2,002 ( )
X
okek C DT k72

Bunaoox 2: xinyesa mouxa x nescums suye xpusoi'y.

Pyx BKJItOYa€ MPOXOIKEHHS YEpE3 TOUKY MTOBOPOTY.
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3 MipKyBaHb CUMETPIi (pa30BOro MOpTpeTa CUCTEMH, PIBHSHHS JIJIs TapameTpa ¢
HaOyBae BUTIISIY:

il g 1 11 11
C X, = ﬁ 2B <1 +ﬁ,§) —Bcz(x?)zk (1 +ﬁ'§> .

OnTuManpHUi Yac y IbOMY BHUITAKy OOUHCTIOETHCS 3a (OPMYIIOLO:

1 1 1 1 1
7(2B (ﬁi)‘Bc%x?)Zk (ﬁ’?) -

2kc!tx

9 =

Bucnosku:

VY po60Ti MOBHICTIO PO3B'SA3aHO 3aJ1ady IIBUIKOJII JJIS y3arajJlbHEHOI 3ajadi
mwiommHan ['pymmnua. Ile Bmamocss 3poOMTH 3aBISKM 3aCTOCYBAHHIO IPHHIIMILY
Makcumymy IlonTpsirina Ta Oera-pyHkuiii Eitnepa. Mu oTpuManu aHadiTH4YHI
PIBHSIHHS 1JI1 3HAXO/KEHHS ONTUMAJIBHUX KEPYBaHb, MO0y 10BU (Da30BUX TPAEKTOPII
Ta OOYMCIIEHHS MIHIMAJIbHOIO 4acy IEpeXoJly CUCTEMHU B JIOBUIbHY 3a/laHy TOYKY
IUIOUIMHM JUIsI Oy 1b-SIKOTO HAaTYpaJIbHOTO MOKa3HUKA K.
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Beryn. StarCraft 2 — komm'rotepna rpa (real-time-strategy), sika siBiisie co6010
MPUKJIAA TPU 3 HEMOBHOI 1HQOpMaIli€ro. Y poOOoTI po3risaaeThes (hopmamisaris
StarCraft 2 sx GalieciBCbKOT IpH, 3aCTOCYBaHHS MPECTABICHHS 3eaTeHa JIs 3BEACHHS
3aaul 10 CTaHAApPTHOI cTpaTeriyHoi (opmu, aHaii3 ONTUMAJIbHUX CTpaTeridi Ha
OCHOBI CTaTHCTHYHUX JTAHHX.
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BaiieciBcbka rpa. I'pa 3 HermoBHOM iHpoOpMalliero — 1€ Tpa, B Kii JesKi rpaBlii
MalTh TpUBaTHY iH(opMmalio, HeaocTynHy iHmmMM. I[lodatkoBa mpuBaTHA
iHbopMallis TpaBIl HA3MBAE€TbCA MOro TUIMOM. baieciBCchbka rpa, 3amponOHOBaHa
Xapcani 'y 1967-1968 pp. [1, 2], BUBHa4a€eThCs KOPTEIKEM:

['= <N’ (61)9 (Si)v (pi)v (Ui>>,

ae N = {1, ..., n} — MHOXUHa rpaBuiB; O; — MPOCTip TUMIB rpaBLs i; S; —
MHOXXHHA J11i; pi(*|0;) — (QyHKIIIS MepeKoHaHb 1010 TUIIIB 1HIIKX TPaBIiB; ul : O X S
— R — ¢ynkuis Burpamnry. Ctpareris rpaBus 1 — BigoOpaxkeHHS s : ©; — Sj, TO6TO
MPU3HAYEHHS i1 111 KOKHOTO MOKJIMBOTO THITY.

3a BuBueHHs baileciBcbkux irop y 1994 pomi John Harsanyi, John Nash Ta
Reinhard Selten otpumanu HoGeniBchky mpemiro.

PiBHOBa)kHOIO KOHIIEMIli€l0 € OaileciBchbka piBHOBara Hema — mnpodinas
CTpAaTerii, 3a AKOT0 >KOJI€H I'PaBellb HE MOKE MOKPAUIUTH CBIA OYIKYBAaHUN BHUTpAIll
OJIHOCTOPOHHIM BiAXUJICHHSIM.

IIpencrasiienns 3eTeHa

Selten's type agent representation — 1HCTPYMEHT, IO JA03BOJISIE NIEPETBOPUTHU
0aileciBChbKY Ipy Ha €KBIBAJICHTHY I'PY Y CTpaTeriyHii (opmi 3 MOBHOIO 1H(OpMAITi€IO
[3]. KitouoBa ij1es: 3aMiCTh N TPaBIIiB 3 PI3HUMH TUIIAMHU BBOJIMMO OKPEMOTO «areHTa
IUTs1 KOXKHOT napu (TpaBelb, THUIT).

['pa 3enrena IS OyayeTbest TAKUM YHHOM:

—MmuoxuHa arenTiB: N°= U; . y8; — KO>K€H THII KO’KHOTO I'PaBIsl CTA€ OKPEMUM

rpaBleM;

— JIii: kokeH areHt 0; Mae Ti cami Jii 110 ¥ rpaBelb 1, TO0TO SY = S;;

— Burpaii arenrta 6; — ymMoBHE MaTeMaTU4YHE CIIOAIBaHHS BUTpAIly rpaBlid i:

U%(sY%, s-%) = Z{t € O} pi(t-i]0:) - wi(0;, t, s%, s_{t-i}),

e -1 M03Ha4Ya€ BCIX IPaBIliB, KPIM I'paBL 1.

baiieciBcpka piBHOBara Hela opuriHagbHOI T'pU BU3HAYAETHCS K 3BUYAMHA
piBHoBara Hema rpu 3entena: nmpodisib (s1*(°), ..., S»™(*)) € piIBHOBaKHUM TOJ1 1 TUTbKU
TOMI, KOJH ISl KOKHOTO 1, KOXKHOTO 0; Ta KOXKHOIO S; & S;i:

Ub%(si*(05), s*-%) > Ub(si, s*-%)

Ipukaan. PosrasHemo rpy HiHOyTBOpeHHs ABoX kommnadid [3]. Kommnanisg 1
BUpOOJIsi€ X1 (TUN 3arajibHOBIIOMUN: O1 = {X1}). Komnanis 2 BupoOmsie X2 abo y2 —
npuBaTHa iHGopMarllis (02 = {X2, y2}). KoxxHna obupae Hu3bKy (a) ado Bucoky (b) 1iny.
[lepexonanus kommanii 1: pi(xz|xi) = 0.6, pi(yz[x1) = 0.4.

96



Tabnuysa 1. Buepawi npu 6> = x> ma 62 = y»

ai 1,2 0, 1 ai 1,3 0,4

b, 0,4 1,3 b 0,1 1,2

[Ipencrasnenns 3enteHa: N* = {Xi, X2, y2}. Burparmr arearta X1 004uCIItO€TbCS K
3BakeHa CyMa:

Ux(ai, a2,22)=0.61+041=1.0, U*(ai, a2 b2)=0.61+040=0.6
Ux(b1, a2, b2) =0.6+0+04+1=04, Ux(bi,a2,a)=0620+04+0=0.0

AHani3 joMiHyBaHHs y rpi 3edTeHa: mpu 02 = X2 CTparteris az CyBOpo JOMIHYE
b2; npu 02 = y» — HaBnaku, b> nominye a.. Komnanis 1, nopiBatoroun Ux!(ai, az, b2) =
0.6 > Ux!(b1, a2, b2) = 0.4, obupae a:. €auHa yucra O6alieciBChka piBHOBAra:

s* = (S*(Xl) = ai, S*(Xz) = az, S*(Y2) = bz)

OT1xe, OKpeMHil aHai3 KO’KHOT MaTpULl OKpEMO AaB OU pi3HI pe3yabTaTu. Jluiie
CHUIBbHUM OalleCiBChKUIM aHal3 yepes rpy 3elTeHa Ja€ KOPEKTHY BiJIMOBI/Ib.

[lomyk piBHOBarM y 3arajbHOMY BHUMAJAKY 31HCHIOETHCS aJTOPUTMOM
nepebopy HociiB (support enumeration). Jlas KOXHOI MiAMHOXHHU CTpaTerii
CKJIQJJAETHCS CUCTEMA PIBHIHB OaliAy>KOCTI — YMOBA, 1110 OYIKYBaHUM BUTpAI Bl yCIX
AKTUBHUX CTpaTerii OJHAKOBUN — Ta PIBHSHHS HOPMYBaHHA. SIKIIO CHUCTEMa Mae
PO3B'S130K 3 HEB1JI'€MHUMHU WMOBIPHOCTSIMHU, 1 CTpATET1i 11032 HOCIEM HE JJAIOTh BUIIIOTO
BUTpallly, 3HAJAEHO piBHOBAry. SKIO KOJEH HOCIH HE MIAXOAUTh — MEPEBIPSIETHCS
JIOMIHYBaHHS 1 3a/1a4a 3BOAUTHCS 10 MEHIIIOT MAaTPHIIL.

StarCraft 2 sk 0aiieciBcbka rpa

StarCraft 2 nmpupoaHO onucyeThes sik OaiieciBchbka Tpa. ['paBili 3HAIOThH BJIACHY
pacy Ta CTpaTerio, ajie He 3Hal0Th TOYHOI CTpaTerii CynepHUKa, 0COOJIMBO Ha MOYATKY
rpu. TyMaH BiitHU (MeXaHiKa rpH, iKa IPUXOBYE JETaJl MiCIIEBOCTI Ta BOPOKI BIChKA)
BIJINOBIJIAa€ YMOBI I'PHU 3 HEMOBHOK 1H(QOpPMALII€I0, & OHOBJIEHHSI NMEPEKOHAHb MICII
PO3BiAKH — OaileCiBChbKOMY OHOBJICHHIO 3a (hopMmyIioro baeca.

dopMaIIbHO 33/1a€MO:

— N = {1, 2} — nBa rpasiii.

— 0;={T, Z, P} x {Arpecis, Exonomika, TexHosorisi} — TuIm rpaBIisi: paca Ta
rmoyaTKoBa cTpareris (9 koMOiHaIlii).

— S{ — cTparteriuHi pillleHHs] BOPOJOBXK MaTyy.

— pi(040;) — anpiopHuii po3noii, OLUIHEHUN 3 aHami3y ctaTucTuKU Aligulac sk
4acTOTa BUKOPUCTAHHS KOXKHOI cTpaTerii y KOHKpETHOMY MaTJaili.

97



- u(6, s) € {0, 1} — mepemora a6o nmopa3sxa.

[IpenacraBnenns 3enteHa s Mardanmy ZvP: kokHa komOiHaris (paca,
CTpaTeris) cTae oKpeMuM type agent. Burpamr arenra (Z, Arpecisi) 004UCTIOETHCS SIK:
Uizam) = Zi p(P;) * Win(Zan, vs Pj)

ne Win(Zap, vs Pj)) — emmipuyHa yactoTa nepemor Zerg 3 arpeCuBHUM
BIIKPUTTSIM MPOTH cTpaTerii j Protoss.

MHmoto Oynu npoananizoBani 6a3u ganux [4] Allgulac ta [5] Spawning Tool ans
OTpUMaHHs HaOMMKEHUX BIJCOTKIB MEPEMOTr, YaCTOT BUKOPHUCTaHHs cTpaTeriid. Lli
naHl MU OyJ1IeMO BUKOPHCTOBYBATH HUIIIE.

Tabnuys 2. Mampuys winrate ons ZvP (iimosipuicms nepemocu Zerg)

Z-Arpecis 0.50 0.56 0.52
Z-ExonoMmika 0.47 0.49 0.51
Z-TexHoJoris 0.49 0.53 0.50

3acTocoBytouM support enumeration A0 I1€i MaTpuIl, BCTAHOBJEHO, IO
ctpareria EkoHOMIKa miig Zerg CyBOpPO JOMIHYEThCS ATpECi€l0 MO BCIX TPhOX
croBmisix: 0.50 > 0.47, 0.56 > 0.49, 0.52 > 0.51. AHanoriuHo, cTpateris TexHomoris
TaKoX CyBopo JoMmiHyeTbest Arpeciero: 0.50 > 0.49, 0.56 > 0.53, 0.52 > 0.50. Ilicns
BUJQJICHHS 000X JOMIHOBAaHUX CTpaTerii 3ajada 3BOAUTHCA 10 MaTpuil 1x3,
piBHOBara sIKoi € 4HCTOW: Zerg oOupae Arpecito, Protoss obupae Arpecito 3i
3HayeHHsM rpu v = 0.50.

IHopiBHSIHHS TeOPeTHYHUX PIBHOBAT 3 eMIIIPUYHUMHU JAHUMHU

3HalijleHa piBHOBara € 4YHCTOIO: OOuJBa TrpaBii oOHparOTh Arpeciio 3
iMOBIpHICTIO 1. TeopeTtnunnii posnoain crpareriit aus Zerg: Q = (Qarp, QExo, Qrex) =
(1.0, 0.0, 0.0). Ockinbku KL-nuBepreniiss Ta y> He BU3HAUEHI MPU HYJIHOBHUX
IMOBIPHOCTSIX, 3aCTOCOBYEMO cTaHaapTHe 3riamxyBaHHs (Laplace smoothing) 3 € =
0.05:

Q’ =1(0.90, 0.05, 0.05)

Emmipuyni yactotu crpareriit Zerg y ZvP 3 mpoanarnizoBanux 0a3 gaHux [4,5]

(n =200 maruiB):

Tabauya 3. Emnipuuni yacmomu cmpameeiti Zerg y ZvP

Arpecis 148 0.74 180 5.69
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Exonomika 32 0.16 10 48.40
TexHoJor1s 20 0.10 10 10.00

KL-nuBeprennisi BuMiproe iHGOpMaliiHy BIACTaHb MK EMIIPUYHUM

posnozaiioM P Ta reopetnannm Q’:
Di (P 11Q") = Zi P(i) * In(P(i) / Q*(i))
=(0.74 + In(0.74/0.90) + 0.16 * In(0.16/0.05) + 0.10 * In(0.10/0.05)

=0.74 ¢« (-0.195)+ 0.16 « 1.163 + 0.10 « 0.693 = —0.144 + 0.186 + 0.069 = 0.11

3nayeHHs Dgxp = 0.11 € BIZHOCHO MajuMM, IO CBIIYHUTH MPO OJMU3BKICTH
peaJbHOr0 PO3IOALTY J0 PIBHOBAXHOTO. J[Ji MOPIBHSHHS: SKOW TrpaBli OOUpaH
cTparerii piBHOMIpHO, Dkr, = 0.59.

Kpurepiem y*> nepesipsemo rinoredy Ho: emmipuuHuii po3noain BiANOBIAAE
TeopeTUYHOMY. B pe3ynbpTari oTpuMaeMo, 110 pO3MOJILT CTATUCTUYHO BiAPI3HAETHCS
B1Jl YHCTOI PIBHOBarM — II0 € O4IKyBaHUM PE3YyJIbTaTOM: peajibHI TPaBlil HE IPar0Th
onHy crpaterio y 100% matuiB, ane qominyBaHHs Arpecii (74%) IKICHO MIATBEPIKYE
TEOPETUYHUN TTPOTHO3.

BucHoBku

VY poborti nokazano, mo StarCraft 2 nomyckae KOpeKkTHY (opmalizaliio sk
OalieciBChbKa Tpa 3 HEMOBHOIO 1H(opMaIli€ro. 3a 10MOMOTror0 MPE/ICTaBICHHS 3eJITeHa
3aj1a4ya 3BOJIMTHCS A0 CTAaHAAPTHOI CTpATEriyHo1l (OpMHU, IO TO3BOJISIE 3aCTOCOBYBATH
aNropuT™M nepedopy HOCIIB I 3HAXOIKEHHS piBHOBard. AHami3 martdamiB ZvP
BUSIBUB JIOMIHYBaHHS arpECUBHHX CTpATETiil Ta YUCTY PIBHOBArY, 10 Y3TOKYETHCS 3
peabHOIO MPAKTUKOI Tpu. [IOpIBHIHHS TEOPETHYHUX PIBHOBAr 3 EMITIPUYHUMU 32
noroMororo KL-muBepreHiiii Ta Kputepito y* 1a€ KUIbKICHY OIIIHKY TOTO, HACKUTbKH
MTOBEJIIHKA TPABIIIB BIJIOBIIA€ TEOPETUUHO ONTUMAIBHINA. 3ampOIOHOBAHUMN IIiaXin
MOXe€ OyTH pPO3IMIMPEHUN Ha BCl MaT4yaly Ta BUKOPUCTAHUM IJIs aHAI3y I1HIIUX
CTpATEr1yHUX 1rop 3 HEMOBHOO 1H(MOPMALIIELO.

Chnucox BHUKOPHUCTAHUX JIZKEPEJI:

1. Harsanyi J. C. Games with incomplete information played by Bayesian players.
Part [. Management Science. 1967. Vol. 14. P. 159-182.

2. Harsanyi J. C. Games with incomplete information played by Bayesian players.
Part II. Management Science. 1968. Vol. 14. P. 320-334.

3. Narahari Y. Game Theory. Lecture Notes, Chapter 13: Bayesian Games. Indian
Institute of Science, Bangalore. 2012. 12 p.

4. Aligulac — StarCraft 2 statistics database. ([laTa 3BepHenns: 28.03.2026)

5. Spawning Tool — StarCraft 2 statistics database. ([laTa 3Bepuennsi: 29.03.2026)
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JOCJIIZKEHHA MOAEJII 3POCTAHHSA MYXJIMHU 3 YPAXYBAHHSAM
XIMIOTEPAIII TA HOBIYHOI'O E®EKTY HA THIIIUA OPTAH
Twpovo I.M.

E-mail: ivanturdio@gmail.com
Hayxkoeuii kepisnuk. Kisinoea HM..

Xapkiscokuti HayionanvHull yHieepcumem imeni B. H. Kapa3sina

MatemaTiyHi MOJEN 3POCTaHHS MYyXJIMH € TMOTYXHUM IHCTPYMEHTOM JIJIsI
KUIBKICHOTO ONUCY JWUHAMIKU PO3BUTKY 3JOSKICHUX HOBOYTBOpEHb. Bonu
JO03BOJISIIOTh  OCHI/PKYBaTH  MeXaHI3MH  mpoiidepariii  KIiTHH, OIIHIOBATH
edeKTUBHICTh JIKYyBaHHS Ta MPOrHO3yBaTHU mepedir xBopobu [1]. ¥V miTeparypi
OomHucaHo Oarato MIAXOJIB, BiJ MPOCTHX JETEPMIHOBAHUX MOJIEICH Ha OCHOBI
nudepeHIliaTbHUX PIBHIHB 10 CKJIAHUX CTOXACTHYHUX 1 MYJIbTIar€HTHUX CHUCTEM.

VY HalnpocTiIiii MaTeMaTHUYHIi MOJIEN MyXJIMHU SIK CYKYyITHOCT1 OJTHOTO THITY
3MOSIKICHUX KJIITHH X(t) Ta 0HOTO mpemnapaty 3 /103010 c(t) BrumB ximioTeparii (XT)
BU3HAYAETHCS PIBHIHHSIM:

dX (1)
— = f(x) —9(c,X)
dt
ne f(X) 1 g(c, X) onucyroTh He30YIXKEHE 3pOCTaHHS MyXJIMHU Ta BIUIMB XIMIOTEparnii 3
7103010 c(t), BIATIOBIIHO.
BianoBigHo 10 pi3HUX HEMHIWHUX MOJIEIe 3pOCTaHHS MyXJIMHU Ta HasIBHOCTI

XT, y piBasiHHI (1) MOX€MO BUKOPUCTATH HACTYIHI 3araJIbHONPUIHATI (QyHKIIIT
f&X) ={1)rxm
2) rX*(1 — XYY

3) aXf —yXx?9
) I 14 2)
4) ae~PtX}
cX
g(c, X) = {_kX» kLK Xc ’ kNSCF(X)» kemax m}

ne 1) — creneneBe, 2) - y3arajabHeHe Jorictuune, 3) - ¢on bepramandi, 1 4) -
['omnepTua Mojeni 3pOCTaHHA NyXJIMHM; K - TMOCTIHHA IIBUIKICTh pPyHHYBaHHS
MyXJIMHHUX KJITUH KIITHHAMH-KUIepaMu Ta JIEHAPUTHUMH KIITHHAMHU, Kk, Kkys,
k o max- Koebimieatn moaeneit LK, NS i1 E-max, Bigmosinso [2,3].

Sxmo mo6aButu 10 piBHSHHS (1) 3 ypaxyBaHHAM (2) pIBHSHHS, SIKE OMHUCYE
BIUTMB XIMIOTEpaItii Ha 3JI0POBUI OpPTaH JIOJUHU, TO OTPUMAEMO HACTYITHY CHUCTEMY
3P:

dX
E:f(x)_g(cix)r (3)
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dW_ K C
dt_ C}

ne k. - koedirieHT pyHHIBHOTO BIUIMBY XIMIOTEeparii Ha 3J0pOBUM OpraH.

Jlorictuuna wmojnens DepxroiabcTa cTaja OHIEID 3 HAWMNOMYJSIPHININX Yy
010CTaTUCTHII, OCKUIBKH J03BOJISIE BPaXOBYBaTH OOMEKEHHS PECYpCiB Ta €PeKTH
HACHYCHHSI, K1 BIACTUB1 peaJIbHUM O10JIOTTYHUM cUcTeMaM [4]. 3 yacoM 610710TTYHUM
KJIITHHAM Opakye MOKMBHMX PEYOBHH 1 KHUCHIO, HAPOCTAE TIMOKCISA Ta METa0OoJI4uHI
O0OMEXKEeHHSI, K1 YIOBUIbHIOIOTh 3pOCTAHHS TKAHWHHU.

d—V=bV(1— V) 4)

dat Vinax

ne Viax- MakCUMaJIbHUM MOMIIMBHUA poO3Mip (Maca) MyXJWHU, b — HIBUIKICTH
3pOCTaHHS.
BuxopucroBytouu (4) B cucteMi piBHSHb (3), OTPUMAEMO:

d—Vsz<1— 4 >— le

dt /4
W max (5)
o = el
ne C(t)=const — KoHIIeHTpalis Ximioreparii B kpoBi, V,W- o0’eMu myxJIMHU Ta

YMOBHO 3/10pOBOTO Oprany, Vy,q,- MakCUMaJIbHUH MOXJIMBUHA 00’€M MyXJIMHH, b —
IMIBUJKICTH 1i 3pocTaHHs, ki, k,- KoedillieHTH pyHHIBHOTO BIUIMBY XiMiOTeparii Ha
MyXJIMHY 1 3A0POBUI OpraH, BiAMOBIIHO.

B po6oti nocaimkeHna cucreMa piBHSHB (5), 3HalAEHI ii CTalllOHApHI TOYKH,
BU3HAYCHI TUNU (DA30BUX MOPTPETIB AUHAMIYHOI CUCTEMH B 3aJIEKHOCTI BiJl PI3HUX
HabopiB 3Ha4eHb (kq, k;).

AHaNOryHO MJIaHY€ThCA BUKOHATH aHAJII3 3 THIIMMHU MOJAEIISIMU 3pOCTaHHS (2)
y MpaBiii YaCTHHI PIBHAHHS | Ta MEpEeBIpPUTH CIIBBIIHOIIECHHS OTPUMAHUX PE3yJIbTATIB
3 JAaHUMHU CIIOCTEPEIKEHb 3a 3POCTAHHSIM IMyXJIMH PI3HUX THUIIIB 3 BIIKPUTHUX JIKEPEIL.

CnMcoK BUKOPUCTAHMX JKepeJI:

1. B.Ribba, N.H.G. Holford, P. Magni, et al., A review of mixed-effects models of
tumor growth and effects of anticancer drug treatment used in population
analysis, CPT: Pharmacometrics & Systems Pharmacology, 3(5), e113, 2014.
doi: 10.1038/psp.2014.14

2. Oh Ch., Wilkie K.P. How Mathematical Forms of Chemotherapy and
Radiotherapy Bias Model-Optimized Predictions: Implications for Model
Selection. ArXive. 2025, eprint2511.15932, https://arxiv.org/abs/2511.15932.
([lara 3Bepuenns: 16.03.2026)
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3. Panetta J.C. Mathematical Models of Chemotherapy. PhD Dissertation,
Mathematics & Statistics, Old Dominion University, 1995, DOI: 10.25777/5aev-
jk74

4. C. Vaghi, A. Rodallec, R. Fanciullino, et al., Population modeling of tumor
growth curves and the reduced Gompertz model improve prediction of the age
of experimental tumors, PLoS Computational Biology, 16(2), €1007178, 2020.
doi: 10.1371/journal.pcbi.1007178

JOCJIKEHHS ITPOCTOPOBUX MMPOIECIB CAMO3AMMAHHS
METOJAMM POTE TA KBA3I®YHKIIN I'PIHA-PBAYOBA IIOBYJIOBU
ABOBIYHUX HABJIMKEHDb
Kaniniuenxo A.C.

E-mail: anatolii.kalinichenko@nure.ua
Hayxosuii kepienux: Cudopos M.B.

Xapxiscvkuli HAYioHATLHUL YHIGepcUmem paodioeneKmpoHiKu

[IpoGnema KOHTpONIO Ta TPOPUIAKTUKM TIOKEXK TMpu 30epiraHHl Ta
TPaHCIIOPTYBaHHI TAKUX CUITy4YHX MaTepialliB, sIK ByTULIs, arpOITPOMUCIIOBI KYJIBTYPH,
0aBOBHA, TOP( BUKIMKAHA iX CXMUJIBHICTIO JO 3aropstHHS Oe€3 BIUIMBY 30BHIIIHBOIO
JOKepena 3anaioBaHHs. el mpoiiec Ha3WBa€eThCS CaMO3alMAaHHSAM Ta BUHHKAE SIK
HACIIZIOK HAKONMYEHHS TeIUla BiJl eK30TepMiuHOl peakiii oxmcHeHHs. Moro
MaTeMaTUYHE MOJICTIOBaHHS Yy CKYIYEHH1 MaTepiay, (Gopma SKOro OMHCY€EThCS
MIPOCTOPOBOIO 00JacTiO (2, TMOB’sA3aHE 3 HEOOXIMHICTIO 3HAXO/KEHHS PO3B’SI3KY
MOYAaTKOBO-KPAaOBOi ~ 3ajayl [l TPUBHUMIPHOIO  HAMIBJIIHIMHOTO  PIBHAHHS
TEIMJIONPOBITHOCTI 1151 (QYHKIIIT 3MIHU TeMIIepaTypu

26

5 = A46 + Be®, x € 2, t € (0,t,], (1)
0(x,t) >0,x €N, t e (,t,, (2)
0(x,0)=0,x € 0, 3)
O(x,t) =0madf, t €[0,t,], 4)

ne A — onepatop Jlammaca, A > 0, B > 0 — mapameTpu, 1m0 3a7at0Th (Hi3UKO-XIMIvHI
BJIACTMBOCTI mporecy, X = (xq,X,,x3), 2 — obMexkena obnacts 3 R3 3 Kxyckoso-
TJIAJIKOI0 MEXero 012, t, — yac MOJIeTTIOBaHHS.

OcranHili [OAAHOK B TMpaBiii YacTWHI PIBHSHHA BPaXxOBYE TEIUIO, IO
BUJIIJIIETBCA TIPH  XIMIYHIA €K30TEPMUYHIN peakilii OKUCHEHHS MaTepiairy, Ta
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OTPUMAaHHK aIPOKCUMOBAIIIEIO 3 3aKOHY AppeHiyca [2] mpu npHITyIIeHH]I PO CTATICTh
napameTpiB A 1 B.
Ha gacoBomy Biapisky [0, t,] BBEIEMO CITKY 3 KPOKOM T:
ti=Jjt,j = 0,1,2,..,m,mrt =t

Ta nosHauumo O; = 0;(x) = 6(x, tj). Po3s’si30k 3amaui (popm. 1) — (popm. 4),
BIZIOBITHO 10 MeTOy PoTe, mykaTuMeMo B3IOBX MpsMux t = const. J{is nporo Ha
KOKHIA TpsMid  t =¢; ampOKCMMYEMO BIJIHONICHHSAM CKiHYEHHUX  PI3HHIIb
audepeHLiaIbHIN oneparop B JiBii yacTHHI piBHAHHA ((opM. 1), 110 B CYyKyMHOCTI 3
(bopm. 3) Ta (popMm. 4) HO3BOJIIE 3BECTH 3HAXO/DKEHHS PO3B’S3KY IMOYATKOBO-
KpaiioBoi 3amaui (popm. 1) —(popm. 4) 10 po3B’sA3aHHS MOCHITOBHOCTI KpalOBUX
3aja4:

—40;(x) +—6;(x) = F (x Oj(x)), x €4, (5)
0;(x) >0,x € 0, (6)
0;(x) =0na o, j=1,2,..,m, (7)

ne F (x, 0; (x)) = %@j—l + %e@f, Oo(x) =0. JIo KOXKHOi 3 SIKHX IIOCIIiIOBHO
3aCTOCYEMO METOJI JBOOIYHMX HAOMMKEHb 3 BUKOPUCTAHHAM KBa3ipyHkiii ['pina-
PBayona [1], mo mo3Bosisie moOyayBaTy ITepaliiiHui mporiec AJjisi OUIBIIOro Kjacy
oOmnacTel, HXK NMpU BUKOpucTaHH1 GyHKIi ['piHa.

Hexaii w(x) — enemeHTapHa (yHKIlS, IO OMHUCYE TeoMeTpito obmacti 2
(wx) >0y N, wx)=01|Vw(x)| # 0 Ha 02), mobyaoBaHa MeToA0M R-(DyHKITii.
Tomi kBazidyHnkiis I'pina-PauoBa nnst onepatopa I'enpMmronbsus —A4 + ﬁ 3 MpaBol

4acTUHU PiBHSHHSA (hopM. 5) BU3HaUaTUMETHCA (POPMYIIOIO

1 1
- = [2
1| [Prem@o(e VAT —re var U0
Q(x) S) = E : 2 >
r1r2+4w(x)w(s)
e x = (xXq,%x5,%3), S = (S1,55,53),
r=|x—s|= \/(x1 - 51)2 + (x; — 52)2 + (x5 — 53)2-

Hapani BBakatumemo j QikcoBanuM. OCKUIbKU NPH 3HAXODKEHH] QyHKIIT O;

yxe BigoMa QyHkuis 6;_,, To kpaiiosa 3ana4a (popm. 5) — (popm. 7) y baHaxoOBOMY
npoctopi C({2) HenepepBHUX y {2 GYHKIH 3 KOHYCOM HEBia eMHUX QyHKIIH K, =
{0 € C(2):6(x) =0,x €N} exBiBalcHTHA IHTErPaJbHOMY PIiBHSIHHIO YPHCOHA
0;(x) = T(Oj)(x) 3 I30TOHHUM OIIEPATOPOM

T(6;)(x) = J, K (x5)0;(s)ds— [, K (x,5)0;(s)ds+

o  QG9F (56;())ds,
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ne K*(x,s) ={0,K(x,5)}, K (x,s) ={0,—K(x,s)},

1
-+
K( ’ ) 1 ( | 1) 1 \/_Tw/r2+4w(x)w(s).
4T At/ Jr2+4w(x)w(s)

Ha j-my yacoBomy miapi iHBapiaHTHUM KOHYCHHUM BiAPI30K IITyKaTUMEMO Y
surisanl < 0, ,8]- >, JIe YHUCJIIO ,8]- > () BUBHAYAETHCS 3 HEPIBHOCTEH

_ B . <
—BJ, K (x5s)ds +Zf!2 Q(x,s)ds = 0 g Bcix x € (2,

1 B
B, K'Cus)ds+—f, Q8 1()ds+-ef [~ Q(xs)ds <p nus
BCix x € .
OT1xe, ITepallifHU# IpoIeC METOAY ABOOIYHUX HAOIMKEHb MAaTUME BUTIIS

v®(x) = j K*(x,s)v¥*V(s)ds —f K= (x,s ) w*V(s)ds +
0 0
+ fﬂ Q(x,s)F (s,v(k‘l)(s)) ds, k=1,2,.., v@O(x) =0,
w® (x) = j K*(x, s) w* D (s)ds —f K= (x,s)v¢V(s)ds +
Q 0

+f, Q& sF (s,w(k‘l)(s)) ds, k=1,2,.., wO(x) =B,
3a HaOmMKEeHW po3B’ 30K BUX1AHOI 3axadl (popm. 1) — (popm. 4) Ha j-my
4acoBOMY IIlapi Ha k-if itepariii 3 TouHIcTIO € > 0 mpuiiMaemMo QyHKIIIIO
w® (x) + v® (x)
2
IIpY BUKOHAHHI YMOBU max (W(k) (x) —v® (x)) < 2e.

0/ (x) =

3actocoBytoun 10 KkpaiioBux 3amgad (dopm. 5)—(dopM. 7) Ha KONKHOMY
YacOBOMY IIIapl 3alpOMOHOBAHUU ITEpallIfHUN Tpolec METOAy JIBOOIYHHX
HAOJIMKCHBD, OTPUMAEMO Habip GyHKITiH Oy(x) =
0, 0{V(x), 6 (x), ..., O™ (x).

OO06uuncoBaIbHUUN €KCIEPUMEHT OYJI0 POBEIEHO ISl MIBCPEpUUHOT 00J1acTI
0 ={(x1,%5,%3):x% + x2 + x5 < 1,x3 = 0} 3 paniycom 1, ormmcanoi QyHKIi€rO

1
w(x) =§(1—x12—x22—x§)A0x3 =

1 1
=E(1—x12—x22—x§)+x3—\/Z(l—xf—xzz—xg)2+x§,

npu 3HadeHHsX mapametpiB A = 1, B = 1,25,t, = 1,7 = §
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3ACTOCYBAHHA AITAPATY KOMIVIEKCHUX YUCEJ IS AHAJII3Y
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Po3paxyHOK  €NeKTpUYHUX  KUT ~ 3MIHHOTO  CTpyMy  HQJIEKUTh  JO
byHIaMEHTANbHUX 3a/Ja4 Cy4YacHOi eNeKTpoTexHiku. CHHyCOimanbHI KOJWBaHHS
HAIPYTH 1 CTPyMY y pEalbHHX CXeMax 3a3HaioTh ()a30BHX 3CYBIB, IO YCKJIAIHIOE
aQHATITUYHI TIEPETBOPCHHS TMPU BHUKOPHUCTAHHI KIACHYHUX TPUTOHOMETPUIHHUX
MeToAIB. [ pOMI3IKICTh BIAMOBIIHUX MEPETBOPEHD CYTTEBO YCKIIAHIOE aHAII3 HABITh
HAWIPOCTIMIUX EJIEKTPUYHUX KIJT 1 TMIJBHUILYE WMOBIPHICTh OOYHCIIOBATHHUX
MOMMWJIOK. Y 3B 3Ky 3 IIUM y Cy4YacH1/ HayKOBI JIiTepaTypi MIMPOKO 3aCTOCOBYETHCS
CUMBOJIIYHHI METOJ] pO3paxyHKy Ha OCHOBI anapaTy KOMIUIEKCHUX yucen [1; 3; 4].

dopmyna Eitnepa y Burmami  e/? = cos(@) +j - sin(p) 3abesneuye
MaTeMaTUYHO OOTPYHTOBAaHUM TMepexif BiJA TPUTOHOMETPUYHOTO TMPE/ICTABICHHS
TapMOHIYHOTO KOJIMBAHHA JIO0 MOKa3HUKOBOI (hOPMU KOMIUIEKCHOTO yucia. MUTTeBe
3HaueHHs cuHycoimHoi Hanpyru u = Upsin(wt + @) =Im(u), mo € ysBHOW0
YACTHHOK KOMIUIEKCHOi  Qymkmii wacy u = U,,e/@*®)  Taxum umHOM,
u = Im(U, e/ @) = Im(U,,e/% - /%) = Im(U,,e/?t), ne Up = Upel® -

. jo . Un
KOMILUIEKCHa ammuntyna, a U = Ue/¥ — xommekcHe nirode 3HadeHHd 1a U = 7

AHaNOriyHO BU3HAYAETHCA KOMIUIEKCHA aMIUIITyAa cTpyMy. OCKUIBKH yCi1 CTPYMHU 1

Hanpyru B piBHAHHAX Kipxroga MicTSTh MHOKHUK e’%, To HOro MOKHa BUKIFOYHTH 13

. . . du

300paXkeHb MOX1AHOI Ta 1HTerpany QyHkuii yacy, Tooto skuo u U, to - Jo U ra
1 . . :

Il udt o U. 3aBnsku TakoMy MiAXOLy pO3B’si3aHHS JU(EPEHLIATBHUX PIBHIHb

MEPETBOPIOETHCS HA CHCTEMY aireOpaidyHuX PiBHAHD [2].
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[TOHATTS KOMILIEKCHOTO ONOPY, 200 IMIIEAAHCY, y3arajabHIoe 3aKoH OMa JIs Kin
3MIHHOTO CTpyMY. AKTUBHUM omip R pe3uCTUBHOTO efleMeHTa GopMye€ IHCHY YaCTUHY
iMneancy. PeakTuBHMIA omip KOTYIIKH 1IHAYKTHUBHOCTI X; = @L cTaHOBUTH J0/aTHY

. . . 1 :
ySIBHY YaCTHHY, TOA1 SIK pEaKTUBHUH OIIIp KOHAEHcAaTopa X, = — BU3Ha4ae BIJI'EMHY

ysiBHY ckJanoBy. [loBHMiT xomruiekcHu# omip mociigoBHoro R-L-C kona HaGyBae
dopmu Z= R + j(X, — Xc) =R + jX =7 e/%, a 3akon OMa y KOMIIIEKCHiif
¢dopmi HaOyBae Burmsiny U = Z[[2]. Ilepmmit Ta apyruit 3axkonu Kipxroga
30epiraloTb CBOIO CTPYKTYpPY BIJHOCHO KOMIUIEKCHHUX AaMIUNTY[, IO Ja€ 3MOry
3aCTOCOBYBAaTH JI0 aHANI3y PO3TANIYKEHHX MEPEX 3MIHHOTO CTPYMYy BCi KIJIACH4HI
METOJIM PO3PAXYHKY KiJ MOCTIHHOTO CTPyMY, 30KpeMa METOJ] KOHTYPHUX CTPYMIB Ta
METOJ] BY3JIOBHUX MOTeHiamB [1; 2].

AprymMeHT KOMIUIEKCHOTO 4Kciia Z BiJoOpakae KyT 3CyBy (pa3 ¢ MK Hapyroro
Ta CTPyMOM Yy aociipKyBaHomy kodi. [Ipu X; > X, KyT ¢ € togaTHuM, 110 BiJIIOBIA€
IHAYKTUBHOMY XapaKTepy HAaBaHTAXKCHHSI 1 3alI3HEHHIO CTPYMY BIJHOCHO HANpPYTH.
IIpu X > X; KyT ¢ € BiI’€MHUM, L0 BIANOBIJAE €MHICHOMY HAaBAaHTaXEHHIO 1
BUICPEIDKCHHIO CTpyMy. 3HaueHHS cos(@) € Koe(dillieHTOM MOTYXHOCTI 1
0e3nocepeIHbO BU3HAYAE YACTKY aKTUBHOI OTY>KHOCTI Y TIOBHI.

AxrtuHa P = Ulcos(¢) ta peaktuBHa Q = Ulsin(¢) moTy>XHOCTi BiIIOBITHO
3pYYHO BUPAXKAIOTHCA Yepe3 JMAiMCHY Ta YSIBHY 4YacCTHMHHM IIOBHOI KOMIUIEKCHOI
notyxHocTi S = U [ *, ne | * no3Hauae cpsKeHU KoMIIeKe cTpymy [3].

3acTocyBaHHA amapary KOMIUIEKCHUX YHMCEJl MNPHUHIMIIOBO  CIPOUIYE
MaTeMaTUYHUN  IHCTpYMEHTapiil aHamizy KUl 3MIHHOTO CTpyMy. 3aMiHa
TPUTOHOMETPUYHUX Olepaliid anreOpaiyHUMU AisIMU HaJ KOMIUIEKCHUMHU YHUCIAMH
MiHIMI3y€ WMOBIPHICTh OOYHUCITIOBAILHUX MOMUJIOK 1 HaJa€ PO3paxyHKaMm IMpo30poi
¢13uuHOi iHTeprpeTaltii. @a30Bi 3cyBU MK CTPYMOM 1 HAMIPYTOI0, PEAKTUBHI CKJIaJI0B1
MOTY>KHOCTI Ta YaCTOTHI XapaKTePUCTUKU KIJT TPHUPOAHO OIHUCYIOTHCS Uepes
rEOMETPII0 KOMIUIEKCHOT IJIONMIMHU. 3a3HAaYeHUM MiAXiJl € MAaTeMAaTUYHOK OCHOBOIO
CyYaCHHUX METOJIB aHalli3y E€HEPreTUYHUX CHCTEM 1 MPOEKTYBaHHS EJIEKTPOHHUX
MPUCTPOIB Ta 3aJUIIAETHCS HE3aMIHHUM IHCTPYMEHTOM Y MIATOTOBII MaiOyTHIX
1HXKEHEPIB-EIEKTPOTEXHIKIB.
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3ACTOCYBAHHA ITAHEJBHOI'O METOAY B AEPOIMHAMILI
Manwmin H./I.
E-mail: nikita.maliutin06(@gmail.com
Hayxosuti kepienuk: bebia M.O.
Xapkiscokuii nayionanvHuu ynieepcumem imeni B. H. Kapa3sina

Buxopucranus mnoBHux Mozeneid Hap'e-CTtokca B 004YMCIIOBANIBbHIM
rigpoaunamiill (CFD) yacTo oOMexeHe BUCOKMMH BUMOTaMU JI0 MAIlTMHHOTO Yacy. Sk
e(deKTHUBHA aJIbTEPHATHBA JUISI IIBUJIKUX 1HKEHEPHUX PO3PAXYHKIB PO3IIIANAETHCS
naHeapbHui Meton [3]. MeToro poOOTH € CTBOpPEHHS Ta OIKC BJIACHOI MPOTpamMHOL
peanizalli JaHOTO aIrOPUTMY 3 TTOBHUM IUKIJIOM 00poOKu JaHuX. OCKUIBKA MOJETh
BUKOPUCTOBYE TIPUIYIICHHS IIPO HEB'SI3KE Ta HECTUCIMBE CEPENOBHIIE, 11
3aCTOCYBaHHS OOMEXKY€EThCS JTOKPUTHYHHMH KyTaMHU aTakd Ta MBUAKOCTsIMH 10 0,3
Maxa.

Onwucani BuIlle YMOBH J03BOJISIOTh BBAKATH PIAMHY NOTeHUianbHow V. = V)

i nectucnuBoro V - V = () — TaxuM 4uMHOM OTpuMyeMo piBHsHHs Jlannaca V2@ = 0

Tpu yMOBH, IKUM MOBUHHA 33J0BOJBHATH QYHKIISA P [4]
Vo =0
0P

— = () Ha MOBEPXHI
on p

limf (V& —v) = 0, ne v — BimHOCHA MIBUAKICTH Tijia B PiAUHI
r—=in

Y 3araibHOMY BHUNAAKY 3HAaUTH P HEMOXKIMBO, TOMY, KOPHUCTYKOUHUCH
JMiHIMHICTIO  piBHsAHHS  Jlamaca, MOXEMO  TPEJACTAaBUTH  TMOBEPXHIO  Tija
YOTUPUKYTHUKAMHU 1 3HAXOJWTH PIMIEHHS OKPEMO JUIA KOXKHOI KOMIPKH.

BuxopucroBytoun Teopemu ['piHa, MoKHA 3HAWTH e€JIeMEHTapHI PO3B'sI3KH [2].
o

TouxoBe pxepeso (Source), ToukoBmuii ctik (Sink): @ = — o

ko o > (0, Mu OTPUMYEMO JKEpENo, y BUNAAKY 0 < () MAaEMO CTIK.

ToukoBuii 1unoJs (Doublet)

_ K 1 _ 0
¢ = I n- ‘7(;) (pdoublet - _a(psource

IIpakTnuHa peaJizauis
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[Iporpama Hammcana B cepemoBuiiii MATLAB, mns crBopeHHs Mojeni Ta
noOy/I0BU CTPYKTYpOBaHO1 CiTku BUKOpUCTOBYeThCs OpenVSP — I13 Bim NASA 3
BIIKpUTUM TporpaMHUM 3a0esnedeHHs M. [IpoGiema monsirae B TOMy, HIO KOXKHA
JacTHHA T1JIa JTITaKa OMMMCYETHCS HE3AJICKHO OHA B OAHOT 1 ICHYIOTh CUTYAIlli, KOJIH
€JIEMEHTU TOKPHUTTSA (IMaHeNl) OJHIET YACTHHHU JIiTaKa ONMUHSAIOTHCS BCEPEAWHI 1HIIOL
yacTUHU. ToMy Ji11 KOPEKTHOTO OIMKCY MOBEPXHI OyB CTBOPEHUH BIIACHUN aJITOPUTM
BUJAJICHHS 3aiiBUX TmaHened. OuMIleHHS BHYTPIIIHIX €JIEMEHTIB 0a3yeTbcs Ha
JOT1YHOMY 00'e€THaHHI anroputMy Memiepa-TpymOopa Ta aHami3y mepepisiB Tiia,
MICJIsl YOTO BUKOHYETHCSI OpIEHTAIIS MaHeNell 1 BU3HAYeHHs 3aJHbOi KpoMKu. [licis
IUCKpeTH3allii reoMerpii Mmaemo cuctemy [1]:

Yh=1 Crtp+ Z;VV:V; Cuiy + Y=y Brop =0

3aBasku BBEJICHHIO yMOBU KyTTH 3BOIMMO KUIBKICTH HeEBigomMux 10 N i
PO3B'A3YEMO BIJHOCHO [, BBAXKAKOYHU, IO O = Vips - ny. Ilicas doro 3naxoammo
IHAYKOBaHy IIBUAKICTb, KOE(IUIEHT THUCKY, MIAIMMaIbHY CHIY 1 KOE(ILIEHT
M1I1AMaIBHOI CHIIH:

, n€ Spey — TIOJOBMHA IUIOIII KPUJI 1 TOPM30OHTAILHOIO

e
PVZinforef

crabiizaTopa.

PesyabTaTn
Jlitak cximagaersest 3 15172 manenei, micis BUAAJICHHS 3aaumuniaochk 14167.

I. MaxkcumanbHe BIJJTHOCHE BIIXWJICHHS 3a MoOAyJieM [Jisi (DIKCOBAHOTO CIIITY
ctaHoBuTh 0.03595

2. MakcumanbHe BIJIHOCHE BIAXWJIEHHS 3a MOJYyJIEM i AWHAMIYHOTO CIiIy
ctaHoBUTH 0.02809

3. Cepenns BimHOCHa moxuOka mis ¢gikcoBanoro ciixy 0.64%

4. Cepenns BigHOCHA OXHOKa 1 fuHAMigHOTO ciixy 0.59%

Cpla
T T T T T T

0.6

0.4

02

0.2

Koedimient migiiimansnoi cunm, Cp

04
. —@— Buacua nporpama 3i crammunnM ciizom (1 nanens) (Cp =0.093/deg)
-0.6 — @ = VSPAERO 31 craruunnm caigom (8 naneneii) (C; =0.095/d |
—-h-= VSPAERO 3 aunamiunum chizom (16 naweneii) (Cp =0.095/deg)
1 Il L 1 L Il 1
-10 -8 -6 -4 -2 0 2 4 6 8 10
Kyt araxu, o [rpamzycu]

Puc. 1 : 3mina xoegiyienmy nioiimanoHoi cuiu npu piHux Kymax amaxu
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Kyt atakm a = -10 H ““,wm,‘
05 I 100250
037688
\ \ ¢

c,

Mach: 0100, Beta: 0.00000000, Alpha: -10.000

Kyt ataku a = 0 o
—0.99950
05 100250
) I 037688

Kyt arakm a = 10 P i

N

Puc. 2 : Bizyanizayisa xoegiyiecnmy mucky na nosepxui mina. Jlisopyu —
pe3yrbmamu pooomu Hanucaroi npocpamu, npagopyd — pesyaomamu VSPAERO

Jlist nopiBHsiHHS Oynu B34Ti pe3ysbrati VSPAERO, noctynHoro B OpenVSP.
Mexanizm poOoTH 3rajganoro 113 ananoriyHuii onvcanomy B LIl ctaTTl. Pedynbratu
MOPIBHSHHS, 300paK€H1 HAa PUCYHKY 2, TIATBEPAXKYIOTh, 10 3MiHA KOE(]II[lEHTa TUCKY
Ha [MOBEPXHI JIITAJLHOIO arnapara MOBHICTIO BIIMOBIAAE (i3UIll TTPOIIECY.

BizyanbHi apredakTé MOSCHIOIOTHCS HEIOCKOHATICTIO alTOPUTMY OYMIIEHHS
reoMeTpii MoJielll, MO0 MOYK€ MPHU3BOJIUTH JO MOMHIKOBOI'O BHJIAJICHHS TaHENeH 1
HEMPaBWIHLHOTO BHOOPY CycCiAHIX KOMipok. lle HalyacTiiie TparseTbesl B MICISIX
MEPETUHY PI3HUX YACTHH JIITAKA.

Mertoro cTaTTi 0yJI0 03HAHOMUTH YnuTaya 3 0a30BUM METOJIOM OOUHCITIOBAIHHOL
aepoJMHaMIKH, pO3pOOUTH BIIACHY NpPOrpaMy Ta TMOSICHUTH OCHOBHI €Tanu Ta
CKJIAJTHOIIII, SIKI BUHUKAIOTH 1] 9ac ii po3poOKH.

[TepeBaroro po3po06ieHoi B poboTi mporpamu € cTiikicTh: VSPAERO uytnuBuii
70 TeoMeTpli, "epe3 M0 JyIsl 3HAYHOI KUIBKOCTI 3arajbHOJOCTYIMHUX MOJCNeH
3aCTOCYBaTH HOTO HEMOXKIIMBO. HaTomicTh koA y 11i#i cTaTTi [5] Mae HabaraTo mupiie
3aCTOCYBAHHS 1 JIO3BOJISIE OTPUMATH PE3YyJITATH JJIs OUTBIIOCTI JITaJTbHUX araparis.
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MATEMATHUYHE MOJEJIFOBAHHS TUHAMIKH POCTY NYXJIMHAU
JIJ1SI BABOPY INEPCOHAJII3OBAHOI XIMIOTEPAIIII
Ceorwk A./I.
E-mail: seduknasta7@gmail.com
Hayxkoesuii kepisnuk. Kizinoea H-M.
Xapkiscokuii HayionanvHull yHieepcumem imeni B. H. Kapa3sina

Knacuuni omnwmcoBi moneni (JIOricTUYHA, 3aKOH ['oMIepTiia) 3 BHCOKOIO
TOYHICTIO allPOKCUMYIOTh KPUBY 3pOCTaHHS 3arajIbHOTO 00'eMy TMyXJIMHU Ha MEPIIUX
ctamisax [2]. [IpoTe BOHM pO3TIIAIal0Th HEOIUIA31i0 K TOMOTEHHY Macy Ta iIrHOPYIOTh
KJIITUHHY TeTeporeHHicTh. Llell Hemomik oOMeXye iXHIO MPOTHOCTHUYHY I[IHHICTD:
XIM10TepaneBTUYHI IPenapaTy AiF0Th BUOIPKOBO, 3HUIIYIOUH TIEPEBAKHO KIITHHH, 0
AKTUBHO JUIATHCS, TOA1 SK KJIITHHH Y CTaHI TITOKCIT 3AJIMIIAI0THCS PE3UCTEHTHUMH.

JIist  amekBaTHOTO TMPOTHO3YBAHHS JTWHAMIKM HEOOXIIHMM Tiepexin 1o
MEXaHICTUYHUX MoJiesiel Ha 0a3l cucteM audepeHIliaibHUX PIBHSHB, 110 OMUCYIOTh
B3aemMoiito nporidepyrounx KmtHH (P) Ta K1iTHH y ctadi cnokoro (Q) [1]. Mertoro
TOCIIIKEHHS € T00Y10Ba, AKICHUHN aHalll3 Ta CTATUCTUYHE KalliOpyBaHHs TaKOi MOJIEII
JUTSl IEPCOHATI30BAHOTO IPOTHO3YBAHHS PO3BUTKY TJ110071aCTOMMU.

IToO0ynoBa mexanictuuHoi P — Q Mmoaei

[lyxnvHHAa TKaHWHA PO3IIINAETHCS SIK CUCTEMa (DYHKIIIOHATBHO PI3HUX
kommapt™MeHTiB [1, 2]. Ha panHix cramisx po3BUTKY, 10 (OpPMYBaHHS MaCHBHOTO
HEKPOTHUYHOTO S/pa, 3araJbHuil 00'eM ampokcumyetbest sk V(t) = P(t) + Q(t).
B3aemo3B's13ku Mk Tpynamu KITHH (puc. 1), OMHUCYIOTHCS CUCTEMOIO 3BUYANHUX
mudepeHIianbHuX piBHSIHB (1) cuctema nudepeHIianbHUX PIBHIHD MEXaHICTUYHOI
P — Q monemni.
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o1 P
:’I \\‘ Vinas
! |
bP
[ Q d@ N
[porigepyiosi | V cTani cokoio ] Hekpo3
@

Puc. 1 : Cxema 63aemo0ii kiimunHux nonyaayiu

( Pt Q) P —bP + cQ
max (1)
d_Q =bP — (c+d)Q

[TapameTpu Mojeni BiioOpaxaroTh KIOUOB1 O10JI0T1UHI MPOLECH: T — MMUTOMA
IMIBUJKICTh 3pOCTaHHS TMpodiidpepyrounx KINTUH; V., — MakcUMajdbHUN 00'eM
MyXJIMHU; b Ta ¢ — IHTEHCUBHICTh MEPEXOAIB MK CTaHAMHM TOUTY Ta CIIOKOI0; d —
IIBUJIKICTh 3aruOeni KITHH. JIOTICTUYHUN MHOMXKHUK aHAJITUYHO BiJoOpaxkae
KOHTaKTHE TaJIbMyBaHHS: 3MEHIIEHHS IIBUJKOCTI MOALIY IPOMOPLIIHHO A0 aAe(inuTy
BUIbHOTO mpocTopy. Da3oBuil TPOCTIP CUCTEMH € JOJAaTHO IHBapiaHTHHUM, IO
rapantye 010J0T1YHY PEaTiCTUYHICTh PO3B'SI3KIB.

Bipypkaniiinunii aHami3 Ta KpUTepii arpecuBHOCTI R

Amnaniz matpuui ko061 cuctemu (popm. 1) 103BOJUB BU3HAYUTH CTaI[lOHAPHI
Touku: TpuBianbHy E,(0,0) (BincyTHICTh MyXJIMHU) Ta HeTpuBiaibHy E;(P *,Q *).
EBomtonito cuctemMu BU3HAuYae 0a30BHI TMOKA3HUK PO3MHOXKEHHS MyXJUHU (2)
PO3paxyHOK MOKa3HWKA arpeCUBHOCTI MyXJIUHU.

r(c+d)

Ry = “d (2)

Kepyrounii mapamerp R, BimoOpakae oOdYiKyBaHy KIUJIbKICTh HOBHUX
npodiipepyrounx KIITHH, SIKy 37aTHa YTBOPUTHU OJIHA aKTMBHA KJIITUHA 3a BECh 4ac
icHyBaHHS y BUIbHOMY cepenoBuiii. [Ipu R, < I cucrema mpsMmye N0 TPUBIAIBHOI
touku E, (pexxum perpecii). [Ipu nepexoai 4depe3 KpuTuuHe 3HaueHHS R, =
B110yBa€ThCS TpaHCKpUTHYHA O1(pypKaitiisi, TOOTO Touka E, BTpadae CTIMKICTh, CTAIOUH
cifuioM, a (a30Bi TPAEKTOPIi MPSAMYIOTH 10 ACHMITOTUYHO CTIMKOTO cTany E; (pexxum
nporpecyBaHHs) (puc. 2).
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Peany puvupanns (Edexrusua Tepanis) Peaxum puzusanns (Ilporpecysannsn xpopodn)

(Ro=0.28) (Ro = 8.00)
60— 60 v .
i v Q-bowain (dQ/dE = 0)
: ’J P-noxina (dP/dt = 0)

so{ | S 50 fle.ol
G H - —— Dusomi tpackTop = EiPT.Q"
= I / ] P ——
& ! s &
cad | / 40
2 I / g
2 ] 2
H 1 / H
= ] s =
23041 ‘ 530
] ] / z
g i g
b I s z
a 1 H
= 2041 - =20
g0 ]
£ | / g
2 (s 2

wi{t)f / 10

1 ff -
" ’/
G
0 0
20 40 60 80 100 120 20 40 60 80 100 120

Hpoaidepyioni it P (CEL) Ipoaidepytoui aiunn P (CEL)

Puc. 2 : ®@azoei nopmpemu cucmemu (pezpecis ma npocpecysanisi)
. . : bd .
Amnani3 uyTnuBocTi rpanuni r(d) = —rg JEMOHCTpY€, MO AKIO MBHUIKICTH

npoJtidepaltii r nepeBuIye MBUIKICTh IEPEXOIy B CTaH CIOKOIO b, IITbOBA Teparris
BUKJIFOUHO Ha Q-KIIITHUHU € HEE(hEKTUBHOIO.

KaniOpyBaHHs HA KJIIHIYHMX JaHUX

Amnpobariiro Moje MpoBeAeHO Ha JaHux mnaiieHTa Patient-025 3 matacety
LUMIERE [3]. [nentudikaniro mapamerpiB Bukonano merogom L-BFGS-B na eram
peuuauBy. Po3paxoBanuii kputepiii Ry = 2.3 miaTBepKy€e nporpecyBanHs (puc. 3).

dazopuii noprper peunansy Patient-025 (Ro = 2.3)
|

.10% |
2510 —— T wiey (1ani MPT)
— Teoperuna Tpackropia wozeni |
2:10%

15-10%

1-10%

Kairuan 8 crani cnokow Q (NEC)

0.5-10%

0 0.5-10% 1-10% 1.5-10% 2-10% 2.5-10% 3-10%
Mpoaidepyoui wrirmmm P (CEL)

Puc. 3 : @azosuii nopmpem peyuousy navicuma Patient-025
JIJist BU3HAYEHHS ONTUMAJILHOTO 3aKOHY TajbMyBaHHS MPOBEJICHO MOPIBHSIHHS
JIOTICTUYHOI Ta TOMIEPTILIBCHKOI CTPYKTYp Mozaedi (Tadu. 1).
Tabnuys 1 : Iopisuauns mouHocmi anpoxkcumayii cmpyKkmyp mMooei

MarematnyHna ctpykrypa | 3HaueHHst noxuoku(RMSE) | KoedimisHT
nerepminanii (R?)

JloricTuuHa MOIENb 660 0.94

['ommepTitiBcbka Mmogens | 1535 0.81
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OuiHka sKocTi ampokcuMailii (puc. 4) JOBOAWTH, IO JIiHINHE (JIOTICTUYHE)
raJibMyBaHHs Tpodidepaiii 3a0e3nedye 3HAUYHO BHUILY TOYHICTh HAOIMKEHHS 0
bakTuyHNX 00'€MIB MOPIBHSIHO 3 TOMIIEPTLIBCHKAM 3aKOHOM.

Boanouac anani3 (a30BuX TpaekTopiid, TOOYAOBaHUX 32 EMITIPUIHUMU TaHUMH
IHTCHCHBHOTO JIIKyBaHHS, BHSBIISIE 0araropasoBi caMomnepeTHHH. B aBTOHOMHHX
JIBOBUMIpDHHUX CHCTeMaxX Oe3 TpaHWYHHX IHKIIB I1e¢ HeMOXJuBo. JlaHwii ¢akrt €
CTPOTUM MaTEMaTHYHUM JI0Ka30M HEAaBTOHOMHOCTI PEaIbHOTO TIPOIIECY.

IopiBHAHHS cTPYKTYP Mogeeii Ha KIIHIYHHX JaHHX

®  Jlani MPT (Patient-025) ’

5.10%1 Jlorictuuna P-Q (RMSE=660) ”,
= = [omnepruirceka P-Q (RMSE=1535) 7/

4-10%

3:10%

2-10%

3araibHHii 00'eM DyXJIHHH (MM')

1-10%

1 10 20 30 40 30 a0 70 80
Tuxpenns

Puc. 4 : Ilopisuanmns nocicmuynoi ma 2omMnepmuyiecvkoi mooeneti Ha KIIHIYHUX OAHUX

Bucnosxku

[ToOymoBaHo  KOMMAapTMEHTAJIbHY  MaTeMaTHYHY  MOJENIb  JUHAMIKU
rJ1100JIaCTOMH, 10 BPaXOBYE B3a€EMOJIII0 MPOMiPEpyrounx KIITHH Ta KJIITHH Y CTaHi
rinokcii. BuBeneHo aHamiTHUHMIA KpuTepid arpecuBHOCTI R,). BcraHoBieHo, mio
TpaHcKpuTH4Ha Oidypkaiist npu Ry = [ € 1HAUKATOPOM TEepexoay Bil eheKTUBHOT
Tepamii g0 peruauBy. OOepHeHa 3amadya Ha MPT-manux miaTBepauia 3AaTHICTH
jorictuyHoi P — Q Mojieni 3 BHUCOKOIO TOYHICTIO ONMHCYBAaTU JUHAMIKY PEIUANBY
(RMSE = 660). 3adikcoBani (a3oBi caMONEpEeTHHU Y KIIHIYHUX JaHHUX
OOTPYHTOBYIOTh HEOOXIJIHICTh MEPEXOy A0 MOJeNield ONTUMAIBHOTO KEPYyBaHHS 13
BBEICHHAM (YHKLIT 30BHIIIHBOTO MEIUKAMEHTO3HOTO BILJIUBY.

Chnucox BUKOPHUCTAHUX JIZKEPEJI:
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2. Jarrett A. M., Lima E. A., Saut O. Ta 1H. Mathematical models of tumor cell
proliferation: a review of the literature. Expert Review of Anticancer Therapy.
2018. Vol. 18, No. 12. P. 1271-1286.

3. Suter Y., Lé M., Glauser G. Ta iH. The LUMIERE dataset: Longitudinal
Glioblastoma MRI with expert RANO evaluation. Scientific Data. 2022. Vol. 9,
No. 1. Article 729.
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METOA ABOBIYHUX HABJN/XEHDb 3HAXO/IKEHHSA
JOJATHOI'O AKCIAJIBHO-CUMETPUYHOI'O PO3B’A3KY
HEPIIOI KPAMOBOI 3AJTAYUI JIJIS EJINTUYHOI'O PIBHSTHHS
3 TETEPOTOHHOIO HEJIITHIHMCTIO
Ilapxomenko B.I.

E-mail: vladyslav.parkhomenko l @nure.ua
Xapxiscvkuil HaAYioHAILHUL YHIGepcUumem paodioeneKkmpoHiKu

MatemaTuyHe MOJENIOBAHHS TMPOILECIB, IO MPOTIKAIOTh B HENIHIMHUAX
CepeOBHINAX, MPUBOIUTH 10 HEOOXITHOCTI YHCEIBbHOTO aHaji3y MepIIoi KpailoBoi
3aja4i JIJIsl HAMiBJIIHIKHOTO €MNTUYHOTO PiBHSIHHS:

—Au=f(wy 1,
u>0y/f, (1)

Ulag =0,
ne A — omneparop Jlarutaca, {2 — oGnacTh B R(le,xz) 3 KyCKOBO-IJIAJIKOIO MEKEI0,
dyukis f(u) HenepepBHa Ta AoaaTHa mpu u > 0.
Sxmo obnacte (2 € kpyrom paaiyca R, TO MOXHa IIOCTaBUTH 3aJady
3HAXO/XKEHHsI PO3B’SI3KY KpaioBoi 3aaadi (popM. 1), 10 Mae akcialibHy CUMETPIIO,

TOOTO 3alEKHTh JUIIE Bin p = +/x% + x2. ToAi NUIAXOM MEPeXody A0 MOJIAPHUX
KOOpJIMHAT KpaioBa 3anaya (popm. 1) aisa qudepeHiiansHOro piBHIHHS Y YAaCTUHHUX
MOX1IHUX 3BOJIUTHCA IO KpahoBOi 3ajgayi ig 3BUYAHHOTO AHQEPEeHIIaTbHOTO
PIBHSIHHS BITHOCHO (QyHKIT U = u(p):
1d du
_;E(p%) =f(w),0<p <R,
u(p) >0,0< p <R,
[u(0)| < +o0, u(R) = 0.

(2)

YmoBa oomexeHocTi |u(0)| < 400 B mocraHoBIi 3ama4i (popM. 2) BUHHUKAE
yepe3 Te, 1o nomoc p = 0 MOJISIPHOI CUCTEMH KOOPAHWHAT € OCOOJUBOIO TOUYKOIO
OTPUMAHOTI'0 3BUYAMHOIr0 Iu(depeH11aJbHOr0 PIBHSHHS.

3a nmomomororo Meroxy ¢(yukmiii I'pina 3amaua (dbopm. 2) 3BOAUTHECS 10
€KBIBaJICHTHOTO 1HTETPAIBHOTO PIBHSIHHS ['ammepinTeiina

@ =1, K 9)f(ul)ds,
u(p) = |, p,$)f (u(s))ds 3

mK(p,s)z{slnln% OSpSS,Slnlng, s<p<R.
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[Top’spkemo 3 piBHAHHAM ((popM. 3) HACTyNMHMM HETIHIMHUN 1HTErpaabHUN
orepaTop:

Tw)(p) = f,'  K(p,s)f (u(s))ds.
(4)

PiBusiaast (dhopM. 3) po3risgaTUMEMO SIK HENiHIWHE ONepaTopHE PIBHSHHS B
6anaxoBomy mpoctopi C[0, R], sxuii HamiBymopsAKoBaHO KOHycoMm K, HEBia eMHUX
Ha [0, R] memepepBHux QyHKIiH [1]. 3a y3aradpHeHHMIA PO3B’SI30K KpaioBOi 3amadi
(popm. 2) mpuitmemo HeniepepBHUii Ha [0, R]i nomathuit Ha (0, R) po3B’sI30K PiBHSHHS
(dopm. 3). Hocmigumo BiactuBocTi oneparopa T (popm. 4).

Hexait ¢yukumis f(u) nomyckae miaronambee momamus f(u) = f(u,u),
npuYoMy HeBix'eMmHa GyHKIis f(V, W) HelepepBHA 3a CYKYIHICTIO 3MIiHHHX U, W,
MOHOTOHHO 3pOCTa€ 3a V 1 MOHOTOHHO crniaae 3a w. Toxi onepatop T € TeTepOTOHHUM,
10610 T(u) = T(u,u), ne cynytHiii omepatop T(v,w) € i30TOHHMM 3a v Ta
AHTUTOHHUM 32 W.

Omnepatop T (u) € nogataum, T00T0 3 U € K, BUnmmBae, mo T (u) € K.
. R
Hexaii uo(p) = |

JI0JaTHUAM, TOOTO st Oy Ib-SIKOTO HEHYI0BOIO U € K, icHyroTh Taki a = a(u) > 0,
B =pBw) >0,uo auy < T(u) < Puy.

. 2 1 2
Hexaii f (Tv, ;W) > tf (v, w) nns Oyab-IKHX JOJAATHUX YUCEN U, W TIpU Oy /b~

K(p,s)ds =%(R2 — p?). Toni onepatop T(u) € ug-

skomy T € (0,1). Tomi omeparop T(u) € TICEBIOYBITHYTHM 1 HaBITh Ugp-

IICEBIOYBIrHYTUM, TOOTO [t Oynb-akux v,w € K, i T € (0,1) icaye n = n(v,w, 1),
o ~ 1 ~ ~ 1

n > 0, ISt SIKOTO CIIPaBPKYETHCS HEPIBHICTD [ (TU,;W) >1f(v,w), f (TU,;W) *

+ 1f (v, w).

Omneparopu T i T € 1inKoM HellepepBHUMH.

[Ipunyctmo, 10 TreTepoTOHHUN omepaTop T Ma€ CUIBHO 1HBapIAHTHHUM
KOHYCHUH BIIPI30K < vy, Wy >. Kinmi Biapizka < vy, Wy > BU3HAYAIOTHCS YMOBAMH
T (v, Wo) = v, T(vg, Wy) < Wy i MOXKYTB OyTH 3HAIICHI, 30KpEMa, y BUTTIAMI Vo =
= augy, Wy = Puy.

B3sBumm v, 1 w, 3a MNOYaTKOBI HaOJMKEHHS, MOOYIyEMO HACTYIHUN
iITepariitHuil mporiec:

R N

v =[5 K(p,$)f (w®,v®)ds,n=10,1,.2,..,
R A

wltD = [* K(p,)f ™, w®)ds,n=0,1,.2,..,

v©(p) = v5(p), w®(p) = wo(p), )
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7€ TIOCJTITIOBHICTB {V (”)} HE CTa/1a€ 3a KOHycoM K, , a OCIiIOBHICTh {W (")} HE 3pOCTae
3a konycoM K,. Ockinbku KoHyc K, € HOpMaibHHM, a omepatop T Mae mepernideHi
BHUIIIE BJIACTUBOCTI, TO MOOYI0BaHI1 ITepariiitti moci1oBHOCTI (popM. 5) 306iratoThcs y
Hopmi mpoctopy C[0, R] 10 €auHOro J0JaTHOTO aKCialbHO-CHMETPHYHOTO PO3B’SI3KY
u* kpaiioBoi 3a1adi (popM. 2) 1 Mae MiCIIe JAHITIOT HEPIBHOCTEH
o=@ <vW < . <vW <. <suw<.sw®<. . <w® <w@® =y,
3a HabmkeHUH po3B’ 30K KpaioBoi 3amadi (hopm. 2) Ha n-i iTepariii ooupaemo

dynkmito u™(p) = %(v(n) (p) + w™(p)). Ipu npoMy amocTepioHa MOXHOKA
HAOMMKEHHS  OWiHIOeThCs — HepiBHicTIo  [[u(™ — u*|| cloR] = %max(w(") (p) —

—v™ (p)). Itepaniiitanii mporec MPOTOBKYETHCA 10 THX Hip, IIOKU OIHKA TTOXUOKH
HE 3aJ0BOJIbHAE 3aIaHId TOYHOCTI.

Crnncok BUKOPUCTAHMX JIZKepest:

1. CunopoB M.B. Meton nBoOIYHMX HAOIMKEHb PO3B’sI3aHHA IMEPIIOi KpaioBO1
3aa4l IS HEMHIWHMX 3BHYAMHUX JudepeHIialbHUX PIBHAHHL Ha OCHOBI
BukopucrtanHsa ¢yHkiii ['pina. Pamioenextponika, iHhopMaTHKa, yIpaBiIiHHS.
2019. Ne 1 (48). C. 57-66.

MOJIEJTJIOBAHHS ITPOIIECY KOJIOPU3AIIII MOHOXPOMHUX
30BPAKEHD I3 BUKOPUCTAHHSAM METOJIB I'NIUBUHHOTI'O
HABYAHHS TA HEWPOHHUX MEPEXK
Jlponsak B. C.

E-mail: droniak.v22@365.dnu.edu.ua
Hayxkosuii kepienuk: I'yk H.A.

JIHinpoecwvkuii HayionanvHul yHieepcumem imeni Onecs [ onuapa

30epekeHHsT ICTOPUYHOI Ta KyJbTYPHOI CIAANIMHU € OJHUM 3 BaKIMBHX
3aBAaHb Cy4acHOro UU(PPOBOTO CyCHnuibCTBA. BenuuesHuii MacuB Bi3yasIbHOI
iH(pOpMaIlli MUHYJIOTO CTOJITTS 30€piraeThCs y BUTIISAI MOHOXPOMHHUX YOPHO-O17TMX
dotorpadiii. 3 pO3BUTKOM METOJIB IITYYHOTO IHTEJIEKTY Ta KOMII IOTEPHOTO 30DPY
3’SIBUJIACSI MOJKJIUBICTh aBTOMATH3yBaTH MPOIIEC KOJOpU3aIlii TaKuX 300pakeHb.
Bukopucranus 3ropTkoBux HellpoHHux Mepexx CNN  go3Bossie moOyayBatu
MaTeMaTU4YHl MOJENI, 3/JaTHI aHaldi3yBaTH CEMaHTUYHUNA BMICT 300pakKeHHS Ta
MPOTHO3YBATH NMPABAONOAIOH] KOJIBOPH JJIsi 00’ €KTIB.
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MeTor0 AOCHIDKEHHS € pO3pOOJIeHHST MPOTpaMHOro 3abe3medueHHs s
aBTOMATU30BaHOI KOJOpHW3aIlii MOHOXPOMHHX 300pakeHb 3a JOIMOMOTOI0 METOIIB
IIMOWHHOTO HABYAHHS T4 BUKOPUCTAHHS 3TOPTKOBUX HEUPOHHUX MEPEK.

3amaua KoJiopm3allii po3TISAAEThCS K MOMYK (QYyHKINT BimoOpaxenHs F, mo
NIEPEeTBOPIOE  OJHOKAHAJIbHE 300pa)KeHHS IHTEHCHMBHOCTI L y OararokaHaibHe
KOJIbOpOBE 300paxeHHs. B saxocti koipHOi Moaeni Bukopuctano npoctip CIE Lab, ne
kaHan L, skuii BIAMOBigae 3a SICKPaBICTh, € TOMEPEAHBO 3aJlaHUM, a XPOMATHYHI
CKJIaJIOB1 a Ta b MiIsAraroTh NpoIeCy BiAHOBJICHHS.

MatemaTtnuHo 3a1a4y c(hOpMyIHOBAHO B TaKHil CTIOCIO:

F:L € R®*W*!l - (g, b) € RH*W*?,
ne H, W — npocTtopoBi po3mipu 300paxkeHHS.
Mepexa HaBUA€THCS Yepe3 MIHIMIZAIII0 CEPEeTHbOKBAAPATUYHOT TOMMIKA MSE

MI’K TPOTHO30BAHUMHU MIKCEJSIMU Y Ta €TaIOHHUMU TIKCEJAMH Y :

; H w 5
Lyse = Nz] Z] ||Yu o 1?ljll '
i= j=

Jist  po3B’si3aHHA  3a7adl  BIJHOBJICHHS KOJBOPY 3aCTOCOBAHO TJIUOOKY
3ropTkoBy HeipoHHy Mepexy CNN, noOymoBaHy 3a MPUHIIMIIOM aBTOEHKOJEpA.
CxI1ajioBa €HKOJIEp BIMOBIIA€ 3a MOCIIIOBHICTD 3rOPTKOBUX IIapiB, SIKI 3MEHIIYIOTh
MIPOCTOPOBY PO3MIPHICTh 300pakeHHsI, ajie 301IbIITYIOTh INIHONHY 03HaK. e mo3Bose
BUJIJTUT CEMAHTUYHUI 3MICT 00’ €KTY, HAPHUKIaA, PO3MI3HATH, N0 JAHUN 00'€KT €
TpaBoto abo HeOoM. Ilicms uporo Skip Connections mnepenaroTb HH3bKOPIBHEBI
MIPOCTOPOBI JIaHi 0e3M0CcePeIHBO J0 JIeKoaepa, (PYHKIIIEIO SIKOTO € 3am00IraHHs BTpaTi
YITKOCTI KOHTYpIB. [lekoaep BiAMOBIAA€E 3a MOCTIJOBHICT IIAPIB, IO BIJHOBIIOIOTH
MOYAaTKOBY MPOCTOPOBY PO3MIPHICTh, Ta T€HEPYE KOJIPHI KaHalW a, b Ha OCHOBI
OTPUMAaHUX O3HAK.

bazoBuM OyaiBeIbHUM OJIOKOM MEPEXKI € orneparlisi 3SrOpTKH, ika MaTEMaTUIHO
OMKCYETHCA B TaKUil cociO:

n

m
7€ X — BX1JIHa KapTa 03HaK, W — SI7IPO 3TOPTKH, b — 3CYB.

Jlnst BpaxyBaHHS HETIHIMHOCTI, HEOOXIAHOI I ampoKCHMAIlli CKIJIATHUX
(YHKIIIOHATBFHUX 3aJIKHOCTEH, MICIS KOXKHOTO Iapy 3TOPTKH 3aCTOCOBYETHCS
(GyHKIIIS aKTUBALIIi

fx)=(0,x).

HaBuanus mMozeni 3/1HCHIOETBCS METOAOM 3BOPOTHOTO MOIIMPEHHS MOMUJIKH.

JIJisi OHOBJIEHHS Bar BUKOPUCTOBYETHCS 1TEpALlIHHUN aarOpUTM ONTUMI3ALi, KUK
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aIanTye MBUIKICTh HABYAHHS JJIs1 KOKHOTO MapaMmeTpa iHAWBIAyalbHO, TIPU I[HOMY
BUKOPHUCTOBYIOTHCS OLIIHKH MEPIIOTo Ta IPYroro MOMEHTIB TPa/li€HTIB.

JItst TigBUIIIEHHST 1HBapiaHTHOCTI MOJei, TOOTO YHUKHEHHS CHUTYyaIlii, KOJIH
Mepeka TMPOCTO 3armam'siTOBYE€ TPEHYBaJIbHI TPHUKIAAA, BUKOPUCTOBYETHCS METOJ
ayrMmeHTanii ganux. OOcCSAr HaBYalIbHOI BHUOIPKM INTYYHO 30UIBIIYETHCA YEpe3
3aCTOCYBaHHS a(iHHHX MEPETBOPEHB J0 BHXITHUX 300pakeHb, 30KpeMa, TTOBOPOTY,
BiJUI3E€pKAJICHHS, MAacIITa0yBaHHs, IO O3BOJISIE HAaBUUTH MOJIENh YHIKAJIbHUM
O3HaKaM 300paKCHb.

ExcniepuMmenTanbpHa nepeBipka miaTBepania Mpaie3aaTHICTh 3aIPOIOHOBAHOTO
nigxoxy. BukopucranHs noOynoBaHOI apXITEKTypH JO3BOJWIO 3MOJAEIIOBATH
nepeaady MPOCTOPOBUX O3HAK, 3a0€3MEUUTH BUCOKY JMETai3allii0 Ta TPABUIHHY
imeHTudikamico ceMaHTUYHUX 00’ €KTIB Ha 300pa)KEHHSX, 10 SIKUX 3aCTOCOBYBaJIacs
KOJIOpHU3aIlisl.
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Jlist aHaimizy 3aXBOPIOBAHOCTI Ha Kip, po3mistHeMo Mojenb SIR 31 cranoro
JuCceIbHICTIO HacelneHHs (1).

as _ dl __.dR _ (1)
{E_ BSI a—ﬂSI yla—yl

3a HasBHUMHU JaHUMHU [6] omTmMizyemo mapamerpu moneni f (koedimieHT
3aXBOPIOBAHOCTI) Tay (KOe(DIIiEHT OIyKaHHS) Tak, MO0 3 BHCOKOI TOYHICTIO
nepen0auynTd KUIbKICTh BUMAAKIB 3axBopioBaHHs [(t) B MaillOyTHbOMY, Maroyu
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iHopmMmariiro 3a Munyse. A came, OyJaeMo MiHIMI3yBaTU CyMy KBaJpaTiB BIAXHUJICHb

i (I (t;) — Ipred(ti))z, ne t; — Touku 3amipy (meBHi poku), I(t) — dakrTuuna
KiIbKiCTh BUNAIKIB KOPY, Ipyeq (t) — IIPOrHO3 MOJEITI, IO 3HAXOJAUTHCS 3 IOIIOMOT0X0
YHUCEJIbHOTO IHTETPYBaHHS.

Jliis Toro, o0 MpoUTIOCTPYBaTH, SIK Mpaltoe Moaenb SIR, posrnsHemo kpainy,
HaceJeHHs1 sikoi 3a ocTaHHi 50 pPOKIB 3MIHMJIOCA HE3HAUYHUM YUHOM — SIMOHIO.
3adikcyemo uymcenpHicTh HaceneHHa 110 MinmbiioHiB oci® 1 Oynmemo migOupatu
MOYaTKOBI MapaMeTpH TaKUM YMHOM, 1100 HaOIn3uTu QyHkiio I (t). ikcyroun oauH
mapamerp B = 9.1-107°, mykaemo 3HaYeHHS Y Tak, MO0 MiHIMI3yBaTH CyMy
KBaJipaTiB noxuOok. Ilouatkose 3Hauennsa y = 1.1.

Bapro 3a3HauuTH, 10 BHOIp MOYATKOBUX NApaMmeTpiB € HaJI3BUYAIHO
BYXJIMBHUM, 1 TIPOIIEC 3HAXO/HKCHHS ONTHMAJFHUX MapaMeTpiB € AyXKe YyTIUBUM J0
BUOOpPY MOYATKOBUX HAOIMKEeHb. OCKIIBKH CTaH 0€3 3aXBOPIOBaHb € TII00ATBHOIO
ACUMITOTUYHO CTIMKOIO TOYKOIO CHOKOK [2], TO HpH HE3HAYHUX BIAXUIICHHSIX
MOYAaTKOBUX TMapameTpiB ¢yHKuis /(2) abo cTpiMKO NpsMyBajia 10 HyJs, abo
JE€MOHCTpYBajla HepealiCTUYHE €KCIOHEHLINHHEe 3pocTaHHsA. ToMy mepes 3amycKoM
IrOPUTMY MIHIMI3aLlll IPOBOAUBCS PYYHHUH MMII01p MOYATKOBUX 3HAYEHD IMAPAMETPIB
3 METOI0 0a30BOi alpOKCUMaLlli eMITIPUYHOT KPUBOI.

Ha puc. 1. nokaszaHo, ik Mojenb HaOMMKye€ KUIbKICTh I1H(QIKOBAHHMX IS
3Ha4Y€HHA onTUMi3oBaHoro napamerpa y = 1.060. bauumo, 110 HasiBHI Ba OKPEMUX
miKa, SIKi MOJIEJIb He MOYKE€ OXOIUTH Yepe3 CBOIO MPOCTY CTPYKTYPY, X0ua BOHA TapHO

ONMKCYy€e pemTy BuUMAAKiB. ba3zoBe penpoayktuBHe 4ucio Ry = So% MpUOJIU3HO

nopiBHIOe 0.944. OckiabKM BOHO MEHIIIE 3a 1, To emijgemis IMCHO iJie Ha craj.

Hpyruii mik 1moB’s3aHUl 3 BIIHOCHO HEBEJIMKOI KIJIBKICTIO BaKIIMHOBaHUX
HOBOHapopkeHuX mitert [5]. Tomy s yaoCKOHAJICHHS MOJIEl IPOTIOHYETHCS
PO30UTH KOKHY 3 KOMIpOK S, I, R Ha NIBi — BaKIIMHOBAHUX Ta HEBaKI[MHOBaHUX. Kpim
TOTO, OynemMo BpaxoBYBaTH, SK 3 4YacOM 3MIHIOEThCS TMPOIIEHTHA 4YacTKa
HEBAKIMHOBAHUX.

OT1xe, MOXKHA 3pOOMTH BUCHOBOK IpO Te, 1m0 Moxaenb SIR Mae moTenitian, ane
TUTsI 11 €PEKTUBHOTO BUKOPUCTAHHS JIJIsl TPOTHO3YBAHHS, BOHA Ma€ OYTH YJIOCKOHAJICHA
HUISIXOM BIJIOKPEMJICHHS HEBAKIIMHOBAaHUX OCIO BiJl BaKIIMHOBAaHWUX Ta BpaxyBaHHS
KUTbKOCT1 BaKIIMHOBAHUX HOBOHAPO/KEHUX B 3aJICKHOCTI Bij yacy.
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SIR model fit (Japan) - beta=9.1e-09, gamma=1.060, RO_initial = 0.909801438, RO = 0.9444127197985664
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Puc. 1. Onmumizosani napamempu y sunaoxy Anomii.
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Hasuanvno-nayxosuil incmumym « Ykpaincbka iHy#ceHepHO-ne0a2oeiuna akaoemisy
Xapkiscbkoco Hayionanvrozo ynieepcumemy imeni B. H. Kapaszina

[Ipy mMareMaTHYHOMY MOJIECNIOBAaHHI Cy4YaCHHX IpPOLIECIB BHHHUKAE MOTpeda y
HMIBUAKOMY Ta TOYHOMY HaOJIMKEHH1 IHTerpatiB BiJ OaratoBuMipHuX GyHKIINA. OTHUM
13 TIXO0/IIB IO 3MEHIIIEHHS OOYMCIIOBAIBLHUX BUTpAT IMPH 3a0e3MedueHH] HeoO0X1aHOT
TOYHOCTI € BUKOPUCTAHHS PO3PIIKEHUX CITOK [1]. 3acTocyBaHHS pO3pIIKEHUX CITOK
IPYHTYEThCS HA KOMO1HAIIT OJHOBUMIPHHX KBaIpaTyp pi3HOI TOUHOCTI. Bukopuctanus
TaKOro Croco0y J03BOJISIE 3HAYHO CKOPOTUTH KUIBKICTh BY3JiB Yy OaraTOBUMIpHii
o0xacTi 6€3 1ICTOTHOTO 3HMKEHHSI TOUHOCT1 HaOMMKEHHS 1HTerpany. Po3pikeni ciTku
0c00IMBO €PeKTUBHI P OOYUCIICHH] IHTErpaliB BUCOKOI PO3MIPHOCTI.

Jlo HaOmmKeHOTro OOYMCIICHHS 1HTETpajiB Bil PYHKIIN JEKUTBKOX 3MIHHUX
MOXXYTb OyTH BUKOPUCTaHI €KOHOMHI CXEMH 1HTEPIIOJISIIIT, sIKI PO3TISIAI0THCS B [2-
5]. Taki cxemu J103BOJISIIOTH MTOOYIyBaTH €(PeKTHUBHI KyOaTypHi (GOpMYIIH 3 MEHIIOIO
KUIBKICTIO 3HAY€Hb (PYHKIIIT B TOUKAX.

B paniii nomoBial IpONOHYEThCs KyOaTypHa ¢opMyna Uil HaOJIMKEHOTO
OOYHMCIEHHS MOTPIMHUX 1HTErpajiiB BiJ OCIWIbOBAHUX €KCIOHEHIIATbHUX (YHKIIIM,
AKa B CBOid MOOYJIOBI BHKOPUCTOBYE TPUBUMIPHI €KOHOMHI CXEMH I1HTEPIIOJIALII.
Hasenena oriHka moxuOKU HAOJIMIKEHHS.

Posrnssnemo H 3'1(M, M, M ) — KJac JMIMCHUX (YHKIN, BU3HAYCHUX Ha G =
[0,1]3 i Takux, mo

999 (x,y,2)| < My, |91 (x,,2)| < My, |g@*D(x,y,2)| < M,
|90 (x,y,2)| < Mg, |90 (x,y,2)| < My, |9 (x,,2)| <
|g D (x,y,2)| < Mg.
BBenemo HacTymH1 TO3HAYCHHS
X = [xk—1/2; xk+1/2] Y, = [yj—1/2ryj+]/2]: Zg = [Zs—z/z' Zs+1/2]’

X = [%roryo Zvipoh G = [95-12Fp0102) Zs = 252172254112,

1N

5
k172 X /]’Ziz[Xz—l/z»XgH/z]’ = |ze-1/2 25412,

W) ={l,x €X; 0,x & X, hy;(y)={,y€Y, 0y¢Y; hi(z)={lz¢€
Zs 0,z ¢ Z,

=0 - S - - =0
i) ={L,x€Xp 0,x & Xz hy;(W) ={LLyeY; 0y e&Y; hy;(2)={l,z€
Zg} O,Z e Zg’

121



W) = (X € X 0x € X W) () =Ly €Y, 0yeY, K@) ={lz€

Z,0,2¢ 2
kA 4 =jA =sA 4 A—I k,j,s=11
xk_ 21 y] ] 2JZS S 2' _l' )]'S_ b
~ T A o ~ ~ ~ A 1 ™~ o~ o~
T=kd, -5 ¥y =jA —F, 2, =380, -5, 8, =55, k5= LU,
A A 1
{E:EAZ 72,)/] ]A2_72’z§=§A2_72’A2=l_3’Kl]_r§=’_l3'

PosrasiueMo onepatopu

l
]Ig(x,y,Z)=z 9(ce, y, 2)h (%), ng(x,y,Z)=z g(x,y,,2)h3;(),
k=1 j=1
l

J9G D =) g(y, 22

s=1
13/2 13/2

j]g(xr Y Z) = z g(fk' Y, Z)ZI?,}(X), ng(xl Y Z) = z g(x’j;}’ Z)ilg](y);
k=1

=1
13/2

~ ~ 70
gy =) gy, 29k,
§=1
3 13

L9y =) glay @, Lewnd =) g(xy,z) i),
k=1 j=1 -
l3

J39(x,y,2) = Z 9(x,y,55)h] (2.
- s=1 -
PosrnsHemo omnepaTrop KyCKOBO-CTajo1 1HTEPHOJISLil, MOOYyJOBaHUIM HAa OCHOBI
€KOHOMHHX CXEM 1HTEPHOJIAILIT [2]

Lg(x, Y, z) = ]1]2[39(95; Y, Z) +]1]~312g(x, v,2) =] J39(x,y,2) +
+2J1 139y, 2) + 2J3,9(x, y, 2) — o] 1J39(x, ¥, 2) +
3129y, 2) + J3)2]19(x, v, 2) = J3]1.9(x, v, 2) —
11239y, 2) = Jil39(x, v, 2) = J2)3]19(x, v, 2) + ]1]2)359 (%, y, 2).

Jl51s1 0OUUCIIeHHS 1HTErpaty
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1 1 1
F(g,w) = j f f elwtxy 2 dxdydz (1)
0 0 0

IPOIOHYETHCS PopMyIia:

1 1 1
(g, w) = f f j ' 19y gy dydy )
0 0 0

Jlist HabmmkeHoro obuucieHHs iHTerpany (1) 3a dopmymnoro (2) oTpumaemo

MOXHOKY HAOIMKEHHS Ha Kiaci mudepeHIiioBHIX (yHKITIH.

Teopema. Jlns kyGarypuoi dopmymn @°(g,w) obumcnenns I°(g, )

CIpaBeJIMBa HACTYIHA OI[IHKA:

w(144M, + 12M,; + M)
6413

|IP(g, w) — @’ (g, w)| < min (2,
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B 1iit po6oTi Mu po3risgaeMo po3mnoaim ['ypca — po3noaiiay panry 2, BETUKHMA
BEKTOpP 3pOCTy KOTPUX pocTe Ha | 3 KOXKHUM KpPOKOM, MOKH He Oyae OTpUMaHO
PO3MIPHICTH yChOTo mpocTopy. Lli po3moaiiau TICHO MOB’s3aH1 3 HEMHIHHOI TEOPIEI0
KEepPYBaHHS Ta MPUPOTHO BHHUKAIOThH Y MPUKIATHUX 3anadax [1]. OmHe 3 BiIKpUTHX
NUTaHb MIOJ0 IIUX PO3IMOJAUIIB € OTPUMaHHS IXHBOI OJHOPIMHOI ampoKCHMarlii Ta
TOCIIDKEHHS i1 moBeIiHKH [2,3].

PosrnsHemMo HacTymHy HENiHIHHY KEpOBaHYy CHCTEMY, sKa BIAMOBia€e
posnoairy I'ypca tumry GGSG:

X = X5Uy Xy = X3X5Up X3 = XyXsUp Xy = Up X5 = (Xg + DUy Xg =u; (1)

Maemo Ha MET1 OTpUMAaTH OJTHOPIHY allPOKCUMALIIIO JAHOI CUCTEMHU.
Binomo, 1m0 TpaekTtopis cuctemu (1), sika mounHaeThesd B Touri x” = 0, Mmoxe
OyTu 3amKcaHa y BUIJISIL Py 1TEPOBAHUX IHTETPaIiB:

xO= D G tw, o)

k=21, 1<ij,.ixs2

Jie 1TepOBaHi IHTErpajiki MatOTh BUTJISAL

t T Tk—1
ni]...ik(t’ u) = J J j ui](‘[l) ...uik(Tk)di dT],
0 0 0

a ¢, i, — le cTam KoeilieHTH, OTPUMaH] TAKAUM YMHOM:
Jodp Xik XLIE(O)' E(X) = X.

Binbur Toro, eneMeHTH 1);, ;, TOPOJUKYIOTH BUIbHY acoliaTuBHy anreopy F 3

Ci

omepari€l0 KoHKareHamii. byaemo mno3Hawatu L BianoBigHy anrebpy JIi, sika
MOPOJIPKEHA €JIEeMEHTaMU 1), 1], 3 omepariiero ayxox Jli.

Jl1st oTpuMaHHs OHOPIAHOT anpokcumariii cuctemu (popm. 1) Mu poskinagaemo
psan cuctemu (popMm. 2) 3a iHmUM OazucoM anreOpu F. Ilpu moOymoBi CyTTEBO
BHUKOpHCTaHa KopeHena migainreopa Jli [4,5], mo nopomkena cuctemoro (hopm. 1). Mu
Oymemo mo3Havary ii Ly, x,.

[IpointocTpyeMo aBa 3 MOKIIMBHUX BapiaHTIB BUOOpy Oazucy anredpu F.

IoGynoBa 6a3ucy 3a 10NOMOTHA OPTONPOEKIIIA.

Posrnsinemo anroputM moOynoBHM ampoKcHMaIllii, 3ampornoHoBaHuid B [4]. A
caMme, 3HalaeMo 6 (BIAMOBIAAE PO3MIPHOCTI CHUCTEMH) TaKUX JIIHIHHO HE3aJICKHUX
€JIEMEHTIB [}, ..., L5 anrebpu L, 11100 BUKOHYBaJIach PiBHICTh

Lin{l,, ...,ls} + Ly, x, = L.
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s posrisiHyToi cuctemu (dhopm .1) umu eeMeHTaMu OyayTh:

l; =n, [, =, l; =l L = .l n.l

Is = [ m2)m21m21 s = [ m21m21m21m21m2]-
Hami, skmo My moOyayeMo JIBHH 1ean, NOPOKEHUH anredporo Ly, x,, TO

MOXeMO oOpatu Oa3ucHi eneMeHTd l;,..,ls B anreOpi F HACTymHMM dYHHOM: [;
obupaemo Tak, moO 1mell ereMeHT OyB OPTONPOEKINE0 [; HA MHOXHUHY ])%]‘XZ —

OPTOTrOHAJILHE JOMIOBHEHHS JIO JIIBOTO ineany anredpu Ly, x,. Jlns cucremu (popwm. 1)

OTPUMAEMO:
Ly =n5 L=, L =[mun:l L = [nnn2ln:l
= = 16M312220 | 140221222
Is = [mon2lm2lm2) ls = Mi22222 — 3 + 3 +
M222122 _ 11M322212 | M222221
5 5 5
Toni ogHOpiAHA anpokcumMailisi OyJie MaTH HACTYITHUMA BUTIISI;
: . . . xZZul XXy 3%z
X;p=UpXy = Uy X3 = —X Uy + XUy Xy = 5 + 5 - 7)u2x5 =
Xy N XjX3  XoX3  Sxy . x3u N x;x3 x3x; x3x,  7xxs
B iz X = C0 T Tz T 20

6 6 2 3 120
3ayBa)XuMo, 10 OTPUMaHa CUCTEMA BUTJISJAE JOBOJII TPOMI3IKOIO.

IIo0ynoBa 0iopTOroHAJIBLHOIO Oa3ucCy.
3amicTh TOro mO0 3HAXOAWTH OPTOIPOEKINi, MH MOXKEMO MO0yayBaTu
OiopToroHanpHuil 6a3uc no Oasucy Ilyankape-bipkroga-Birra, sikuii mopomkeHuit
Ly .., lg 1 6asucom Ly, x, [S]. s posrasayTtoi cucremu (dopm. 1) Bin Oyne matu
BUTJISII;
d; =1y, d; =1,
ds =121, dy = N221 + N212) ds = N2122 + Na212 + N2221)

ds = M212220 + N221222 F N222122 F N222212 F M222221

a OJIHOpIJIHA anpoKcuMallist Oyie MaTu BUTJISI:

XXy . X% X%3

— Uy X5 = —— Uy Xg = ——
2 7T 2 P )y

bauumo, mo cucrema Buriasgae HabaraTo MPOCTIIIE, HDK MONEPEIHS

X =UpX) =Uy X3 = XUy Xy = U
anpokcumalis, e OyJu BUKOPUCTAaH1 OPTOMPOEKILIi.

Inmumii 6ioproroHanbHuil 6asuc.

Sxmo Oyaysaru 6a3uc [lyankape-bipkroda-BiTTa, mominasmm Micusimu [ 1 15,
OTPUMAEMO 1HIIUKA OIOPTOTrOHANBHUI Oa3zuc 1 1HINY OJHOPIAHY alpoKCHUMaliio. A
came, OTPUMA€EMO HACTYIHUM Oa3ucC:

d; =1, d; =1y, d3 =1;2ds =022, ds = 17222, ds = N122222
1 OTHOPIJIHY alPpOKCUMAITiIO
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2 3 5
X7 X7 X7

Xj=wx,=u; x5 =xu; x4 = 7“1 X5 = ?ul X6 = _]20

B pesynbTaTi oTpuMaemo e 61IbII IPOCTY CHCTEMY — MPaBa YaCTHHA CHCTEMH

u;

Oyne 3anexaTH JIUIIE BiJ OJTHI€T 3MIHHOT X;.

Otxe, OJHOpITHA AaNpOKCHUMAIl MOXE JOCUTh CHJIBHO BiAPI3HATHCH B
3aJIeKHOCTI BiA TOro, sik oOpatu 6asuc anredpu F. 3ayBaxumo, L0 MPH LBOMY
OTpUMaH1 CUCTEMH NIEPEXO/IATh OJIHA B OJIHY MOJIIHOMIaJIbHOIO 3aM1HOIO 3MIHHUX.

Cnucoxk BUKOPHCTAHUX JIKepet.

1. Jean F. The car with N Trailers: characterization of the singular configurations.
ESAIM: Control, Optimisation and Calculus of Variations, Vol.1, 1996, 241—
266.

2. Mormul, P. Do moduli of Goursat distributions appear onthe level of nilpotent
approximations?, in J. Brasselet andM. Ruas (eds), Real and Complex
Singularities, Vol. 39 of Trends in Mathematics, Birkhauser Basel, 2006, 229—
246.

3. Mormul, P. Real moduli in local classification of Goursat flags, Hokkaido Math
J. 34,2005, 1-35.

4. Sklyar, G., Barkhayev, P., Ignatovich, S., Rusakov V., Implementation of the
algorithm for constructing homogeneous approximations of nonlinear control
systems. Math. Control Signals Syst. 34, 2022, 883-907.

5. Sklyar, G.M., Ignatovich, S.Yu.: Free algebras and noncommutative power
series in the analysis of nonlinear control systems: an application to
approximation problems. Dissertationes Math. (Rozprawy Mat.) 504, 2014,
1-88.

MMOBYOBA TA AHAJII3 MHOKHHHOI JITHIMHOI EKOHOMETPUYHOI
MOJIEJI
Pegina K. 1.
E-mail: kseniia.revina@student.karazin.ua
Hayrosuii kepienux: k.e.H., ooy. Ilanacenxo O. B.
Xapkiecvkuti HayionanvHul yrieepcumem imeni B. H. Kapa3sina

VY cyd4acHHX yMOBax pO3BUTKY EKOHOMIKH BaKJIMBOTO 3HaueHHs HaOyBae
BUKOPUCTAHHA €KOHOMIKO-MaTEMaTUYHUX METOJIB JJIsi aHaji3y Ta MPOTHO3YBAaHHSI
COIIAIPHO-EKOHOMIYHMX ~ TPOIEeCiB. 30KpemMa, EKOHOMETPUYHE MOJICIIOBAHHS
JI03BOJISIE KUTHKICHO OIIHUTH BIUTUB Pi3HUX (PAaKTOPIB HA pe3yJIbTATUBHI MMOKa3HUKU Ta
BUSIBUTU OCHOBHI 3aKOHOMIPHOCTI iX B3a€MO3B’si3Ky. OJHUM 13 HaWUMOLIMPEHIHNX
IHCTPYMEHTIB TAKOT'O aHAJ13y € MHOKUHHA JIIHIMHA perpecis, fKa Aa€ 3MOTY JIOCHIIUTH
BIUIMB KUJIBKOX HE3aJIeKHUX 3MIHHUX Ha 3aJIEKHY 3MiHHY ojJHO4acHo. Ile ocobimBo

126



aKTyaJdbHO [JII MAKpPOEKOHOMIYHMX JOCHIJKEHb, N1€ PEe3yJbTaTHUBHI MOKa3HUKU
(bOpMyIOThCS M1/ BILTUBOM KOMILJIEKCY B3a€MOIIOB’ I3aHUX (PaKTOPIB.

PosrnsnaeTses 3agaua moOy10BM MHOKMHHOT JIIHIHHOT EKOHOMETPUYHOT MOJIET
3aJIeKHOCTI Pe3yIbTaTUBHOI O3HAKH Y BiJl CyKyHmHOCTI (pakTOopHUX 03HaK X, X2, X3...,
Xm Ha OCHOBI CTAaTUCTUYHUX JaHMX 3a MEBHUHM Mepioj vacy. 3ajiaya MOJIATaEe y
noOy/10B1, OIIHIOBaHHI Ta BUKOPUCTAHHI MHOXXMHHOI JIIHIMHOT €KOHOMETPUYHOL
MOJIEN JUIsl aHAJTI3y Ta MPOTHO3YyBaHHS €KOHOMIYHOTO MoKa3HuKa [1].

Jlns moOya0BM MHOXKMHHOI €KOHOMETPUYHOI Mojeli O0yJio o0paHO CHUCTEMY
MMOKa3HUKIB, SKa BIAMOBIIA€ KIACHYHUM ITiIX0/IaM MaKpPOECKOHOMIYHOTO aHaTi3y Ta
Teopii BUPOOHWYMX (YHKIIHA. Pe3yapTaTUBHOIO O03HAKOK BHUCTYNAE€ BAJOBHMA
BHYTpimHIN npoaykT (BBII), skuit € y3araapHIOIOUMM MOKa3HUKOM €KOHOMIYHOTO
PO3BUTKY KpaiHM Ta IIMPOKO BUKOPUCTOBYETHCS Y HAYKOBHUX JOCHIKEHHSX. [0
CKJIaay (PaKTOPHUX 3MIHHUX BKJIIOYEHO:

X| — 3alHATICTh HacejeHHs (mpars). JlaHui MOKa3HHUK XapaKTepusye oOcsr
BUKOPUCTAHHSA TPYAOBHUX PECYpCiB y €KOHOMIIl. 3TiIHO 3 €KOHOMIYHOIO TEOPIEIO,
npars € OJHUM 13 0a30BUX (PaKTOpIB BUPOOHMIITBA, TOMY 1i BKIFOUEHHS A0 MOJENI €
000B’ I3KOBUM.

X, — BaJlOBe HarpoMa/pKeHHs Kamitany (iHBecTullli). BimoOpakae piBeHb
IHBECTUIIIMHOI aKTUBHOCTI B KpaiHI Ta BHU3HAYa€ MOXKJIMBOCTI PO3IIUPEHHS
BUpoOHMIITBA. Kamitan € IpyruM KIto40BUM (PAKTOPOM €KOHOMIYHOTO 3pOCTaHHS.

X3 — MMOKa3HUK OCBITH (JIFOJICHKUH KamiTan). XapaKTepusye sIKICTb poO0U0i CHITH
Ta PiBEHb PO3BUTKY JIFOJICBKOTO MOTEHIIATy. Y Cy4aCHUX YMOBaxX CaMe JIIOJCHKHIA
KariTaja BUCTYIA€ BOKIIUBUM JpaiiBEpOM €KOHOMIUYHOTO PO3BUTKY.

Takum yuHOM, o0OpaHa cucremMa (aKTOpIB: Ma€ 4YITKE EKOHOMIYHE
OOTpYHTYBaHHSI; BIANOBIIA€ KJIACUYHINA BUPOOHUYIN PYHKIIT; AO3BOJISIE KOMILJIEKCHO
OI[IHWUTHU BIUIMB OCHOBHUX pecypciB Ha BBII.

Mopesnp Ma€ BUTIIS:

Y =a¢+a;x; +ax, + azxs + &,

ne:

Y — 3anexna 3MiHHA (pE3yIbTATUBHUMN MTOKA3HUK);

X1, X3, X3 — HE3aJIEXKH1 3MiHHI ((DaKTOpPHI MOKA3HUKH);

a, — BUIBHHMH YJICH MOJISI1;

a,,a,,0as; — MapamMeTpu MOJCNIi, 0 XapaKTepU3yKTh BIUIMB BIAMOBITHUX
(bakTopiB;

€ — BUIIAJKOBA OXHOKA.

Metoro TOCHIIKEHHS € OLIHIOBaHHS MapaMeTpiB MOl Ha OCHOBI HasIBHUX
CTATUCTUYHHX JIAHWX; aHajl3 CTaTUCTHYHO! 3HAYYIIOCTI MOJENi Ta ii mapaMeTpiBs;
nepeBipKa aIeKBaTHOCTI MOOYA0BaHOT MOJIEN1; JOCTIIP)KEHHS CHUJIM Ta HATIPSIMY BIUIUBY
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(GaKkTOpHUX 3MIHHHMX Ha Pe3yJlbTaTUBHY O3HAKY; PO3PAXyHOK MPOTHO3HOTO 3HAYCHHS
Yyp uist 3Hauenb X1 p, X3 1ps X3 np» AKI IEPEOYBAIOTH 38 MEKaMU 6A30BOTO TIEPIOY.

[apopmariiitHoro  6a3010 OCHIHKEHHS BUCTYNHJIM JlaHI MIDKHApOJIHUX
opranizamiii, 3okpema World Bank, International Labour Organization ta United
Nations Development Programme [2-4]. ¥ nocaimkeHnH1 BUKopucTano faani 3a 2010 —
2022 poku. OOMexkeHHs BUOIpKM caMe MM TEepioJoM TMOSCHIOETHCS KUIbKOMa
MIPUYHHAMM:

1. JoctynHicTh Ta 3icTaBHICTh naHuX. [lounnaroun 3 2010 poky, cTaTUCTUYHI JaH]
MaloTh Y3TO/PKEHY METOJAOJOTII0 pO3paxyHKy, HI0 3a0e3ledyye iX KOPEKTHE
MOPIBHSHHS.

2. YHUKHEHHS CTPYKTYypHHUX po3puBiB. [ani micns 2022 poky XapakTepu3yIoThCs
3HAYHUMH CTPYKTYPHUMH 3MIHAMU E€KOHOMIKH, TIOB’S3aHUMHU 3 BOEHHUMU
MOJISIMH, 110 MOXE MPU3BOJUTH J0: PI3KUX BHUKHUIIB (outliers); mopyuieHHs
CTaOUIBHOCTI E€KOHOMIYHUX 3B’A3KIB; 3HIDKEHHS SKOCTI €KOHOMETPUYHOI
MOJIENI.

3. HocTtatHiil 00csAT BUOIPKH ISl OLIHIOBaHHA OaraTo(akTopHOI MOAEII 3 TpbOMa
MOSICHIOBATbHUMH 3MiIHHAMH.

OuiHKM mapaMeTpiB MOJEIl OTPUMAHO 32 METOJOM HaWMEHIIUX KBaJIpaTiB
(MHK). Heszanexni 3MmiHHI mogaHo y Buriasai marpuii X. Jami oGuucimtoeTbes
TPaHCIOHOBAaHA MATpHL X |, Ticyis 4oro opmyeTbest MaTpuis X ' X Ta Bektop XY,
ne Y — BEKTOp CIOCTepeKeHb 3aJIe’kHOI 3MiHHOI. [licis 3HaXoIKeHHs OOepHEHOT
matpuii (XTX )™! oninku napameTpiB Moziesli BU3HAYAIOTHCS 32 (POPMYIIOLO:

a=X"x)xTy

Ha ocHOBI BUX1AHUX JaHHUX B pe3yiIbTaTi 00uncieHb OyIu OTpUMaHi TapaMeTpu
Mozeni ay= -5871,162; a;= 30,357; a,= 4,557; az= 6618241; ¥ = -5871,162 +
30,357* * X; +4,557 * X, + 6618,241 * X;. 3aranom, yci ¢pakTopu MarOTh JOJAATHUN
BIUTMB Ha PE3yJIbTATUBHUI MOKA3HUK, [0 Y3TOKYETHCS 3 EKOHOMIYHOIO TEOPIETO, a
HaWO1IBIIT BAroMUM (HaKTOPOM Y MOJIEII1 BUCTYIIA€ JTIOJCHKUMA KamiTal.

AHai3 pe3yabTaTiB perpeciiHoi Moiedi.

3aranpHa sKicTh Mozenl. OTpuMaHi pe3yJibTaTh CBIYATh MPO BUCOKY SIKICTh
mo0y10BaHO1 MOJIEIII.

Muoxunauil koediieHT kopensuii (R = 0,947) Bka3zye Ha gy»e TICHHUM 3B’ 130K
Mik BBII Ta nosicHroBaTbHUMHU 3MIHHUMH.

Koedimienr perepminami (R? = 0,896). bauspko 89,6% Bapiamii BBII
MOSICHIOETBCST  BKIIFOUCHUMH  (paKTOpamMHu, IO € BHCOKHUM TOKAa3HUKOM  JIS
E€KOHOMIYHHUX MOJICIICH.

Hopwmosanwuit R? = 0,862. IliaTBepixkye, 1110 MOJEIb HE € MEPEHABAHTAKEHOIO
3aiiBUMH 3MIHHUMH.
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CranpaptHa nmommiika 12,37 cBIIYUTH MPO BIJHOCHO HEBEJIUKE BIIXHICHHS
(bakTUYHUX 3HaYEHb BiJ PO3PaXyHKOBHX.

AHami3 CTaTHCTHYHOI 3HAYYMIOCTI Koe(iIieHTiB perpecii 3a JOMOMOTOIO t-
kputepito CThIOCHTA.

tao = -7,475; ty1 = 6,158; t o, = 2,493; t3= 7,552; tiae, = 2,262. Po3paxoBani
3HaueHHs Ouibli 3a TabmuuHe. OT)Ke MOXXHA 3pOOMTH BHCHOBOK, IO OTPHUMaHI
3HAYCHHA I KoedirieHTiB mpu X;, X, Ta X3 € craTUCTUYHO 3HAYymuMu. To0To X,
X, Ta X3 ICTOTHO BIUIMBAIOTh Ha Y.

HMucniepciitauit ananiz (F-xputepiit): F = 25,963; F.., = 3,863. Ockinbku
po3paxoBaHe 3HAUYCHHs cTaTUCTHKU @Dimepa Ourblie 3a TabiuyHe, MOOYyIOBaHA
MOJIETIb € CTAaTUCTHMYHO 3HAYyI[ol0, TOOTO 3B’S30K MIK 3aJeXHOI0 Ta
MOSICHIOBAJIbHUMH 3MIHHUMH 1CTOTHUH.

OTpuMaH1 pe3ysbTaTd Y3rOKYIOTbCS 3 €KOHOMIUHOIO TEOpI€K: OCHOBHMMU
BHecok y BBII 3a0e3neuye nparis; iHBECTUIIT CTUMYJIIOIOTh €KOHOMIYHE 3pPOCTAHHS;
JIOJICHKUI KarliTaja BiJirpae cTpareriyHy poJib. OcoOJMBO BaXJIUBO, MO MOKA3HUK
OCBITM Ma€ BHUCOKHWA KOE(ILIEHT, 110 CBIAYUTH MPO JOBIOCTPOKOBHI BIUIUB SIKOCTI
po00YOi CHUTM HA EKOHOMIKY.

OT1xe, moOynoBaHa MHOKWHHA JIIHIITHA EKOHOMETPUYHA MOJIEIIb € aJICKBATHOIO
Ta CTATUCTUYHO 3HAYYIIOI, AK B IIUIOMY, TaK 1 MO OKPEMUM MapameTpam, TOji
OTpUMaHE pPIBHSIHHS 3aJ€KHOCTI MOXE OYyTHM BHUKOpPHUCTaHE JUIsi HpOrHO3y. Jlis
NPOTHO3HUX PO3PaxXyHKIiB NMPUWHATO 3HAueHHS (akTopiB: Xi,, = 20, X, , = 14,
X3p = 0,9. 3 ypaxyBaHHSM TOTO, IO Ha SKICTb MOJEJI CyTTE€BO BILUIMBA€E 00CAT

BUOIPKH, JOLUUIBHO BUKOPHCTOBYBAaTH HE JIMIIIE TOYKOBY OI[IHKY MpPOTHO3Y, a M
BU3HAYATH JOBipYl iHTepBanu. Po3paxoBaHe NMpPOTHO3HE 3HAYCHHS PE3yJbTaTUBHOI
3MIHHOI CTaHOBUTSH Y, = 756,189; a Benuuuna nosipyoro inrepsaiy AY,, = 191,584;
Ile cBimUUTH TIPO TE, 110 3@ YMOBHU PiBHSI 3aliHATOCTI HacenaeHHs 20 MJTH 0C10, BaJIOBOTO
HarpoMaJpKeHHs Kamitany Ha piBHI 14 Ta iHaekcy ocBity 0,9, ouikyBaHe 3HAY€HHS
BAJIOBOTO BHYTPIIIHBOTO MPOAYKTY NepedyBaTume B Mexax Bif 564,605 no 947,774
MJIPJ 10T..

[TobynoBana Mojenb Moxe OyTH e(HEeKTUBHO 3aCTOCOBAHA JJIS MPOTHO3YBAHHSI,
0 MATBEPHKCHO PO3paxOBaHMM MPOTHO3HMM 3HaueHHAM BBII Ta BigmoBigHuM
JOBIPYMM 1HTEpBAJIOM. 3arajioM pe3yJbTaTH JOCHIIKEHHS Y3TOJKYIOThCS 3
€KOHOMIYHOIO TEOpI€I0 Ta MIJKPECTIOITh BaXJIUBY pPOJb TPYAOBHUX PECYpCIB,
1HBECTHULIIH 1 PIBHSI OCBITH y 3a0€3MeUe€HHI EKOHOMIYHOTO 3POCTAaHHS.
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[Ipn nHaOnmxeHOMY OOYHMCIEHHI IHTErpadiB 3a KyOaTypHuMHU (opmylaMu
MIPUPOIHO BUHUKAE HEOOXIAHICTh OCTIHKEHHS MOXUOOK Pi3HOI MpUpoAu. 30Kpema,
3arajgbHa NOXMOKa (POPMY€EThCS K Pe3yJbTaT CYKYIHOI'O BIUIMBY KUIBKOX YHMHHHKIB:
HETOYHOCTI BX1HOI iH(oOpMaIllii, ampoKCUMAIIMTHUX BJIACTUBOCTEH camoi KyOaTypHOT
dbopmynu Ta MOXUOOK, MOB’A3aHUX 13 YHCEIBHOIO PEai3alli€lo alrOPUTMY.

VY 3B’513Ky 3 ITUM JIOIJIBHO PO3IJISIIATH MOBHY MOXUOKY SIK CyMY TPhOX OCHOBHHX
CKJIQJIOBUX: HEYCYBHO1, METOly Ta o0urcitoBaibHoi. HeycyBHa moxubOka o0ymMoBIieHa
TUM, 1110 (PYHKIIT B1AOMI JiuiIe HabauxkeHo. Lle € xapakTepHuM Ji71s MpaKTUYHUX 3a/a4,
7€ 1aHl OTPUMYIOThECS B PE3YJIbTaTl BUMIPIOBAHb.

[Toxnbka MeTOly BUHMKA€E BHACIIOK 3aMIHU TOYHOTO IHTErpajia Ky0aTypHOIO
(GhOopMyJIOr0 1 BUBHAYAETHCS 11 MOPSIAKOM TOYHOCTI Ta BIACTUBOCTAMHM KJIacy (DYHKIIIM.
OO6uuncnoBaibHa MOXMOKA TMOB’si3aHAa 3 BUKOHAHHSIM apu(PMETHYHUX oOlepaiii y
MaIuHHIA apudMeTHIll Ta HAKOMTMYECHHSIM MTOXUOOK 3a0KPYTJICHHSI.

Hapasi B 3agadax 4ucenpHOTO IHTETpyBaHHS (YHKIIA OaraTh0X 3MIHHHX
BAXJIUBY POJIb BIJIIrpae croci0 3ajaHHs BUXIAHOI PyHKII. Y 0aratbox MPUKIATHUX
3aja4ax (DyHKIlISI HE € BiJjoMa aHAJITUYHO, HE 3aJa€ThCsl 3HAYCHHSIMHU B TOYKaX, a
BU3HAYAETHCS CJIIaMU HA B3aEMHONEPHEHANKYJISIPHUX JiHisAX. Takuii crnocid 3agaHHs
iH(pOpMaIIii € TUIIOBUM JJ1s 3371a4 ToMOTpadii, IMCTAHIIIHHOTO 30HTyBaHHS Ta OOPOOKH
EKCIIEpUMEHTATILHUX JaHUX, JIe PE3yIbTaT BUMIPIOBAHb OTPUMYETHCS B3JIOBK OKPEMHUX
HarnpsMiB a00 Ha QiKCOBaHUX Tiepepizax obacTi [6].
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[IpoBectu aHasi3 moxuOOK KyOaTypHUx GopMyJ1 AJ1sl HAOJIMKEHOT0 OOYMCIICHHS
OCLIMJIIOIOYUX IHTETpajiB, Je BUXiIHA 1H(OpMalis 3ada€Tbcs, 30KpeMa JaHUMH Ha
JIHISAX, € Ha 4Yacl, OCKUIBKH JT03BOJIIE OOTPYHTYBATH €(PEKTUBHICThH 3aIIPOMIOHOBAHUX
MiX0/IB, BU3HAYUTH 00JIACTh X 3aCTOCYBAHHS Ta BCTAHOBUTH 3aJICKHICTh TOYHOCTI
BiJI ITapaMeTpa IUCKPETU3AIlil 1 YACTOTH OCIIMIISAIIIH.

PosrisiHeMo Kiac GpyHKUii, BusHaueHux Ha G = [0,1]°

Hz'l(Mu'MwMu) = {u = u(x,y), (x: y) € G:

[u(x, y)| < My, [ue(x, )1 < My, |uy, (e, y)| < My, [usy (x,9)| < M3
J11st HaOJIMKEHOTO OOYHUCIICHHS IHTErpaty BiJ (GYHKIIH JBOX 3MIHHHX BUIY

Il
I(g,w) = J j elwIxXY) dxdy, |w| = 2m ()
0o Jo

MIPOIMOHYETHCS KyOaTypHa popMyia 13 3allydeHHAIM 1HQopMaiiHux oneparopis [4, 5],
SIKi BUKOPUCTOBYIOThH JiaHi Mpo GyHKIIi0 g(x, y) Ha JiHIsIX Ta KYCKOBO-CTai CIUIAHN
B SIKOCTI IONOMDKHHMX (DYHKIIIH.

BBenemo 1no3HaueHHs:

hOk:{]’xEXk’O'xeXk' k=],l, H0]={I,XEY]’0’_X'$Y], ]= ;l:

X = |%i—1/2 %1412, Y = |Vic1/2Vi41/2),
xe = kA—A/2,y; = jA—A/2, k,j = 1LLA= I/l

Posrisitnemo onepaTop

Tg(x,y) —Z 96 o) +Z 90, Hoy ) =

l
z z (X, ¥ ) hor () Hp; ().
k=1 j=1
st mHabnmmxeHoro obOumucieHHs iHTerpany (1) mpomoHyeThes KyOaTypHa (opmyia

[2, 3]

P(gw) =, J, e“TIENdxdy o
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Hexait g(x,y) € H*'(M,, M4, M), g(x,y) € H* (Mg, Mz, M;).  Iosua
NoxuOKa Ma€ HACTYITHHUI BUTJISA

A, = 1(g, w) = D(g,w)| + | (g, w) = (G, w)| + | (g, w) — D(F, w)],
Jie TIepINi TOJaHOK BIJIOBIJA€ MOXUOI METOAY, APYTHA — HEYCYBHIM TOXHUOIL,
3YMOBJICHI HETOYHOCTI JaHUX (YHKIIT Ha JHIAX, a TPETIA — MOXHUOLl 3a0KPYTIICHHS.

Teopema 1. [3] Hexait g(x,y) € H*!(M,, M, M,), Toxi
wM

. g
11(g, w) — @(g,w)| < min (2, 1612)

[TpoBenemMo gocmikeHHsT HeyCcyBHOI ToXuOKU. Hexaitl 3amMicTh TOUHUX 3HAYEHB
byukmii  Ha miHiIX (X, V), g(x, yj), g(xk, y]-) BiIOMi 1X HaOIMXKeHi
3HadyeHHs §(xy,y), § (x, yj), g (xk, yj). [Tobynyemo 3a HUMU HaOJIMKEHY KyOaTypHY
dopmyny @(§, w). Toni neycysna noxubka 4, = |@(g, w) — D(§, w)|.

Teopema 2. HeycyBHa moxu0Ka 3a10BOJIBHSE OIIHKY

A7 < min (2, w(8gy + 89, + 6gxy)),

i
89x =19 ¥) — G L 89y = |g(xy;) —d(xy))]

89xy = |9(x1y;) — G(x35)| -

VY mpouect mpakTUyHOI peanizaiii KyOatypHoi hopmyiu (2) Ajis BU3HAYEHOTO
iHTerpana (1) 101aTKOBO 10 MOXUOKK METOIY Ta HEYCYBHOT BUHMKAE OOUMCIIIOBAJIbHA
noxuOKa, 3yMOBJICHa BHKOHAHHSAM apU(PMETUYHUX oOmepariii y MalluHHINA
apudpmeruiti. OCHOBHUM JDKEpEJNOM Ili€l TMOXUOKM € HAKOMUYECHHS MOXHOOK
OKPYTJICHHS MPU OOYMCIICHHI CyM. Y KIACHUYHOMY MIIXOJ1 TMOXHUOKa 3a0KPYyTIICHHS
PO3TISAAETBCSA K PE3yNbTaT HE3aJeKHUX 30ypeHb KOXKHOTO MOoJaHKa cyM. Taka
IHTepHpeTaLisi IPUBOAUTH JI0 OLIHOK TUIY Y UIKIHCOHA, A€ MOXUOKa NpeCTaBIsSETHCS
SK CyMa JIOKaJbHUX MOMIJIOK 1 MOXHOKH iX HAKOTTMYEHHS.

BonHowac OunbIl TOYHMEM MiAXiA, 3amporoHOBaHWM XaileMoM, J103BOJISIE
IHTEpIIpeTyBaTH OOYMCIICHY CyMy 1HaKie. A came, OOYMCIECHUN pe3ybTaT MOXKHA
pO3TsAaTh HE SIK CyMy OKPEMO CIOTBOPEHHX JIO/IaHKIB, a K HE3HAUHE BIJTHOCHE
30ypeHHsI TOUHOTO 3HAYEHHS CYyMHU.

PosrnsineMo MeTon OliHIOBaHHS TOXWOKHU, SKUW HaBeAeHO B poOoTi [1]. s
MOCJIJOBHOTO CyMyBaHHs n ! yucen a;, ..., d, Ma€ MICIIe OILlIHKA
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AC V-1 =

fKZ%:] am) = %:1 Am + 971—1 Z%:J |am|: |9n—1| < Vn-1

3)

(n—-NHu
I-(n-NHu
[Ho3raunmo

, U — MalllhMHHAa TOYHICTb.
l

l
S;(x,y) = Z G, Yok (x), S,(x,y) = Z g’(x, )’j)HOj(Y),
k=1

j=1

! !
S; = z Z G (% ¥ Yo COHy; (),
=l =1

a takox S;(x,v), S,(x,v), §;(x, y) MalIuHHI 3HAYCHHS IUX CYM.

Tom
TGg(x,y) =S;(x,y) +S,(x,y) — S;(x,y),

Tg(x,y) =5,0x,y) +S,(x,y) — S3(x, y).

3acTOCOBYIOYH OLIHKY (3) /17151 KOKHOI CYMH Ta OILIHIOIOYU

A2 = |B(T, ) — (T, 0)|

0D
T Il )
f f ei“)Tg(x'Y)dxdy—J j ei“’Tg(x'Y)dxdy‘,
0o Jo o o

OTPUMAEMO HACTYIIHY TEOPEMY.

Teopema 3. 3a yMOB 1 M03Ha4Y€Hb, BBEJICHUX BUIIIE, IS TOXUOKH 3a0KPYTJICHHS
0K, . .
P cnipaBenuBa HepiBHICTH

A7 < min (2, wMg(2y,_; + ylz_])).
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AHoTamisl. 3 KOXKHIM BHKJIHMKOM ChOT'OJICHHS CTA€ 3p03yMIIIUM T€, III0 PO3BUTOK
Ta ONTHUMI3allisl aNrOPUTMIB MPUKIAAHOI MAaTEMAaTUKH, € HEBIJ €EMHUMHU YaCTHHAMHU
YCHIIIHOTO BUPIIICHHS HasBHUX HAYKOBO-TEXHIYHUX MHUTaHb. TakK, B HAIl 4ac ICHYE
BEJIMKA KIJIbKICTh HABMUCHUX Y1 HEHABMUCHHUX 1HTEp(EpPEHH, K1 NEePEIIKOKAIOTh
KopekTHOMY ¢yHKIioHyBaHHI0O GPS mapiramii. IcHye 0e3niy  MaTeMaTHYHUX
ITOPUTMIB, SIK1 3aXUIIAIOTH CUTHAJ 1 HE JIOMyCKaloTh 30010 y HaBirarii. CepiieM mux
METO/IIB € came MaTpuilst Kopesiii R. [Ipote, 115 BUpimieHHS TaKOTO POy 3a/1a4, MU
Ma€eMO 3aCTOCYBATH J0 Hei J1i10 OOCpHEHHs, 1110 BUMAarae 3Ha4YHUX OO0YMCITIOBAIBHUX
pecypciB.

VY crarTi po3rasAaloThCa MaTEMAaTUYHI OCHOBU Ta MPUKIIAIHI QITOPUTMHU, TXHS
OIlIHKA Ta MOPIBHAHHS I €(PEKTUBHOTO 0OEPTAHHS KOPEIALIMHOI MaTPHUIll CUTHAIB
y 3ana4ax yugposoi 0o6pooku cuenanie (110C). JleTanbHo npoaHaai3oBaH1 aAJITOPUTMHU:
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V3aranpHena @axropuzanis JleBincona ta QR-po3knaa 3a JomoMoror oOepTaHb
['iBenca.

1. Beryn. Mopenb CUTHAJIy Ta YTBOPEHHSI KOpeJsilii

Cyuacna mudposa 06pooka curHamis (IIOC) € moTy>XHUM 1HCTPYMEHTOM ISt
pPO3B’sI3aHHS IIMPOKOTO CIEKTpa MPUKIAIHUX 3a/lad: Bl paaiofioKallii Ta CHCTEM
3B’SI3KYy 10 OOpOOKM MEAWYHUX CUTHAIIB Ta CHUCTEM IIyMO3ariylieHHs. buibmicTh
peaJbHUX CUTHAJIB — OyJb TO KOpHCHa iHdopmarlis, myM abo 3aBajd — MarOTh
BUMAIKOBY npupoay. Came ToMy Uil iXHBOTO €(PEKTUBHOIO aHaiizy Ta 0OpoOKu
BUKOPHUCTOBYETHCS anapat Teopii BUMaIKOBUX MPOLECIB.

Mogeas curhaay. Hexaih maeMo cuctemy, IO CKIJIAJA€TbCs 3 AHTEHHOI
pemriTku N eneMenTiB. CUTHAI, SIKMA HAIXOIUTh HA KOXXHUW M-i €JIEMEHT,

I <m<N, e ¢yHKUi€el0 Yacy, 4Ky 3a3BUYail NPEACTABISIOTH 4Yepe3
KOMILJIEKCHY OOBIIHY U, (t) y 0a30Biif cMy31 4acToT:

Vm(t) = Re[vm(t)ejwt]a (1)

1106 310patu 1HQOpMALIIO 3 KOXKHOTO €JIEMEHTAa aHTEHHOI PEILIITKH, 3pYYHO
PO3IIIAIaTH BEKTOP CUTHAIIB vV (t):

v(t) = [v1(0), v2(0), ..., vn ()]

Llelt BEKTOp OIUCYE CTaH €JIEKTPOMArHITHOTO OJIsl Ha BCIM anepTypi aHTEHHU B
KOHKPETHHI MOMEHT 4acy.

YTBopenHs kopessuii. Kopensiis MK CUTHaJIaMH BUHHUKA€E TOJI, KOJH
BUIAJIKOBl TMpOILIECM B PI3HUX KaHalaxX MaloTh CHUIbHE JKEepeso, abo ICHYe
B32€MO3B 30K (IOMIOHICTh) MIXK JIBOMA PI3HUMHU CHTHajaMu a00 MIX CHUTHAJIOM Ta
HOTO BJIACHOIO KOMIEO.

V¥ 3apgavax [{OC kopernsiiiisi Ma€ 1Ba OCHOBHI BUMIPH:

1. IIpocmoposa kopensayis: BAHUKAE 4yepe3 Te, 10 OJIMH 1 TOH camMuit

CUTHAJI IOXOJIUTH JI0 PI3HUX €JIEMEHTIB aHTEHHOI PEIIITKH 3 PI3HUMH (Pa3oBUMHU

3aTpUMKaMH, 1110 3aJie)KaTh B1J] TEOMETPIl aHTEHU Ta HAPSAMKY Ha JHKEPEIO.

2. Yacosa xopenayis: BigoOpakae CTaTUCTUYHUN 3B’SI30K MIXK

BIJIJTIKAMU OJIHOTO CUTHAJy B pi3HI MOMEHTH 4Yacy.

Takum ynHOM, 1H(pOpPMAILIiI0 PO KOpeTslli (B3a€MO3B’SI3KM) CUTHAIIB TaKOX
3py4HO 30HMpaTh y BEKTOpHIM (MaTpuuHiil) (popmi. MaTeMaTHYHUM BHUPAKEHHAM
kopemsiitnoi matpuiii (KM) € matemaTwyHe cHojiBaHHS Bil JOOYTKY BEKTOpa
CUTHAJIIB Ha HOT0 €pMITOBO-CIPSKEHUN BEKTOP:

R = E[v(t)v" ()] )
He {} = (Q)T — epMITOBE CIIPSKEHHS (KOMILJIEKCHE CTIPSKCHHS 1 TPAHCTIOHYBAHHS ).

®i3mynnii 3mict KM:
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1. Jliaconanvni enemenmu (R,,,,) — cepeaHsi MOTYXHICTh CUTHATY y KOXKHOMY
OKpEeMOMY KaHaIl.

2. Ilozaodiaconanvni enemenmu (R,,,) — CTYIIHb KOpENAIii MDK m Ta n
KOMITOHEHTaMHU BEKTOpa CUTHAJIB: SIKIII0 BOHU OJIM3BKI 10 HYJIS, TO CUTHAIU €
HE3aJICKHUMHU, a SKIIO IMOKAa3HWK BEIUKWW, TO CUTHAIUM MAaloTh CIIJIbHY
CTPYKTYpY.

Jlnst oneparii o6epHerHs MaTpuii R~/ 060B’I3k0BO MalOTh BUKOHYBATHCA JIBI
YMOBH:
vx € C: x"Rx >0
detdet (R) >0
He cxkmagpo momitutu, 1m0 31 30UTbIIEHHSM KaHAJiB  CHUTHAIY,
30UTbIITYBaTUMEThCA ¥ po3MipHicTh Matpuill R. Came TOMy BHHHKae mpoOiema

O(N?)

2. 3apaui, 1e BUHMKa€ moTpeda B o0epranni KM

Baxmusicts poni kopensiiiinoi matpuni y [IOC Baxkko nepeouinut. Bona
TPAIUISIETHCS YCIO/IH, 1€ € poOO0Ta 13 CUTHAIAMM 1 TaTYUKAMH.

[Ipore 3apa3 wMu jAeTadbHINIE 3YNUHUMOCS Ha METOJl AJIaTUBHOTO
dhopmyBanns npomeHio Minimum Variance Distortionless Response (MVDR).

Texnonoris MVDR Moxe 3acTocoByBaTHCS B aHTEHHHUX peEIIITKaX,
PaIIONIOKALIMHUX CHCTEMaX, YJIbTPA3BYKOBUX CHUCTEMax Ta MIKPO(DOHHUX pelrTKax
JUIS TMHAMIYHOI ONTHMI3aIlli JiarpaMyd CHPSMOBAHOCTI aHTEHHOI abo0 CeHCOpHOI
PENITKY B pealbHOMY 4aci. 3 MaTeMaTHYHO! TOYKH 30py (OpMyBaHHS MPOMEHIO €
3a7a4er0 ONTUMI3ALi:

(WHRw -» mins.t.wfa@) =1

Jle w — onTUMaIbHUI BarOBUM BEKTOP JlarpaMu CIIPSIMOBAHOCTI, AKUH 1 Tpeba 3HANTH
JUIS1 PO3B'I3KY CUCTEMH.

a(6) — nanpaBIIAOUnii BEKTOp CUTHAIY (steering vector);

R — xopensiiifHa MaTpuLs CUTHAIIB, pa30M 13 3aBaJlaMH Ta ITyMaMH.

JIiist po3B'si3aHHS 1i€l 3a7a41 ONTUMI3aIIl] 3acTOCOByeMO MeTo Jlarpanka, 1 3a
JOTIOMOT'0X0 MHOKHUKIB Jlarpan:xa 3HaxoJIMMO pO3B'S30K:

_— R71a(9) 3)
Pt aH(0)R~1a(6)

Jlauuif MeToJ MakCUMaJIbHO MPUTHIYY€E 3aBaju a0o IIyMH 3 yCIX HANpsSMKIB,

kpiM 6axanoro a(f), i mpsMo BuMarae oounciaeHHs 100yTky R~ 1a(0) nns xoxHoro
Kauaugara 6.
3. AnropurmMu 0o0epTaHHsA KOpeJsuiiHOl MaTpULi
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BpaxoByroun CTpyKTypy KOPEJSIIHHUX MaTpHIlb (€pMiTOBa, TEILIUIIEBA),
pO3pO0JICHO CHeIliani30BaHi, CYTT€BO €(EKTUBHIINII aJITOPUTMH 3HAXOJKCHHS
obOepHeHO1 KopemsiiHo1 MaTpuili. Hapasi Haii011bI BXXKUBaH1 Ta €PEKTUBHI € METOIN
moOy10BU (haKTOPU30BaHUX a00 PEKYPEHTHUX MPECTaBICHb, IO PEai3yIOTh IO
R~ - v Ha noBinbHUIL BeKTOp V.

3.1 Y3acanvnena pakmopuszauia Jlesincona (Y@.JI)

J11s 65104HO-TETUIULIEBUX MATPULb (Mampuyi, AKi Maoms CmMpyKmypy Mampuyi
Tennuys, ane ixuimi eleMeHmamu € He YUCAA, MaAmMpuyi O0OHAKOBO20 pPO3MIDY),
XapakTepHUX [JIs 3aJa4 [POCTOPOBO-4acOBOi amanTuBHOiI 00poOku (STAP),
3actocoByeThes Y DJI. Ha BimMiHy Bij] KIIACHYHOTO CKaIsipHOTO BHUMAKy, Y DJI Oyaye
MYJIbTUILTIKATUBHE MPEACTABICHHS 00€pHEHOT MaTpHIIl Yyepe3 JOOYTOK elIeMEHTapHUX
PO3PIIKEHUX MHOXHHUKIB:

Y = Am ) Am_1 "t Al (4)
CtpykTypa KOXXHOTO A; MHOXXHHMKA OJHO3HAYHO BIJIMOBIJIA€ CTPYKTYpPl [-0i
cTyneHi Yuisepcanvrnoco Pewimuacmozo @inempa (Y OP).

[TapameTpamu cekmiii € matpuii @,,(l) Ta f,,(l), Mo K03BOJIIE OAHOYACHO
BpPaxOBYBaTH IMPOCTOPOBY Ta YaCOBY KOPEJISIIil MiJk KaHaJIaMH.

En(D) = lsm(D 00 sy, (D I Nlerzn (D) 118, (D | )
He s, (1) — HopMmyrounii MHOKHUK (IJ11 YUCEIBHOI CTIMKOCTI).

[e#t anropuT™ € creriaai30BaHuM PEKypeHTHUM MeTo10M po3B's3anHs CJIAP,
HaWO1IbII ePEeKTUBHUM 1171 0OPOOKHU OJTHOBUMIPHHUX CTAI[lOHAPHUX TpolieciB, 1e KM
Mae menauyesy cmpykmypy.lle m03BoJiss€ 3HU3UTH OOUYMCIIOBAIbHY CKIIQIHICTH 0
O(N?).

O3nauennsa. KM R € menauyesoro, SIKIIO i1 €1EMEHTH 3alieXaTh B PI3HUIII
ipexciB [R];; = r(i — j), ne r (k) — aBTOKOpENsALiiHA IIOCIITOBHICT IPOLECY:

R=(r(0) -~ r(N=1) i~: r(N—=1) - 7(0)) (6)

3.2 QR-po3knao 3a oonomozorw ovepmans I'igenca

Ileit MeTO1 BUKOPUCTOBYETHCS JIJIsI YUCETBbHO CTIHKOTO po3B’s3anHs CJIAP.

Byab-sixy Matpuiio A po3Mipy n X n MOKHa IPEICTaBUTH Y BUTIISAI1 T0OYTKY:

A=(QR (7)
Je Q — ynitapna matpuus (Q7Q = I), R — Bepxus TpukyTHa.
Po3zeé’azyemo pisnsanua R - w = b uepez QR-po3knao:

Dy=Q" b | (O(N?))
DR-w=7 | (3BopoTHa mizcranoska, O (N?))

(8)
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Meron I'iBenca Oymye QR-po3kiaj MIISXOM ITOCTIOBHOTO aHYJIFOBaHHS
MiIiarOHaTbHUX ~ €JIEMEHTIB MATPHUIll 32 JOMOMOTOI “TOYKOBUX  YHITApHUX
nepeTBOpeHb — MaTpuilb ooepranb ['iBeHca G (i, ). Koxxna mMaTpuis € oAMHUYHOIO,
3MIHEHOO JIMIIIC Y YOTUPHOX MO3HUITISAX:

(G D] = ¢ (G D] =c [G( D] = —s,
(G D] =s

9
|aiil aji 2 z )
Nle ¢ = S, S=—, T = la;| +|aji|.

Martpurs ['iBeHca 3MIHIOE JIUIIE 1Ba PSIKH 32 OJHY OTEPAIlifo, 10 J03BOJIIE
MOCTYIIOBO TPaHC(POPMYBATH MATPHITIO TPUKYTHOTO BUTIISAY:

R=Gun-1)" =Gz Gan'-A (10)

3aBSKH JIOKAJIBHOCTI Onepaliid MeToJ| 11ealbHO MIAXOAUTh JIJIs MapaielbHuX
ob0uucinens Ha FPGA. Bin nexuts B ocHoBi anroputmy QRD-RLS, saxuit qo3Bosse
PEKYPEHTHO OHOBIIOBATH PO3B’ 130K 3a O (N?) pH HaIXOMKEHHI HOBUX JaHUX.

BucnoBok. JloCniIKeHHS NEMOHCTPYE, MO0 €(EeKTHUBHICTh CYYaCHUX CHCTEM
aganTUBHOI 0OPOOKHU CUTHAIIB KPUTUYHO 3aJI€KUTh B1Jl BAOOPY AJITOPUTMY 0OE€pTaHHS
KM. O6epranns kopensiitHoi Matpuii y 3aaadax L{OC mokHa nOCATTH HE uepes
ABHEe oOuMcIeHHs BCix enemeHTiB R™/, a uepes moOynoBy (akTopnu3oBaHHX abo
PEKYpPEHTHUX MPEICTaBJIEHb, 1110 3HAUYHO CIIPOIye poOOTY anapaTHOro 3a0e3MeUeHHs
Ta MIABUIILYE €PEKTUBHICTH POOOTH.

Cnucok BHUKOPHUCTAHUX JIZKEPEJI:

1. Golub G. H., Van Loan C. F. Matrix Computations. 4th ed. — Johns Hopkins
University Press, 2013.

2. Eduardo Ortega, Alejandro Vicente, Agustin Martinez, Oscar Rodriguez,
Manuel Prieto, Pablo Parra, Antonio Da Silva, Sebastian Sanchez, Enhancing
efficiency in spaceborne phased array systems: MVDR algorithm and FPGA
integration, 2024.

3. Warnick & Jensen “ECEn 665: Antennas and Propagation for Wireless
Communications 9 2.2 Antenna Parameters.”, 2017

4. Voevodin V. V., Tyrtyshnikov E. E. Vychislitelnyye protsessy s Toeplitsevymi
matritsami. — M.: Nauka, 1987.

5. JlexoBuupkuii  JI. I. TlepcmekTuBH1 HanpsiMku yHiQikamii  nudpoBUX
anantuBHux cucrem STAP. — HJIL[ IPECT, 2006.

6. Jlexuiiini Mmatepianu: YucenbHi MeToau JiHilHOI anredpu. — HTY'Y KII1, 2024.

138



IMPOTHO3YBAHHS KIJIBKOCTI JIIOJAEM Y IPUMIIIIEHHI 3
BUKOPUCTAHHSM IITYYHUX HEMPOHHUX MEPEXK
TI'yk K.I'.

E-mail: huk@365.dnu.edu.ua
Hayxkosuii kepienuk: Lllesenvosa A.€.

[ninposcvkuti nayionanvuuu yHieepcumem imeni Onecs 'onuapa

MeTor AOCHIKEHHsSI € PO3POOJECHHS MOJEINI JJii MPOTHO3YBaHHS KUIBKOCTI
JIOZIe y MpUMIILIEHH] Ha OCHOBI MapaMeTpiB SKOCTI MOBITPsI, 30KpeMa KOHIIEHTpaLlii
CO:, 13 BUKOPUCTaHHAM METOMIB IITYYHOTO IHTEJEKTY. 3alpONOHOBAaHUMN MiAXi[
CIpSMOBAaHUN HAa CTBOPEHHS 1HCTPYMEHTY HEMpPSIMOTO OILIIHIOBAaHHS HAIOBHEHOCTI
MpUMIIIIEHb 0€3 3aCTOCYBaHHSA MPSMUX METOJIIB MIAPAXyHKY, 30KpeMa OB’ sI3aHUX 3
BUKOPUCTAHHAM 3aC001B BIJICOCTIOCTEPEIKEHHS a00 JIIUMIBLHUKIB.

OaHuM 13 TEpPCHEeKTUBHMX MIAXOJIB JO OI[IHIOBAHHS KUIBKOCTI JIIOAEH Y
npuMilieHH1 € anani3 konueHntpaii CO:z sk 1HAUKaTopa MPUCYTHOCTI Ta aKTUBHOCTI
monei. Bigomo, mo y mpoiieci JTUXaHHS JIOA BUIUIAIOTH BYTJIEKUCIUN Tra3, LI0
MPU3BOJUTH /10 3POCTAaHHS MOTr0 KOHUEHTpALil y 3aMKHEHOMY 00’eMi. BinmosinHo,
MIXK KUTBKICTIO J1tofiei Ta piBHEM CO:2 ICHYE 3aJI€KHICTb, IKa MOXKE OyTH BUKOPHUCTAHA
JUISL HETPSIMOTO OIIIHIOBAHHS HANMOBHEHOCTI MpuMminieHHs. Pa3zom 13 Tum, naHa
3aJIEKHICTh € CKJIAJIHOI0O Ta HEIIHIMHOI, OCKUIHbKM Ha Hel BIUIMBAIOTH YMCIICHHI
dakTopu: eDeKTUBHICTh BEHTWIISII, 1HQUIBTpAIlis MOBITPS, BIAKPUBAHHS BIKOH 1
JIBEpEl, aKTUBHICTD JIIOJICH, a TAaKOX HAasBHICTh M0AaTKOBUX pkepenl BUKUIY COa.
3HayHa yacTUHA IUX (DAKTOPIB € HEBU3HAYEHOI a00 BaxKo (hopManizyeThes, IO
00MeXye€ 3aCTOCYBaHHS KIIACUYHUX aHATITHYHUX MOJIEIICH.

3 ornsAgy Ha 1e, y JOCIIKEHHI 3alpOlOHOBAHO BUKOPUCTAHHS IITYYHHX
HeliponHnx mepex (IIIHM) gk iHCTpyMeHTy ampoKcUMalii CKIaJHUX HENTIHIMHUX
3aNieKHOCTeN MK KoHieHTpariero CO: Ta KUIBKICTIO Jrofiell y mpumitieHHi. Jls
moOyJJOBM MOJIEIl BHKOPHUCTAHO EKCIIEPUMEHTANbHI JaHl, OTpMMaHi B OQIiCHUX
MPUMIIIEHHSAX PI3HOTO THUIY (KOH(EpeHil-3aiu, pododi KaOiHEeTH), 00JagHAHUX
CyYaCHUMH CEHCOPHHMM CHUCTEMaMH MOHITOPUHTY SIKOCTI NOBITpsi. KoHueHnTtpanmis
CO2 BuMiproBajach 13 4aCOBUM KPOKOM OJHA TOJMHA MPOTATOM POKY, IO TI03BOJIUIIO
BpaxyBaTH CE30HHI KOJMBAaHHS Ta 3MIHY peXUMIB BeHTWIAIi. IlapanensHo
3M1MCHIOBABCS O0JIIK KUTHKOCTI JIFOJAEH Yy MPUMIIIEHHSX 3a JOTOMOTOI0 JIUYMUIbHUKIB
a00 cHCTeM BiJIEOCTIOCTEPEIKEHHS.

CdopmoBanuii HaOip ganux ckiagascs 3 7000 3amuciB, 110 TOJAHO Y BUTIISII
gacoBux psaiB. [lani 3 mpumimens A ta B BukopucTOBYBamucs Jisi HaBYAHHS 1
TEeCTyBaHHA MoJell (3 po30UTTsIM BUOIpkH y criiBBiaHOWEHH! 80/20), Toal K naH1 3
npuMimieHds: C 3aCTOCOBYBaIMCS JJIsI HE3aJIEKHOI MEPEBIPKU 3J]aTHOCTI MOJENI 10
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y3araqbHeHHs. [lomepenHss 0o0poOka MaHMX BKIIOYAa HOPMAJI3allil0 BXI1THUX
mapamMeTpiB 3a MIHIMAaKCHOIO CXEMOIO, IO JO3BOJUJIO MIABUIIUTH €()EKTUBHICTH
HaBUYaHHS Ta CTAOUTBHICTH OOYMCIICHD.

Mopenb mporHO3yBaHHs (opMyBajiacs K OararorrapoBa HEWpPOHHA MEpeka
IPSMOT0 OIIUPEHHS Ta OyJia peaitizoBaHa 13 BUKOpucTaHHAM 010moteku TensorFlow.
BxigHumMu JgaHMMH MOJETIi € TOCHITOBHOCTI 3HaueHb KoHueHTpamii CO: Ta
BIJIMOBIAHUX 3HAYEHBb KUJIBKOCTI JIFOJICH Ha MOMEepeHIX YacOBUX IHTEpBaiax, TOJI SK
BHUXOJIOM € TMPOTHO3 KUIBKOCTI JIIOAEH Yy HACTYNMHUNA MOMEHT 4acy. [[ns HaBuaHHsA
MEpeXi 3aCTOCOBAHO AJITOPUTM 3BOPOTHOTO TOMIUPEHHS TOMHJIKH. ApPXITEKTypa
Mepeki miIonpanacs eKCIepUMEHTaIbHO 3 ypaxyBaHHAM KOMIIPOMICY Mi>K TOUHICTIO
MIPOTHO3YBAHHS Ta CKJIATHICTIO Moieli. byio BcTaHOBIIEHO, 0 HaIMipHE 301THIIICHHS
KUIBKOCT1 TPUXOBAaHUX IIapiB MPU3BOJUTH O NEPEHABYAHHS Ta 3HIMXKCHHS SKOCTI
y3arajibHEHHS.

O1iHIOBaHHS SIKOCTI MPOTHO3YBaHHS 3/1MCHIOBAJIOCS 3a JIOMIOMOTOK) METPHK
cepenubokBagpatuyHoi (RMSE) Tta cepeanroi abcomotHoi (MAE) mnommiok.
JIoNaTKOBO [Jii CTAaTHCTUYHOI TEPEBIPKH PE3YJbTATIB 3aCTOCOBAHO KPHUTEPIN
Kpackana—Yoiica, mo J03BOJIWIO OLIHUTH OJHOPIAHICTH BHUOIPOK 1 MIATBEPAUTH
JOCTOBIPHICTh OTPUMaHUX pe3yibTaTiB. [IpoBeneHi eKCIepuMEHTH MOoKa3ald, MO0
HEHWpOHHA Meperka 3/1aTHa €()eKTUBHO BIITBOPIOBATH 3aJICAKHICTh MK KOHIIEHTPAIIEIO
CO:2 Ta KITBKICTIO JIIOJIeH, 3a0€31euy04H MPUIHATHY TOUYHICTh TPOTHO3yBaHHS HABITh
32 YMOB HasIBHOCTI IITyMY B JJaHUX.

BucnoBku. OTpumani pe3yibTaTd TIATBEPIKYIOTh JOIUIHHICTh BUKOPUCTAHHS
IITYYHUX HEHPOHHHUX MEPEX IS 3a/1adl HEMPSAMOIO OLIIHIOBAHHS KUIBKOCTI JIFOACH Yy
MPUMIIIECHH] 3a JAHUMH TPO SIKICTh MOBITPS. 3amporNOHOBAaHUMN MIAXIJ JTO3BOJISIE
BpPaxOBYBAaTH CKJIAJIHI HEIIHINHI 3aJI€)KHOCTI Ta HEBU3HAUEHI (DAKTOPH, 1110 HE MOXKYTh
OyTH omnucaHl AHANTUYHUMU MOJEIIMH. Mojenb JAEeMOHCTPYE 3MaTHICTh [0
y3arajbHEHHS Ta MOXE OYTH BHKOPHUCTaHA SIK CKJIaJOBa 1HTEJICKTyaJIbHUX CHCTEM
KEepyBaHHS BEHTHJIAIIIEIO Ta MOHITOPUHTY MIKPOKJIIMATy B OY/IiBIISIX.

Cnucok BHUKOPHUCTAHUX JIZKEPEJI:

1. Guo Q. Prediction of Hourly PM2.5 and PM10 Concentrations in Chongqing
City in China Based on Artificial Neural Network // Q. Guo, Z. He, Z. Wang //
Aerosol and Air Quality Research. — 2023.—  Volume 23, issue 6.
https://doi.org/10.4209/aaqr.220448

2. Gao-wa S. Using Artificial Neural Networks to Predict Indoor Particulate Matter
and Tvoc Concentration in an Office Building: Model Selection and Method
Development // S. Gao-wa, Z. Zhen, N. Jianchun, L. Linxiao, A. Han, Y. Zhili
/l Energy and Built Environment. 2024.
https://doi.org/10.1016/j.enbenv.2024.03.001
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PO3B'SI3AHHS 3AJIAYI OIITUMAJIBHOI INIBUJKOIIT JIJISI
HOJIHOMIAJIbHUX HEJITHIMHUX CUCTEM JIPYTOI'O TA TPETHOI'O
IMOPSJIKIB
Cooonoe Apmem
E-mail: asdobnovli6@gmail.com
Hayxosuii kepienux: Kopobos B.1.

Xapkiscokuti HayioHanvHull yHieepcumem imeni B. H. Kapa3sina

Beryn. 3amaya mBuakonii Ass HENMHIKHUX CHUCTEM 3aJIMIIAE€THCS OJHIEIO 3
dbyHIaMeHTaNbHUX TIPoOsieM Teopii KepyBaHHs. 3HAXOPKEHHS TOUYHUX aHAIITUYHHX
pO3B'si3KiB piBHsAHHA benmnamana [103Bojsie CTBOPIOBATH €(EKTUBHI aITOPUTMH
KEepyBaHHs, 110 HE NOTPEOYIOTh 3HAYHMX OOYMCIIOBAJIBHUX PECYPCIB y pEalbHOMY
qaci.

IMocranoBka 3agaui. [locmikeHHS pO3MOYMHAETHCS 3 0a30BOi HENMIHINHOL
cucTemMu apyroro nopsaxy (popm. 1). Jlani posrisgaeTses ii y3aralibHEHHS 31 CTAIUM
30ypeHHsM ((popM. 2) Ta nepexi 40 TPUBUMIpHOT Mojieni (popM. 3):

dx/dt = y™",dy/dt = u,|u| < 1) (1)
dx/dt = y™ + c,dy/dt = u,|u| < 1(2) (2)
dy;/dt = u,dy,/dt = y, dy;/dt = y; 5, |u| < 1(3) (3)

Meroan pocaigxeHHss. Y poOOTI 3aCTOCOBAHO MPUHUUI MAaKCUMyMY
[ToHTpsiriHa 1711 BU3HAYEHHSI CTPYKTYpH KEPYBAaHHS Ta METOJ XapaKTEPUCTUK IS
nmoOyioBU po3B's3KiB piBHsIHHSA benmnmana. g anamizy oOjacTeil KepOBaHOCTI
BUKOpHUCTaHO Teopemy Dininmosa.

Pesyabratu. J{ns cucremu (dopm. 1) BCTaHOBIEHO YMOBHU TJIOOATBHOI
KEpOBAaHOCTI ISl HEMapHUX 7 Ta OOMEXKEHICTh O00JacTeil ajisi MapHUX BUIAIKIB.
OTtpuMaHo siBHY (hOpMyITy AJIsi ONITUMAIBHOIO Yacy NEPEXoy B HYJIb.

Jlns TpuBuMipHOi cucteMu (popM. 3) 1OBECHO, 110 pelieiHEe KepyBaHHS 4acTo
€ JIMIIE JIOKaJIbHO ONTUMajJbHUM. BusiBaeHo cunrymspai pexumu (u = 0),
IHTErpyBaHHS B3JIOBXK SAKUX JO3BOJISIE JIOCATTH aOCOJIIOTHOIO MIHIMyMYy Yacy.
HageneHo mopiBHSUIBHUM aHaJI3 TPAEKTOPIH, 1110 MIATBEPKYE MepeBary BpaxyBaHHS
OCOOJIMBUX PEKUMIB IPU CUHTE31 KEPYBAHHSI.
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= TpaekTOpia 6€3 Nnepemukarb (u=-1)
= Tpa€KTOPiA 6€3 NnepemukaHb (u=1)
== u=-1(C-B)
- u=1(B-=A)
- u=-1(A-0)

® 01(0,0,0)-Uins

® A (2-re nepemukaHHs)

® B (1-we nepemMukaHHs)

® C (MoyaTkoBa To4Ka)

Puc. 1: ®azosea mpackmopis 6 npocmopi
BucnoBku. Po3pobnenuii aHamiTHYHMI amapar 3a0e3rnedye TOYHUM CUHTE3
ONTUMAJIbHUX 32 HIBUJKOJIEI0 KepyBaHb. Pe3ynbTaTé MOXYTh OyTH 3aCTOCOBaHI B
CUCTEMax MPENU31HHOr0 MO3UI[IOHYBaHHS Ta pOOOTOTEXHIIII.

Cnucok BHUKOPHUCTAHUX JIZKEPEJI:

1. Korobov V. 1., Sklyar G. M. Time optimality and the power moment problem //
Math. USSR Sb. 1989. Vol. 62, No. 1. P. 185-206.

2. Sklyar G. M., Ignatovich S. Yu., Shugaryov S. E. Time-Optimal Control
Problem for a Special Class of Control Systems: Optimal Controls and
Approximation in the Sense of Time Optimality // J Optim Theory Appl. 2015.
Vol. 165. P. 62-77.

3. Pontryagin L. S., Boltyanskii V. G., Gamkrelidze R. V., Mishechenko E. F. The
Mathematical Theory of Optimal Processes. New York/London: John Wiley &
Sons, 1962. 360 p.

PO3B’SI30K IHTEPBAJIbBHOI MOJIEJII IEOHTHEBA
boausa M.B.
E-mail: voker1212@gmail.com
Hayionanvnuti mexuiunuti ynigepcumem “/[ninpoecvka Ilonimexuixa”
Hayxosuu kepienux: Pesina T.B.
Xaprxiscokuii HayionanvHuil ynisepcumem im. B. H. Kapa3zina
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Mixrany3eBuii OamaHC — 1€ EKOHOMIKO-MaTeMaTHMyHa MOJeJb, sKa
XapaKTepHU3y€e BUPOOHUT1 B3aEMO3B'SI3KM MIXK PI3HUMH TaTy35IMU B €KOHOMIII KpaiHH.
Bona moxasye 3B'S30K MiDX BHUITyCKOM NpPOAYKII B OAHIM ramgy3l Ta BUTpaTaMu
IPOJYKINT 1HIMUX Tally3e, HEOOXITHUMHU JIS I[bOTO BHUIYCKY. TEOpeTHYHI OCHOBH
IIbOTO METOMY, SIKHWA 3rOJIOM CTaB BIIOMHUH SK METOJ «3aTpaTHU-BUIYCK», Oyiu
3actocoBaHi y 1930-T1i poku naypearom HoGemniBchkoi mpemii Bacunem JleoHTheBUM 3
BUKOPHUCTAHHSIM anapary JiHiiHoi anredpu [2, Tema 2]. OTxe piBHSHHS OanaHCcy Mae
BUTJISIT

Y =(E-A)X (1)

e Y- BexTop KiHnesoi mpoaykiii, E — oguHMaHa MaTpuis posmipy n X n, A —n X n
MaTpuIls Koe(DIilieHTIB MPSIMUX MaTeplaJbHUX BUTPAT, X — BEKTOP BAJIOBOI MPOIYKIIii
BUPOOJISIOUNX/CIIOKUBAIOUNX Tany3ed. Y pooOoti [1] HaBegeHa qeMOHCTpallisl CauTy
JUTS Bi3yauti3allii IpoleCciB MIKTaay3eBUX 3aB’SI3K1B 3T1IHO 3 MOJIeJIIT0 JIeOHThEBA.

Jlns  mpoBeneHHsS JOCHiKeHHs Oyna copmoBaHa 0Oa3oBa  MaTpHIl
TEXHOJIOTTYHUX KOE(ILIEHTIB Ta BEKTOP KIHIEBOI MPOAYKIII IS M'SSTH OCHOBHHUX
ceKkTopiB ekoHOMIkH (n=5). [ToyaTKoBI JaH1 HaBeJEH] y TaOIUII HIDKYE.

Tabnuysa 1. Ilouamxosi oani.

rajy3i npomucn | CinbChK | OyMIBHUNT | TpaHcmo | [Him KinneBa
OBICTb e BO pT raigy3l | NpoaykK
rocriojia ist
PCTBO
npom-ctb | 0,04 0,141 0,136 0,017 0,021 15640
c/rocnionap | 0,036 0,236 0,094 0,027 0,148 24480
CTBO
oyniBaunT | 0,123 0,024 0,327 0,034 0,056 31560
BO
tpancnopt | 0,326 0,036 0,117 0,128 0,032 12330
[H1m 0,243 0,148 0,201 0,167 0,127 14671
raimysi

Otxe B Tabnuui 1 mpaBuil CTOBMYMK — 11€ 3HAYEHHS BEKTOPY Y, 3HAUEHHS B CEPEIUHI
Tabmui 1 — e koedinienTn Matpuni A. Po3s’s13aBmu knacuuny cucteMy piBHsHb (1)
OTPUMYEMO

[IpomucnoBicts  X; = 34955.25

C/rocnomapctBo X, = 53879.98

ByaiBHUIITBO X5 =62009.04
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Tpaucnopt X, =39865.21
[H1m X5 =157572.36

B mnpomeci ¢GyHKIIOHYBaHHS E€KOHOMIYHHMX CHUCTEM BHUHUKAIOTH PI3HI BHIHU
HeBu3HaueHocTed. Tomy y Mmozens (1) Oynu BBeeHI IITYYH] IHTEPBAIbHI TOXUOKH.

Cucrema JiHIMHUX 1HTEPBAJIBHUX PIBHSIHB — 1€ CUCTEMA PIBHSHB, KOSPIIIEHTH
AKUX HE € TOYHO BIIOMHUMH, a JIeXkKaTh y JIEIKUX 3aJaHUX 1HTepBayax. Y poOoti [3]
HABEJIEHO METOJIU PO3B’SI3Ky IHTEPBAJILHOT CUCTEMU PIBHSHb

Ax =D
neA=[A.—A; A. +Al,b =[b. — & ; b, + &]. [lutanus icHyBaHHS pO3B’SI3KIB IIi€]
CUCTEMU €KBIBJICHTHO JIOCJIIJKEHHIO MATPHUIIl CUCTEMHU Ha PEeryJsIpHICTb [3], o € NP
— CKJIAAHOIO MpoOieMoro. € pi3HI MIAXOAU A0 TMOHSTTS PO3B’SI3KY Ii€l CUCTEMH:
anreOpaiunuii po3B’s30k (solutions in the usual, algebraic sense), 00’enHanuit
po3B’s130k (united solutions), kepoBanuii po3B’si30k (controllable (control) solutions),
TOoMyCTUMUN po3B’s30K (tolerance solutions) [3]. € 1 iHIII METOAM 3HAXOKECHHS
PO3B’S3KYy 1HTEpPBaJIbHUX PIBHSHb, HAOLIBIN BifoMul 13 HuX - e the Hansen-Bliek-
Rohn enclosure algorithm [3], sxuii 3HaXOAUTH MHOXHHY, fIKa BKIIIOYa€e B coOO1
PO3B’SI30K.
Aneebpaiunuil pose’azox [3, [n. 4.2] - 11e po3B’ 130K
{x: Ax = b ona oesaxux A € [A, — A; A, + A],0eskux b € [b. — &8 ; b, + 6]}

Rohn orpuman popmyy

Xalg = {x; |Acx — b.| < A|x| + 8} (2)
Lonycmumuii po3e’sasok [3, [, 5.2] - 1e po3B’sA30K

{x:Ax € bonsecix A€ [A, —A; A, + A],0esxkuxb € [b. — & ; b, + 6]}
Rohn otpumasn dhopmyy

Xto1 = {%; |Acx - bcl < —Alx| + 6} (3)

Keposanuii po3e’sazok [3, ['n. 5.3] - 11€ pO3B’SI30K
{x:b € Ax Ons desxux A€ [A, —A; A, + A],6cixb € [b, — & ; b, + 6]}
Rohn orpuman popmyny

Xeon = {x; |Acx - bcl < Alx| - 6} 4)

OTxe B MOJIEN MIXKTalTy3eBOro 0alaHcy MaeMo (E — /T) =A., Y =b.. Obepemo
A =001, § =20.

3a 1omoMororw po3poOsIeHOI mporpaMu Oy TepeBipeHi BCl TPU 1HTEpBAIbHI
dbopmynu. B xoxi gociimkerHs Oyio HalmMcaHO KO Ha MOBI porpamyBanHs C#
®opmyna 2 (AnredpaiuHuid po3B’sA30K)
[Tpom-cTh X; =[30892.58 ; 40102.83]
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C/rociogapctBo X, =[48638.87 ; 60520.72]
ByniBHUIITBO X3 =[56926.15 ; 68449.30]
Tpancnopt X, =[34632.35 ; 46495.48]
[H1m X5 =[50816.88 ; 66131.86]

®dopmyna 3 (JlomycTuMuii po3B’s30K)
30BCiM He J1ajna HISIKOro pe3ysbTaTy, X — He ICHy€
®dopmyna 4 (KepoBaHuii po3B’s130K)
[Tpom-cTh X; =1[30957.50 ; 40020.57
C/rociogapctBo X, =[48722.63 ; 60414.59
ByaiBHuUIITBO X; =[57007.38 ; 68346.37
Tpaucnopt X, =[34715.98 ; 46389.52
[amm X5 =[50924.85 ; 65995.06]

Tenep komm MU OTpUMAaH pPe3yabTaTH PO3PaXyHKIB 32 JOTIOMOTOIO HAIMCAHOT

L I Sy B

nporpamu niaOUMOo MIACYMKHU

1) ocToBipHIiCTh poO3paxyHKiB: ¥Yci TouyHl (0a30Bl) 3HAUYEHHS BaJIOBOIO
BUITYCKY, K1 OYyJIM 3Hai/IeH1 Ha TIepiIoMy etari 6e3 ypaxyBaHHS PO3KHUY, BXOJATh Y
BUIMIOBIHI 1HTEepBaJIM, OTpuUMaHi 3a dopmyramu (2) Tta (4). lle miaTBepIKye
KOPEKTHICTh HAIIMCAHOTO MPOTPAMHOTO KOAY Ta 3aCTOCOBAHOI MATEMAaTUYHOI JIOTIKH.

2) YUyTnuBicTh cucTeMU: BiJICyTHICTh JOMYCTUMOTO pO3B'A3Ky - hopmy:na (3) -
CBIIUUTh MpPO BUCOKY YYTJIMBICTH JAHOI EKOHOMIYHOI CHUCTEMH [0 KOJMBaHb
TEXHOJIOTTYHUX KOE(ILIEHTIB.

Cnncoxk BHKOPHCTAHMX JIZKepest:
1. BEULIBJIT O. 1., BUTOJHEP 1. B. BI3YAJII3ALILST MATEMATHUYHOT
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HaIlIOHAJIBHOTO TeXHIYHOTO YHiBepcuTeTy. — 2025. — T. 2. — Ne. 2 (93). — C. 76-

83.
2. CkBopueBchkuii O. €. OnTumizamiiiHi MeToau 1 MoOAeNl B EKOHOMII 1
MEHEJKMEHTI: TEKCT JIEKIIH 3 Kypcy «EKOHOMIKO-MaTeMaTUYH1 METOIU Ta

mozen» — XapkiB : HTY «XIIl», 2014. — 76 c.
3. Rohn J. A handbook of results on interval linear problems. Czech Academy of
Sciences, Prague, 2005, 80 p.
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JIvsiscokuti HayionanbHuu yHisepcumem im. leana @panka

CyyacHi cHCTEeMHM JUCTaHIIMHOIO 30HAYBaHHS 3eMJli T€HEPYIOTb MaCHUBH
Bi3yasibHOI 1H(QOpMAaIlii, pydHHI aHalli3 AKUX € (I3UYHO HEMOKIIUBHM, 110 3YMOBIIIOE
HEOOX1IHICTh aBTOMATH3allli TMPOIIECIB MOHITOPHUHTY 3a JOIOMOIOK METO/IIB
MaIIMHHOTO HaBYaHHsS. 3ajada JeTeKiii Ta kiacudikaiii aBialiiHOI TEXHIKM Ha
ACpPOKOCMIYHMUX  3HIMKAax  (opmami3yeTbcsi K  3HAXODKEHHS  HEJIHIMHOTO
napamMeTpU30BaHOTO BioOpaxkeHHS fg (PpopM. 1)MiK BXiTHHM MPOCTOPOM O3HAK Ta
IIPOCTOPOM IIJILOBUX PIllIEHb:

fo:X =Y (1

ne:
X © RWXHX3} __ pyinHumii mpocTip AHCKPETHHX 300paXkeHb, NPEACTABICHHX Y
BUIJISIA1 TEH30pIB po3MipHOCTI W X H 3 TppOMa KOJIbOPOBUMU KaHAJIAMU;

Y = R WxG+K} __ yinpoBuit mpocrip pitnens, ge N — KiIbKicTh 06'€KTiB, a BEKTOP
pe3yibTaTy MICTUTh 4 KOOpJIMHATH OOMEXyBalibHOI paMKu Ta K 1MOBipHOCTEH
MIPUHAJIEKHOCTI 0 KIIACIB.

Jlns migBuIEeHHsS €(PEeKTUBHOCTI HaBYaHHS Ta 3a0€3IME€UEHHSI 1HBAPIaHTHOCTI
MOJEJl A0 YMOB 3HOMKH, BBOJAMTHCS IJI00AJbHUM OIEpaTop MOMEpPEaHbOI 00poOKU
Ty: X » X, mo BU3Ha4Yae TpaHC(OPMAILI0 MPOCTOPY O3HAK. Y MeEXax [IaHOro
JOCIDKeHHs:  onepatop Ty NPENCTaBICHUA SK l€papXiyHa KOMIIO3ULIA TPbOX

(yHKI1OHATBHUX MiICUCTEM:

Ty = Cyo Spso Ay, )
ne:
C, — omeparop AUCKPETHOI 3rOpTKHM [4], 10 3aCTOCOBYETHCS JUIA BHALICHHS

JIOKaJIbHUX MPOCTOPOBUX O3HAK Ta (PiabTpallii 300pakeHHs 3a JOMOMOroro siaep K, ;
S — OIEpaTOp IHTErpalii CMHTETHYHUX JaHux [1], mo peanizye 3milryBaHHs
pealbHUX Ta 3T€HEPOBAHUX O3HAK JUIsl PO3LIMPEHHS IMOBIPHICHOI MIPH PO3MOILITY
JAHUX;
A, — omepaTop CTOXaCTUYHOI ayrMEeHTallli, KUl € OCHOBHUM 00’ €KTOM ONTHUMI3aIlil
y 1i# poOOTI.
IIpobaemaTuka gerekuii 00’€KTiB HA CYIIyTHUKOBOMY 300pasKeHHi.
['omoBHa Baja KJacCHMYHUX METOJIB BUSIBICHHS Ta Kiacudikalii el Ha
A€pPOKOCMIYHUX 3HIMKAaxX TMOJSAra€ B ITHOPYBAHHI CHEHM(IYHOI MPOCTOPOBOI Ta
T€OMETPUYHOI MPUPON 00'€KTIB BIIHOCHO MMiICTUIAIOUO] MOBEPXHI. 3aCTOCYBaHHS
CyYaCHUX aJTOPUTMIB 13 0a30BUMU HAJAMITYBaHHSMH MPOCTOPOBUX AyTrMEHTAIlli
JAHUX TPHU3BOJIUTH JO CYTTEBOTO 3HUKEHHS TOYHOCTI posmizHaBanHs [2]. Lle
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3YMOBJIEHO THM, IO CTaHJAPTHI METOAM TEPETBOPEHHS TEHEepPYIOTh (PI3UYHO
HEMOJJIMBI JIJI1 HaJUPHOI 3HOMKH BHUKpPUBIICHHS, 30KpeMa IITYy4YHY MOAM]IKAII0
NEPCIIEKTUBH YW TEOMETPUYHHUHN CKiC. Y pe3yibTaTi aBTOMAaTH30BaHI CHCTEMHU
MOYMHAIOTh XMOHO (POKyCyBaTHCS Ha Takux apTedakTax i 1e)OpMOBAHUX KOHTYypax
IiJIeH, 10 CHOPUYHMHSE Cepio3H1 oOuYMCcIIoBaIbHI 3001 MiJ Yac aHalizy 3HIMKIB 13
BapiaTUBHUM KyTOM Opi€HTaIlii 00'ekTiB [3].

Jlns1 BUpiIeHHS 111€1 Mpo0IeMHU y JaHOMY JOCIIJKEHH] IIPOIIOHYETHCS I1JIh0BA
CTpaTeris MIATOTOBKM JlaHMX, IO 0a3yeThCsd Ha CIeliadi3oBaHOMY KOHBeEEpPI
npocTopoBux ayrmeHrtamii. Ilinxig mnependadae BOPOBAIKEHHS AarpecHUBHOTO
MacmTabyBaHHs Ta TOBHOTO BHUMAJAKOBOIO OOepTaHHS 300pakeHb, IMOBHICTIO
BIJIKMJIAI0YN 3aCTOCYBaHHA OyAb-KHX IITYYHUX MEPCHEKTUBHUX CHOTBOPEHb. Taka
CTparteria rapaHTye 30epeKeHHS MPHUPOIHOI >KOPCTKOI TeoMeTpii 00'eKTIB Ta
aBTEHTUYHOCTI BIAKUHYTUX TiHEH, POpPMYIOUN KOPEKTHE NPOCTOPOBE MPEACTABICHHS
O3HaK JJIsI MOJIJIbIIOT Kiacudikariii.

Crparerist ayrMeHTanii CynyTHUKOBHX 300pasKeHb.

CynyTHMKOBI ~ 3HIMKHM  XapaKTepU3YIOThCS  BIJACYTHICTIO  (PIKCOBaHMX
IIPOCTOPOBHUX OPIEHTUPIB Ta €KCTPEMATIBHOK HECTAOLIBHICTIO MacmTady. Y Mmexax
oHOTO Ha0Opy AaHMX 00’€KTH MOXYTh 3aiiMaTH 3HAYHY IUIOMNIY 200 3BOJUTHUCS IO
Ipynu 3 KUIbKOX TiKceniB. JJig mo1oMaHHs UX BUKJIUKIB Hallla CTpaTeris 6a3yeThbes
Ha JIOCATHEHHI MaKCHUMaJbHOi MPOCTOPOBOi I1HBApIaHTHOCTI HUISIXOM MOCTIMHOIO
oOepTaHHSI Ta arpecMBHOrO MacmTaOyBaHHS 300pa)keHb Tij 4yac HaBuaHHA. Lle
1mo30aBiisie MEpeKy MPUB'SI3KH 10 KOHKPETHOI Opi€HTaIli Ta 3MylIye ii BUBYATH
CIOpaBXHI KOHTYpU OO'€KTIB HE3QJIECKHO BIJ BHUCOTHM 4M KyTa 3HMoMKU. BogHouac
KPUTUYHO BaXJIMBUM OyJi0 30epexkeHHs (I3UYHOI JTOCTOBIPHOCTI JAHUX, TOMY MU
CBIZJOMO BHUKJIFOUMJIM IITY4YHI CIIOTBOPEHHS MEPCIIEKTHBH Ta CKOCY. Take 0OMeKeHHs
rapaHTye 3aXUCT )KOPCTKOI reoMeTpil MIyKaHUX L1JeH BiJ HENPUPOAHUX JAedhopmarliil.

3a0e3neunBIIM TEOMETPUYHY MITICHICTh ITiIel, MU COKyCyBalIHcCs Ha
PO3IIMPEHHI KOHTEKCTY 3a JOTIOMOT0I0 KOMITO3UTHOTO MeTonxy Mosaic. O6'enHaHHS
KapJWHAJIbHO PI3HUX (PParMEHTIB B €IMHUM KaJp HABYUIO QJITOPUTM YCIIITHO
ITHOpYBaTu CKJIaAHUK QoH. JloriyHMM JOMOBHEHHAM 1i€i ONTHUMI3alli CTajgo
3aCTOCYBaHHA LIJIOBUX (DOTOMETPUUYHUX MEPETBOPEHb y KoJIipHOMY TIpocTopi HSV.
AOGu 30epertu copapxHIO (Pi3UYHY OPUPOAY MaTepiajiB Ta YHUKHYTH TeHepalli
HEpealiCTUYHUX KOJIbOPOBUX apTe(akTiB, 3MiHYy 0a30BOr0 BIATIHKY OYyJIO 3BEI€HO 10
abcomoTHOro MiHIMyMy. HaToMicTh Aiama3oHM HAaCHMYEHOCTI Ta SICKPABOCTI Oyiu
CYTTEBO PO3ILIUPEHI, 1110 JO3BOJIUIIO IMITYBAaTH 3MiHY IIOTOJJTHUX YMOB Ta OCBITJICHOCTI.
Takuii miaXia mpamoe SK KIIMaTUYHUNR CHUMYJISITOP, 3MYIIYIOUM HEHUPOMEPEeKy
po3mi3HaBaTU 00 €KTHU SIK Ha TI1 SCKPaBO-3€JE€HOI BECHSHOI TpaBH, Tak 1 Mocepen
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OCIHHBOTO CTeITy. 3aBJISKH [[bOMY QJITOPUTM MPHUITHHSE TOKJIAAaTHCS Ha HECTabUIbHI
KOJILOpH, POPMYIOUH CTIHKY HE3aJICKHICTh BiJl CE30HHHX Ta I0OOBHX 3MiH Ha 3HIMKaX.
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JluHamiyHa MapHipyTH3ailis B MporpaMHO-KOH(pirypoBanux mepexax (SDN)
TPaIUIIAHO  PO3MIIAJAETHCS  SIK  3aJada  OJHOAreHTHOTO  IIEHTPalTi30BaHOTO
onTtumizaropa. ¥ poOOTi MOKa3aHo, 10 il IPUPOJAHE CTPYKTYpHE MPEACTABICHHSI —
JIEIIEHTpali30BaHa YaCTKOBO CIHOCTepexyBaHa MmapkoBchka rpa (Dec-POMDP), ne
KOXXEH MEpPEKEBHM BY30J € areHTOM 13 JIOKaJbHUM CIIOCTEpeXECHHIM. Take
(dbopMyTIOBaHHS BIJIKPHBA€E KJIAC QJITOPUTMIB IEHTPATI30BAHOTO HABYaHHS 3
nenentpanizopanuM BUKOHaHHAM (CTDE), 3okpema QMIX, 1 no3Boiisie ycyHyTH
OCHOBHE OOMEKEHHS KJIACHYHUX METOJIB: BIJCYTHICTh aJallTUBHOTO TOKPOKOBOTO
YIIPaBJIIHHS YepraMu y3J0BXK BKE BUOPAHOTO MapIIPYTY.

Dec-POMDP ¢gopmadnizauis.
SDN-mepeka mpencraBieHa HeopieHtoBanuM Tpadom G = (V,E), ne |V| =

N = 10. Busnaueno xoprex (S,{4;},{0;},T,r,y), ne: S — rnobanpHuii cran (Bci
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Yepru + nmoTokM); A; = {Cyciam By3Jsa i} — NpoCTIp A1k areHTa i (BUOip HACTYITHOTO
nepexoty A nakera); 0; — JOKaIbHE CHOCTEPEREHHS 0; = [q;/Qmax 4/ Qmaxs lij/
10,e45¢] mns j € N(i), dim(o;)) =1+ 2K+ N, ne K — crymiap By3na, N —
KUTBKICTh BY3JIiB; 7" — CIIUJIbHA HArOpoaa JAJis BCiX are’TiB: ¥ = w; « T —w, - L — wy -
P, w; =10, wy,=1 077, w; =1 072 y=099 — KOe(iIlIEHT JTUCKOHTYBAHHS.
KitouoBa BacTUBICTB: MiJ] YaC BUKOHAHHS areHT [ HE OTPUMYE IrI100aIbHOTO CTaHy S
— nuie 0;. Kontponep SDN 6aunts S nuine mija yac HaBuaHHs yepe3 Oydep J0CBiay.
ApXIiTeKTypa HAaBYAJIbHOI CUCTEMH.

PeanizoBano gBomotouHuii anroputM HaB4daHHs. [loTik BukoHnanus (E1-ES5):
KOXXEH areHT [ OTPUMYE 0;; 3 BIPOTITHICTIO & oOMpae BUIAIKOBY [ii0, 1HAKIIE —
\argmax,Qg(0;, €;,a) 6e3 3BepHEHHS 10 KOHTPOJEPA; CEPEIOBUIIE BUKOHYE KPOK 1
MOBEpTaE (0{); nepexin (done) 30epiraernbes y criibau Oydhep D po3mipom 100K; €
niHiHO 3MeHIryeTbes Bi 1.0 1o 0.05 3a 50K kpokis. [Totik HaBuanus (T1-T6): koxH1
4 xpoxu 3 6yhepa BUOHpaeThCs MiHIbaTu B = 64; o6uncmorotses Q;(0;,a;) i Q; =
max,Qg-(0;, €;) depes target-Mepexy; QMIX-mepexa fo 3mimrye {Q;} y rmoGanbHe
Qrot 3 MOHOTOHHICTIO 0Q.0:/00Q; = 0; TD-nimb y =1 +7y - (I — done) - Qpo;
MiniMizyersest L = E[(Y — Quor)?] uepes Adam (Ir = 1077, grad ., = 10); target-
Mepeka OHOBIIOEThCS M'sIK0: 8~ <« -0 + (1 — 1) - 07, T = 0.005.

Parameter sharing Ta cradiiizaniss HABYaHHS.

Vci N areHTiB BHKOPHUCTOBYIOTH cribHy Q-Mepexy Qg: ROPSHN — RlAl 5
nonaBaHHsAM one-hot ineHTH(IKaTOpa areHTa (BEKTOp €; MOBXKHUHOI0 N) 10 BX1JHOTO
BekTopa. Lle ckopouye npocTtip napameTpiB y N pa3ziB mopiBHSHO 3 N HE3alIeKHUMHU
MepekaMH 1 3a0e3nedye y3arajdbHEHHsS JIOCBiAYy MK By3iaamu. Apxitektypa Q-
Mepexi: Linear(obs + N, 128) = RelLU — Linear(128,128) = RelLU -
Linear(128, K). KputnuHa iH)keHepHa 3HaxX1Ka: >KOPCTKE KOMIIOBaHHS target-Mepexi
(hard copy xoxH1 C KpOKiB) MPU3BOIXIIO A0 po3xomkeHHs TD-rpar nonan 15K g0
100-ro emizony B HectarlioHapHomy MARL-cepenoBuii. 3amina Ha soft target update
3 T = 0.005 (polyak averaging) ycyHysa HecTaOUIBHICTB 1 3a0e3meunsia MOHOTOHHY
301kHICTE 32 2000 emmi3o/aiB.

CTpyKTypHHUII BUCHOBOK PO AUTHUBHY cenapadesbHICThb.

[TopiBassaaga VDN 1 QMIX nHa 400 emizogax (20 eval-3amyckiB) mamo: VDN
7.704 + 0.369, QMIX 7.685 + 0.387 — cratuctuuHo ekBiBajeHtHi (t = —0.16,p =
0.871,d = —0.05). Mixing Network QMIX (rimepmepexa, ~34K mapameTpiB mpoTu
~21K y VDN) He pnmae BuMmipHoro mnpupocTy. lle cBimuuTh Tpo aguTHUBHY
cenapabenpHicTh SDN-3amaul MapipyTu3ailii: 1is By3Jjia [ BIUIUBA€E Hacammepea Ha
JOKAJIbHY 4Yepry ¢;, a TioOalbHa HAropoia pO3KIaJacTbCs Maibke aJWTUBHO 3a
areHTamMu. MoHoTtonHa (akropm3aiis QMIX € goctarHpOIO ane HEe HEOOXiTHOIO
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YMOBOIO — JIJIS 3a/lay 13 CUMETPUYHHMH areHTaMH Ta HE3aJeKHUMHU JIOKAIbHUMHU
yepramu VDN € npakTHyHO €KBiBaJCHTHUM MPU 3HAYHO MEHIIIH CKJIaTHOCTI.
PettingZoo-cymicHe cumy.isiliiiiHe cepegoBHILe.

Pozpo6ieno SDNParallelEnv — cumyssiiitne cepenoBuiie Ha 6a3i PettingZoo
Parallel API, cymiche 31 crannaprom Gymnasium. Cepenoutiie peanizye 10-By310BuHit
rpad Epnoma—Pensi G (10,0.5) 3 uepramu FIFO (Q,,4 = 100), Tpadixom Ilyaccona
(A~U(6,10) mak./xpox) Ta ropuzonTom 200 kpokiB. Hoa mapa (src, dst) reHepyeThes
Ha KOXKeH emi30/. KilrouoB1 MOXKIIMBOCTI: TTapaMeTpru30BaHa TomoJoris (seed, n_nodes,
edge prob), ctoxactuunuii Tpadik, TiATPUMKA MapaaeIbHOr0 BUKOHAHHS N areHTiB
Ha KOXKHOMY KpOIll Ta CYMICHICTh 3 O10JIOTEKOIO0 supersuit Jijii BEKTOPU30BAHHUX
CEpEeIOBHILI.

BucHoBkwu.

Dec-POMDP € npupoanum 1 TO4HUM (GOpMalIbHUM IpeicTaBlieHHIM it SDN-
MapuipyTH3alii 3 po3MOAUIEHUM yHpPaBIIHHIM. J[BOMOTOYHA apXITEKTypa HaBUYAHHS
(E1-E5/TI1-T6) 3 0y(depoM 10CBITYy K MICTOK MIXK JEHEHTPAII30BAHUM BUKOHAHHSAM
1 LIEHTpaII30BaHUM OHOBJICHHSM 3a0be3rneuye cTaduibHy 301KHICTh. Soft target update
(t = 0.005) € KpUTUYHOIO YMOBOIO CTaOUIbHOCTI y HecTarioHapuux MARL-
CepeoOBHINAaX — KOPCTKE KOIIIOBaHHS MPHU3BOAMIO J0 PO3XOo/keHHs. Parameter
sharing 3 one-hot igeHTHdIKATOPOM CKOpOUY€E MpocTip mapameTpiB y N pasiB 6e3
BTpaTU NEPCOHANI30BaHMX cTpaTerid. CTpykTypHUil aHam3 mniarBepmxye: SDN-
3a/laya € aJIuTUBHO cenapadenbHoo, Tomy VDN npaktuuHo ekBiBaseHTHUH QMIX
P BJIBIY1 MEHIIN CKJIAJIHOCTI MEPEXK1 3MIIITYBaHHS.
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Karw4oBi cioBa: iHTEpnoJsiis, KyCKOBUM IMOJIHOM, KyOIYHHUM CIUTaiiH, MOJIIHOM
Epwmira.

KyckoBi MoyiHOMH MIMPOKO BHUKOPUCTOBYIOTHCS B HAYKOBUX JIOCIIKCHHSX.
BoHM KOHCTPYIOIOTBCSI 3 CErMEHTIB 3BUYAHUX IMOJIHOMIB 1 BU3HAYAIOTHCS PI3HUMH
BUpa3aMU Ha pI3HHX MAUISHKAax 3MiHH aprymeHta. ®yskimis P,(x) Ha3uBaeThCs
KYCKOBHMM TOJIIHOMOM, SIKIIIO BOHAa MO>Ke OyTH 3aJjaHa y BUTJISI1

Py(x) = {p1(x), x=<x1p(x), % <x=xp * pp_q1(X),
Xp-2 <X < Xn-1 pn(x)r X > Xn_q

(1)

ne A = {x; }}Z] no3HaYae MOHOTOHHO 3POCTAIOYY Xj < Xj41 MHOKHMHY TOYOK
miicHol oci, a {px(x)}y=; — TOCHIOOBHICT MIHCHUX TONIHOMIB Py (x) =
Z;’;O ay jxj CTyNneHiB [, BIAMOBIAHO. SIKIIO  BHUKOHYEThCA yMoBa Py (xy) =
Pr+1(xx) (k=1,...,n—1), T0 P4(x) Oyae HenepepBHOIO KyCKOBO-TIOJIHOMIaJIbHOO
¢ynkmiero. B poboti [2] mokazano, mo s P,(x) icHye eawmHe (QopMyIbHE
MPEJICTaBICHHS Y BUTJISI

@
PA() =P+ ) Pllx =
k=1

ne P(x) = %(pl (%) + P, (%)) 1 Pr(x) mesxi (He KyckoBi) mominomu. [Ipu yoMy, Komau

B Toukax Xj (k =1,..,n— 1) BUKOHY€ThCS TIAAKE CTHUKYBaHHS MOJIHOMIAIbHUX
cerMeHTIB  pp(x) mo  mopsaaky my (0 <my < hy = {1, lx4+1}), TOOTO

3aJI0BOJILHSIOTHCS PIBHOCTI p,(cq) (xp) = p,gci)l (x) (@ =0,1,...,my), TO

P @ @ (3)
P"(x)=% Z pk+1(xk)q!pk (xk)(x—xk)q_m"‘l (x

qg=mg+1
— xk)mk
OkpeMHUM BUTAJKOM KYCKOBUX TIOJIHOMIB € I1HTEPIOISAIIHHUNA KYyCKOBO-
kyO1unuit noainom Epmita (IKKIIE), sikuit Oyayerbcs HacTynHUM unHOM. Hexail B
TouKax {X;}i~, 3amani 3HaYeHHs QyHKIi y; Ta i moximaux g;. IKKIIE € rmaakoro

dynxuiero Py(x) € C!, saxa na xoxuiit gingani (x;_;,x;] (i = 1,2,...n) € xy6iunum
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: . APy (x; . . :
nomaoMoM, Py(x;) =y; 1 % =g; (i=01,..,n). BiH BIIHOCHO JETKO
Oyay€eThCsl, OCKUIBKH PIBHSHHS KyOIYHOTO CerMeHTY p;(X) , 110 MPOXOIUTh Yepes3 Bl
touku (Xx;_;,Vi—;) Ta (X;,y;) , 1 Mae B HUX 3aJaHi MOXiAHI g;_;, g; MOKHA 3aMCaTH Y
BurisiAdi [1]:
(x - xl)z
pi(x) = yi—1(hy + 2(x — x;- 1))—

+ gi-1 hz + (4)

g, (x - xl)(hx2 Xi-1) +y, (hi —2(x — 923)(96 xi—1)2,

ae h; = x; — x;_4. Takum ynHOM, TIpH TIporpamyBaHHi Py (x) MoxHa 30epiratu
gk Piecewise 00’ext y ¢dopmi (1), ne momiHOMIaIbHI CErMeHTH P; (X) 0OUUCTIOIOTHCS
3a (hopmynamu (4). Asne ue He 3aBxkau 3pyuHo. [liacTasnstoun (4) B (3) 1 BUKOHYIOUI
cipoleHHs, hopmyna (2) HabyBae BUTTISIY

n-1
1 1
Py(x) = E(P1(X) + pn(X)) + EZ (a; + ki - (x —x;)) - 5)

SO0 —xg) e — gl
ae p1(x),p,(x) € piBHIHHSIMH MEPIIOI 1 OCTAHHBOI MMOJIHOMIAIBHHUX JIAHOK,
oTpumyBaHux 3 (4) mpu { = 1 ta i = n, a xoediuieHTH q; 1 k; 0OUUCTIOIOTHCS 32

bopMytamMu
a; =3 <3’i+12— Yi + Yi— 3’1’—1) _ (gi+1 + 2g; N gi—1 + 291‘) |
hH'l h h’i+1 hi (6)
k. = 9i t 9i+1 2()’1+1 Vi) N 2(yi — vi_1) ity
l hi+12 hi+13 hi3 hiz '

Hampuknan, kyckoBuii mominoMm Epwita Py(x), 1mo OpoxoauTh depe3 4 TOUKH
(0,1), (4,-2), (8,-2),(12,0) i mae B mmx moximui Py'(x;) =g; ={-1,1,-2,0},
3amaeThes hopmyoro (puc.la)

@) 199 61 +89 3 S D) A
Py(x) = 5 X 32x 64x (x Y(x —4)| x | +

+E(25—x)(x—8)|x—8|.
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Puc. 1: Inmepnonsyiini kycko6o-xyoiuni noainomu na eyznax (x;, y;) =(0,

1), (4,-2), (8, -2), (12, 0); a) kyckoeo-kybiunuii noarinom Epmima Py (x) 3
noxionumu Py'(x;) = {—1,1,-2,0}; 6) kybiunui cnaaiin Ps(x) 3
eparuunumu ymosamu Pg(xy) = —1, Ps(x3) = 0.

SIxkmo Bci koedimientn a; B popmyni (5) BUABIATBCA HYJIbOBUMH, TO
pe3yibTiBHA  KyCKOBO-TIOJIIHOMiajdbHa  (PyHKIss  OyAe  JBIYl  HEMEPEpBHO
nudepeHIiiioBaHOI0, OCKINIBKH KOKHUI nogaHok k; (x — x;)?|x — x;| = k;|lx — x;|3 B
(5) matume Taky BiAacTUBICTh. 3 (6) BUIUIMBAE, IO JJIA I[LOTO OJHOYACHO MOBUHHI
3aJI0BOJIbHSITUCS] HACTYTIHI CITIBBIIHOIICHHS, TOOTO

3 <}’i+1 — Vi Vi~ Yi—1> B (9i+1 +29i  Giat Zgi) —0

+

hfiq h? Rit h
abo
hiv19i—1 + 2(h; + hiz1)gi + higitq (7)
_ 3h (Vi = Yie) . 3hiier — Vi)
= + ,
h; hiyq
i=12,..,n—1

[le MoxHa TpakTyBaTH K M — / piBHAHHS BigHOCHO (n + /) HEBigOMHUX
9o» 91» - » Gn. 1100 3aMKHYTH CUCTEMY CITiJ1 33]1aTH JIB1 JOJIATKOB1 YMOBH, HAIIPUKJIA],
JIBa TPAaHUYHUX 3HAYEHHA g, 1 g,. B pe3yabTari MU OTpUMY€EMO KIACHUUYHY CHUCTEMY
PIBHSIHB, SIKA BUKOPUCTOBYETHCS MPU MOOYI0B1 KyOI1UHUX CIUIaitHiB [1].

Takum 9uHOM, IJIT KOHCTPYIOBaHHS €IWHOTO (OopMyIbHOTO BUpasy Ps(x)
KyOi4HOTO CIUTaiiHy, 0 MPOXOAUTH 4epe3 Touku (X;,Y;)i=), CTiI BUYMHHUTH TakK.
Cnouatky 3anucaTd 1 po3B’s3aTH BIJIHOCHO HEBIJJOMUX MOXIJTHUX g; JIIHIAHY CUCTEMY
piBHAEG (7) 3 ABOMA JOJAHMMH TPAaHMYHMMH yMOBaMH, Hampukiazx, g, = Ps(x,),
gn = Ps(x,) (ymoBa 3atmcHemHs kinmiB). ITotim 3a dopmynamu (4) oGunciuTH
KyOiuHi momuaoMu p;(x) 1 p,, (x), 1 mo (6) 3uaiiT koeditientn k; (i = 1,2,...,n — I).
Hapemti mominomu  p;(x), p,(x) ta xoedimientn k; BUKOPHUCTATH B €IUHOMY
dbopmynbHOMY BHpa3i Pg(Xx) KyO14HOTO CIIaiiHy
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n-1
1 1 (8)
) =5(m@ +pa@) +3 ) kilx =il
i=1

Hampuknan, kyOiuHuii crutaiis, mo npoxoants uyepe3 Touku (0,1), (4,-2), (8,-2),

(12,0) i B xpaitaix Bysmax mae moxigi P¢(x,) = —1, Ps(x3) = 0, 3amaBatuMeThCs
PIBHSIHHSM
101 177 229 , 9 , 1 ; ;
Ps(x)=ﬁ—mx+ﬁx ~ 220" " 1920 | x — 4| ~ 960 | x — 8|

Horo rpadik HaBegeHo Ha puc. 16.
3ayBaxxuMo, 110 GopMyabHUN BUpa3 (8) 1l KyOIUHOTO CIUTaHy B po0oTi [2]
KOHCTPYIOETHCS 1HIIIUM CIIOCOOOM, aJjie 1a€ Takl caMi 3Ha4YeHHsI KOe(DIIIEHTIB.
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Graphs are usually studied as combinatorial objects consisting of vertices and
edges. However, every graph can also be interpreted as a one-dimensional topological
space, which allows one to describe its structure using algebraic invariants.

The aim of this paper is to present how graphs, viewed as one-dimensional CW-
complexes, admit a natural interpretation in terms of algebraic topology. In particular,
we describe how cycles give rise to elements of the fundamental group and how
covering graphs reflect its subgroup structure. The classical result that the fundamental
group of a connected finite graph is a free group of rank |E| — |V| + I serves as the
central structural principle, illustrated through explicit examples.

1. Graphs as topological spaces

A graph may be regarded as a topological object by replacing each edge with a
geometric interval and gluing endpoints according to incidence. This leads naturally to
the language of CW-complexes.

Definition 1. Let G = (V, E) be an undirected graph. Its geometric realization
|G| is the topological space obtained by assigning to each edge e € E a copy of the
interval [0,1], and identifying the endpoints of this interval with the vertices incident
to e.

A graph can be regarded as a one-dimensional CW-complex consisting of 0-
cells (vertices) and 1-cells (edges).

2. The fundamental group of a graph and free groups

Theorem 1. Let G be a connected finite graph. Then

m;(G,xy) = E., r=|E| — |V|+1,

where 1 is the cycle rank of the graph. It counts the number of independent
cycles.

2.1. Homological viewpoint on cycle structure.
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In addition to the fundamental group, graph structure can be described using

homology. For a connected graph G, the first homology group is given by
H,(G,Z) = E., r = |E| — |V|+ L

Thus, H;(G, Z) is a free abelian group whose rank coincides with the number of
independent cycles of the graph (the cycle rank). In contrast to the fundamental group
m;(G) = F., which is non-abelian for r > 2, the homology group captures the same
cycle structure in a linearized (commutative) form.

More precisely, H;(G,Z) can be obtained from m;(G) by abelianization,
identifying elements up to commutation of generators, that is, passing to the
abelianization of the group. This shows that homology retains only the abelian part of
the cycle structure, disregarding the order of traversal of cycles.

This correspondence between graph structure and algebraic invariants can also
be interpreted geometrically. The rank r = |E| — |V| + I coincides with the number
of edges outside a spanning tree, and each such edge creates an independent cycle.
From this perspective, the fundamental group reflects how these additional edges are
attached to a tree-like structure, while coverings may be viewed as ways of separating
these attachments into a simpler, acyclic configuration.

3. A first basic family of examples

Example 1. (4 tree) If T is a tree, then ©;(T,x)) = F,, sincer = |E| —

V| + 1 = 0, as for every finite tree one has |E| = |V| — 1.

Example 2. (The cycle graph and the circle) Let C,, be the cycle graph with n
vertices and n edges. Its geometric realization is homeomorphic to the unit circle S”'.

4. The figure-eight graph and the free group F,

Let G be the figure-eight graph, obtained by joining two cycles at a single point
x,. Topologically, this is the wedge sum S’ v S/,

As a CW-complex, it may be written as e’ U e/ U e/ , that is, one 0-cell and
two 1-cells attached at the same point.

Choose two loops: a - go once around the left circle; b - go once around the
right circle.

Then

m;(G,xy) = E. ={a,b).

This example illustrates how different compositions of cycles correspond to
distinct elements of the fundamental group. Covering graphs may be viewed as
“unfoldings” of these cycles, where nontrivial loops in the base graph become non
closed paths in the covering space. In particular, the universal covering removes all
cycles, resulting in a tree.

5. Generalized and universal coverings of connected graphs and subgroups

of the fundamental group
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Definition 4. A continuous surjective map p : Y = X is called a covering map
if for every point x € X there exists an open neighborhood U such that the preimage
p~!(U) can be written as a disjoint union of open sets Uy, and the restriction of p to
each U, is a homeomorphism onto U. Y is called a covering of X.

Definition 5. If G and I are graphs and p : ' = G is a covering map between
their geometric realizations is a covering map, then I’ is called a covering graph of G.

The circle provides a fundamental example of a space with nontrivial coverings.
Its universal covering is given by the map

p: R — S], p(t) — eZm’t

This map can be interpreted as “unwrapping” the circle into a line. Each loop on
the circle lifts to a path on R, and it is closed if and only if it corresponds to an integer
number of turns around the circle.

In particular, the fundamental group of the circle is isomorphic to Z, where each
integer corresponds to the winding number of a loop.

Definition 6. A covering

p:Y->X

is called a universal covering if Y is connected and simply connected.

Theorem 2. The universal covering of any connected graph is a tree.

A fundamental result states that connected coverings correspond to subgroups
of m;(X,x,). This result applies directly to graphs, which satisfy the required topo
logical conditions.

In the graph setting, the theorem means that each connected covering graph
determines a subgroup of m;(G,x,) and, conversely, each subgroup determines a
connected covering graph.

A subgroup consists of those loop classes whose lifts, starting at a chosen point
in the covering space, are closed loops.

6. Interpretation and perspective

The topological interpretation of graphs reveals a structural principle: the global
cycle structure of a graph is encoded algebraically. The fundamental group captures
this structure in a non-commutative form, while covering graphs provide geometric
realizations of its subgroup structure.

A complementary viewpoint is given by homology. The first homology group
H;(G,Z) = Z" records the same cycle structure in a linearized (commutative) form,
detecting the number of independent cycles while ignoring their non-commutative
interactions.

Thus, a graph may be simultaneously understood as a combinatorial object, a
topological space, and an algebraic structure. This unified perspective clarifies the role
of cycles as global features and provides a natural framework for studying graph
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structures under additional constraints, such as labelings, embeddings, or symmetries.
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In this work, we are going to discuss case of non-differentiability of functions
and the meaning of the derivative, along with its applications. Here we studied some
properties and analyzed some challenging aspects and conditions that lead to non-
differentiability. Let us remined some basic definitions.

Definition 1. The number A is called the right-hand limit of the function f(x) at the
point a if for every € > 0 there exists a & > 0 such that for all x in the domain of f
satisfying a < x < a + 4, the following inequality holds:

) —Al < ¢
Notation: f(x) = A
Definition 2. The number A is called the left-hand limit of the function f(x) at the
point a if for every € > 0 there exists a 6 > 0 such that for all x in the domain of f
satisfying a — § < x < a, the following inequality holds:

) —Al < ¢
Notation: f(x) = A

The main result is the following theorem:

Theorem 1. If the limit of a function f(x) as x approaches a from the right (or from
the left) exists, then it is unique.

Also we studied questions deals with non-differentiable functions, for example,

f(x) = |x|.
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Definition 3. The right-hand derivative of f at a point a € I, denoted by f L(a)is

defined as the limit:
fla+h)—f(a)
h )

fi@=
if this limit exists and is finite.
Definition 4. The left-hand derivative of f at a point a € I, denoted by f _(a) is
defined as the limit:
fla+h)—f(a)
; )

f_(a)=
if this limit exists and is finite.
Having Theorem 1 we can formulate the next theorem:
Theorem 2. If a function f(x) has a right-hand (or left-hand) derivative at a point a,
then this derivative is unique.
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In this work we consider a sequence of Hermitian matrices {s;} j:02n c ™
generated by a positive measure g (4) supported on [0,). We study the associated
families of matrix orthogonal polynomials
{(P;(2)j=0"(Q1;(@)j=0", (P2j(2)) j=0", (Q1;(2))j=¢"} corresponding to this
measure, that is, in the framework of the Stieltjes moment problem, together with the
three-term recurrence relations they satisfy

Z Py o(z) — Ay Pro(2) — Py, (2) = 0y,

1
Z Qu,0(2) = Agp Qr,0(2) — Qk,1(2) + 59 = 04, 1
for k € {1,2}. For 7 2 1, we have
z Py j(z) = By j—1 P j-1(2) — Ay j P j(2) — Py j+1(2) = 0Oy,
z Qy,j(2) = Bk, j—1 Qk,j-1(2) — Ay,j Q,j(2) — Py j+1(2) (2)

= 0,
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Using these polynomials, we consider the resolvent matrix associated with the
Stieltjes moment problem, as introduced in [2]. Based on this construction, we derive
a representation of the resolvent matrix for the corresponding Hamburger moment
problem.

This representation is used to study Weyl disks via orthogonal polynomials with
respect to the measure . With this approach, we obtain two formulas for the centers
and radii of the Weyl disks. These expressions provide a direct description of their
geometric structure and help to understand their behavior in the corresponding spectral
theory.

References:

1. T. Aktosun, V. G. Papanicolaou. Inverse problem with transmission eigenvalues
for the discrete Schrodinger equation. Journal of Mathematical Physics 56
(2015), 082101.

2. A. E. Choque Rivero. On Dyukarev’s resolvent matrix for a truncated Stieltjes
matrix moment problem under the view of orthogonal matrix polynomials.
Linear Algebra and its Applications 474 (2015), 44—109.

3. B. Fritzsche, B. Kirstein, S. Kley, C. Madler. The Weyl matrix balls
corresponding to the matricial truncated Hamburger moment problem. Linear
Algebra and its Applications 651 (2022), 230-311.
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The scalar moment problem was first introduced by T. J. Stieltjes in his work
"Recherches sur les fractions continues" (1895). He formulated it as follows: given the
moments of order k (k=0,1,2,...), find a positive mass distribution on the half-line
[0,+0).

The study of matrix and operator moment problems was initiated by M. G. Krein
in his seminal work on Hermitian operators (1949).

This work 1s devoted to the truncated Hausdorff matrix moment (THMM)
problem on a compact interval [a,b]. In contrast to the Stieltjes and Hamburger moment

problems, the THMM problem is formulated on a finite interval. Our approach is based
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on Potapov’s method, which reformulates moment problems in terms of matrix
inequalities and introduces auxiliary matrices satisfying a J-inner property.

We construct Hankel matrices from the prescribed moments and analyze
solvability conditions via positive semidefiniteness. In the non-degenerate case, we
derive the associated Nevanlinna (resolvent) matrix, which characterizes the solution
set.

The main contribution of this work is a representation of the Nevanlinna matrix
in terms of orthogonal matrix polynomials and their associated polynomials of the
second kind evaluated at the endpoint b. Furthermore, we establish new identities and
provide an explicit relationship between the Nevanlinna matrices at the endpoints a and
b.
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Ti710 KBaTEpHIOHIB € PO3MIMPEHHAM MOJs1 KoMIuieKcHUX uncen C. JloBumbHUN
KBaTepHIOH q = a + ib + ¢j + dk moxua momatu y Bursiai q = (a + ib) + (¢ +
di)j=2z;+2z,j, ne z; =a+ib, z, = c + di, ockinbku k = ij. KBarepHionu Bumy
a+ib =a+ib+ 0j + Ok, s5x HEBaXXKO MEPEBIPUTH, YTBOPIOIOTH ToJIe, 130MOp(dHE
noto C KOMIUIEKCHUX YHCEeIl, TOMY €JIeMEHTH Z;, Z,
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Takum YMHOM, KBATEPHIOHU MOXHA O3HAYUTH SIK pOpMasbH1 BUpa3u BUAY: Z; +
Z,] , n€ Z;, Z,— KOMIUIEKCHI YHCJa, a j — JCIKUA CUMBOJ TaKHH, IO j2 = —],
JI0JIaBaHHs 1 MHOKEHHS AKUX 31MCHIOETHCS 3a MPAaBUIIAMU:

(z; +22)) + (W, +wy)) = (z; +wp) + (2, + wy)j,

(z; +wi)) (2, + wy)) = (z;w; — w25) + (Woz; + 2ow))).

[ToOGyayeMo, BUXOsA4YM 3 Tija KBAaTEPHIOHIB, II€ OJHY anredpy A 3 JAUICHHSIM
CKIHYEHOTO paHry Haja mojeM R mgificHux uywcen, T.3. anredbpy Kem (B uecth
anrmiiice)koro marematuka A.Kemi). Posrmsnemo MHOXHHY A BCiX (opMambHUX
BUpa3iB BULY q; + q,€, 1€ q;,q,—KBaTepHIOHH, € — CHUMBOJ, Takuii, mo e’ = —1.
JlolaBaHHs 1 MHOKEHHS LIUX BUpPa3iB 3a7amMo popMyIaMu:

(q; + qze) + (r; + me) = (q; + 1) + (g2 + )e,

(q; + q.e) (r; + 1re) = (Qﬂ”l — Zz‘b) + (TZQJ + ‘bfl)e-

SAxmo q; = a+ bi+c¢j+dk,q, =A+ Bi+ Cj+ Dk, 10

q; +q,e =a+bi+cj+dk+ Ae + B(ie) + C(je) + D(ke).

KoxHnuii enemMeHT @; + ¢;€ B3a€EMHO OJHO3HAYHO BHU3HAYAETHCS CBOIMHU
niicaumu koedimientamu a, b, ¢, d, A, B, C, D, Tomy anre6pa Keni A mae panr 8 Hax
moieM R mificHux uwucen i3 Oasucom /,i,j, k,e =E,ie =1,je=], ke =K, a ii
€JIEMEHTH OJTHO3HAYHO MOJAIOTHCS Y BUTIIAI

xx=a+bi+cj+dk+AE+BI+C/+DK
1 Ha3UBA€TbCA OKTaBaMH. SIKIIO y (HOpMyJli MHOXKEHHS ¢, = 17, = (), TO JAICTaHEMO:
(q; +0e)-(r;+ 0e) —q;r; + Oe. 3Biacu BHUILIMBAE, MO0 TAONUIT MHOKEHHS
0a3ucHUX eneMeHTiB 1, 1, j, k B anreOpi A Taka cama, sik 1 B anreOpi KBaTEpHIOHIB.

[IpaBuwia MHOXXEHHSI 1HIIUX OA3MCHUX EJIEMEHTIB, SKI MOXHa aHAJIOTTYHUM
YUHOM OTPHMAaTH 13 3arajJibHOi (OPMYJIM MHOXKEHHsSI, JIETKO 3amam’ sTaTH, SKIIO
BUIMCATH HACTYMHI CiM Tpiwok: i,],k; J,J,—k;],—j,K;—=1,],K; ,LE,];J,E,]; k,E,K.
BusiBnsieTncs, 10 B KOXKHIN Tpiiii 0a3UCHU €JIEMEHTH MEPEMHOXKAIOTHCA TOYHO TaK

camo, fK i B Tpiitwi 1, j, k, TO6TO KO ,, - OfHA 3 JaHUX Tpiiiok, To a’ = B° = y? =
—lLap =—-Pa=y, fy=—-yf =a, ya = —ay = [. Anre6pa Kemi Bxke He € Hi
KOMYTaTMBHOIO, Hi acomiatuBHolo, 060 (ij)E =kE =K, i(jE)=1i] =—K.

[TepeBipkor0 MOKHA IEPEKOHATUCS, TI10 JUTS ** CIIPABIIKY€EThCS JIIBUH 1 MPAaBHI 3aKOHH
JTUCTPUOYTUBHOCTI MHOXKEHHS BIJTHOCHO JI0JIaBaHHS.
Sxmo € = q; + q,e - 1oBUIbHA OKTaBa, TO OKTaBa ¢ = (; — ¢,€ HA3UBAETHCS

CIpsDKEHOI0 10 Hel. I3 mpaBmia MHOXEHHS OKTaB 1 BIIACTHBOCTEH CIPSKCHHX
KBaTEPHOHIB JIETKO OTPUMYIOThCSI HACTYITHI BIACTUBOCTI CIIPSDKEHUX OKTaB:

§+E=8+88-§=¢88¢§=¢8¢=q,9,+q:9:=N(q;) + N(q2),
ne N(q;) i N(q,) - nopmu KBaTepHIOHIB q; i q,. HeBin’emHe mificHe 4mcio
N() =§-§ =N(q;) + N(q;), Ha3uBa€eTbCS HOPMOIO OKTaBU § = (; + ;€.
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Axmo okrtaBa ¢ BiAMIHKAa Bia HyJs, TO & (N 5 i) (N G _) =1 , Tomy

1
OKTaBa E E € O6CpH€HI/IM CIICMCHTOM, 1O OKTaBHU {T 3B1I[CI/I, 30KpEMa, BUILIUBAE, 110

JUTSL TOBLIBHUX OKTaB ¢ # (), ) 3HAWyThCS TaKl OKTaBU X 1y, mo & *x =1,y & =17
T06To anredpa Kemni € anredporo 13 ginennsam. CripaBai, 3a X, Y MOXKHA B3STH OKTaBH

N(€) Ny = N(f)"f

Sk yxe Bim3Hauanocs Buile, anreOpa Kem nHeacomiaTtuBHa. Ane Bce XK s
oreparlii MHOXXECHHSI OKTaB CIIPABKYEThCS BIIACTUBICT, IKY MOKHA BBAXKATHU JICIKUM
MOCNabIEHHSIM 3aKOHY acOIllaTUBHOCTI. Tak, JJs JOBUIBHUX OKTaB CIPaBIKYIOTHCS

pisrocti: (§$)n = &(§n) , ) =n(&E) . Cupasni, sxmo § = q; +qre, n =1, +
7€, TO
&&m = [(Cﬁ - gz%) + (CIZCIJ + Cbgl) e] (r; + ne) =,
= [(Cﬁ - QzCIz) LB ¥ (CIZCIJ + CI2CI1)] [ [ (qf - ﬂzCIz) + (CI2CI1 + %gl)fl] e =
= [Cﬁrz —nq; (CIJ + +Q1) - N(Qz)rj] + [Tzcﬁ T (CIJ + gl)fz - TzN(Cb)] e
§n) =(q; +qse)- [(CIﬂ”J - 7_”2612) + (Tth + CI27_”1)€] =
= |q;(qr1 = 12a2) = 12q; + @or1@0) + [(20; + @o1y)as + 429,71 — 12q5]e =
= [Cﬁrz - (CIJ + 21)1”2% - r]N(QI)] + [Tlfﬁ T q:r (CIJ + gz) - N(Qz)rz] e.
Ockinbku q; + q, 1 N(q,) - AiiicHl 4ucia, TOMY MepecTaBHI MPU MHOXKEHHI 3
JIOBITbHMUMHU KBapHiOHAMH, TO 3Bigicu otpumyemo: (E€)n = £(&n) . PiBuicte (né)é =
1n(&€) noBoauThCs aHaNMOT1yHO. AJreOpa, MHOKEHHS B IKUH 33JI0BOJIbHSIE BKa3aHOMY
BHUILIE TIOCJIA0JIEHOMY 3aKOHY aCOLIATUBHOCTI, HA3UBAETHCS AlIbTepHATUBHOO. OTXKe,
anrebpa Kemi € anbrepHatuBHOIO anreOporo. BusBnserbcs, 10 JI0BUIbHA
anbTepHAaTHBHA anreOpa 3 IIJIEHHSM CKIHUEHOTO paHry HaJ mojeM R giiicHuX yucen

13oMopdHa abo nono R, abo monro C, abo tiny kBarepHioHiB K, abo x anredpi Keni
A. Ile TBepKeHHS HA3UBAETHCS y3arajabHEHOI TeopeMoro dpobeniyca.

CnucoKk BUKOPUCTAHUX JKepPeJt:
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VY mpouect MaTeMaTHYHUX JOCHIKEHb 31€0UIBIIOT0 BUKOPHCTOBYHOTHCS
HECKIHYEHHI YMCIOBI Mo pamioHanbHuX Q, mificHux R 1 xommiekcaux C uwmcedn.
IIpoTe iCHyIOTH MOJIA, IO MAKOTh CKIHYEHHE YKMCIIO ENEMEHTIB, HANPUKIIAJ, TI0JI€e Z),

KJIaciB JIMIIKIB 3a MPOCTHUM MOJAYJEM P, IO CKIAIA€ThCS 13 p eleMeHTIB. Tomy
BHUHHUKA€ HEOOXITHICTh BUBUYEHHS BJIACTUBOCTEN CKIHUEHHUX MOJIIB.

JloBiTbHE CKIHUEHHE TI0JIC, SIKE CKJIAIa€ThCs 3 § €IEMEHTIB, Oy/1IeMO TTO3HAYATH
cumMBoJIoM Fy. TTopsakom CKiHYEHHOro Moy F, OyneMo Ha3uBaTH YUCJIO ¢ HOro

€JIEMEHTIB. BcTaHOBMMO crouaTKy J€KUIbKa JTOMOMIXXHUX TBEP/IKEHb.

Jlema 1. JloBinbHE CKIHYEHHE T0JIE F; Mae XapaKTEpPUCTHKY P, JIE P — NPOCTE
HaTypajibHE YMCIIO, 1 MICTUTH MiJAMOJE, 130MOPQHE TONK  Z, KIAciB JIMIIKIB 3a
MOZYJIEM D.

JoBenennsi. CripaBi, XapaKTepUCTUKa JOBUIBHOIO MOJIS JOPIBHIOE a00 HYIIIO,
ab0 JeIKOMYy MPOCTOMY HaTypajlbHOMY YHUCIY P, IPUUOMY MOJE XapaKTepucTtuku 0
MICTUTb TIANOJE, 130MOpHE MO0 () palliOHATBLHUX YUCEN, a M0JIE XapaKTEPUCTUKH
p MICTUTB MiJTOJIE, 130MOPHE MO0 Z,, KIIACiB JIMLIKIB 32 MOyJieM p. Bpaxosyiouu,
oo xapakTepucTuKy 0 MOXYyTb MaTd JMIIE€ HECKIHYEHH1 MOJs, AICTAaHEMO, IO
chaz F; = p nns 1esaKoro mpocToro HaTypanbHoro uucna p. Tomy none F; mictuth

MiAToINE, 130MOp(HE MO0 Z)), IPUYOMY L€ MIANOJIE € MiHIMAIBHUM ITIAOJIEM TOJIS
Fq. OTOTOXHIOIOYH II€ MIHIMAJbHE MOIAIIONE 3 IIOJIEM Zp, MO>KHa BBa)kKaTH, 1110 Zp =
F,. Jlema noBesieHa.

Jlema 2. Tlopanok Oyab-skoro ckimdeHsoro nojs F; mopisioe p™, ne p —
MIPOCTE, N — HATypAJIbHE YHCIIA.

Hosenenns. 3rigHo 3 nemor 1, mome F, € pO3MIMPEHHAM, MPUIOMY
CKIHYEHHHMM, CBOTO MiHIMAJILHOTO MIANONS F,, 10 CKIaIa€ThCs 3 P ENEMEHTIB, JIE P —
[IPOCTE€ HATYpAJIbHE YUCIIO: [Fq: Fp] =n i JAeAKOro HaTypaJbHOro n. kio
W1, ..., Wy — 0a3UC BEKTOPHOTO NPOCTOPY F, Hazx monem F,, TO KOXKHUHA eNeMenT 3 F,
OJIHO3HAYHO TIOJAETHhCSA y BUIJVISAAl JIHIHHOI KOMOiHamii a,w; + -+ a,w,, Ie
a, ..., a, € Fp. OCKIJIBKH TI0JIE Fp CKJIQJIA€ThCS 3 P €JIEMEHTIB, TO KUIBKICTh PI3HUX
JHIAHKMX BKA3aHOTO BHJLY, a 1€ 1 OyXyTh ycCi eaeMenTH nous Fy, nopisnroe p™.

Jlema 3. Skmo P — mosie XapakTEepPUCTUKH P, TO IJIs JOBIUIbHUX a,beP 1

. K K K
NOBiIBHOTO HaTypanbHoro k (a £ b)P = a? =+ b? .
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JloBeaenHsi. JloBenemMo jgaHe TBEPKEHHSI METOJIOM MaTeMaTUYHOT 1HIYKIIIT 3a
gucioM k. [Ipu k = 1, 3actocoBytoun popmyiry 6inHoma HproToHa, sika cipaBeayiiBa
B Oy/Ib-SIKOMY I10JT1, IICTAaHEMO:

_ p-1 i p—ini
(a+b)P =aP ++3;_, CpaP™'b' + bP.
Ci — p(p-1..(p-i+1)
p 12,00
Ha p, 00 p B3aEMHO MPOCTE 3 KOKHUM 13 uucen 1, 2, ..., [, CTOSITh B 3HAMEHHUKY, TOMY

binomianpamit KoedirieHT npu i = 1,...,p — 1 ninmuthkes

B TI0J P XapaKTEpPUCTHKH P CIPABIKYIOThCs piBHOCTI: CiaP~'h! = 0 s Beix | =
1,..,p — 1.01xe, (a + b)? = a? + bP. [Ipunyckarodu CIpaBeAIUBICTh TBEPHKCHHS
nemu 11 nokasHuka p* 1, orpumaemo:
(a+ b)P" = ((a + b)pk_l)p = (a?"k_1 + bpk_l)p = aP* + pP"*.

3riJIHO 3 METOI0M MaTEMATUYHOT 1HYKII11, TBEPIPKEHHS JIEMH BUKOHY€ETHCS JJIs
Bcix HarypanbHux k. Kpim Toro, sikmo p =2, o b+b=2b=0 1 b= —b.
Amnajnoriuno, Vk € N y 1boMy BHIAJKy b2* 4+ b2“ = 22" = 0 b2 = —p%". Sxwo
K p > 2, 1o p¥ — Hemapne unco, Tomy (—b)P* = (—=1)P*bP". Omsxe,

(a—b)P" = a?* + (=b)*" = a?* — bP".

HacrtymnHi TeopemMu ONMCYIOTh OCHOBHI BIIACTUBOCTI CKIHUEHHHUX ITOJIB.

Teopema 1. [1, ¢.95]. [Topsiiok Oyab-IKOT0 CKIHYCHHOTO ITOJIS JOPIBHIOE P, 1e
p — pocTe, N — HaTypalibHe uucia. J{s Oynb-saKoro uncia q = p™, e p — npocrte, n
— HaTypajibHe, ICHY€ €IMHE (3 TOUHICTIO JI0 130MOp(hi3My) T0JI€ MOPSIKY (.

Teopema 2. [1, ¢.96]. SIkimo F - 10BLIbHE MIANOIE CKIHYEHHOTO MOJA Fyn, TO
F=F,, ne n: d. HaBmaku, KOXHOMY HATypaJbHOMY IITbHUKY d YHCIIA 7
BI/IMOBIIa€ PiBHO OJIHE MmianoJie F pd TOJIA F pm-

Teopema 3. [1, c.97]. MynbTUILTIKATUBHA TPyTa BCIX HEHYJILOBUX €JIEMEHTIB
CKiH4eHHOrO mons F,, ne ¢ = p™ s 1esKoro mpocToro HaTypaabHOrO YHCIa p €

LIUKJIIYHOTO TPYHOI0 NOPAIKY g — 1.
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Xapkiecvkuti hayionanvHul yrieepcumem imeni B. H. Kapa3sina

3Buvaiiai nudepentianshi piBHsHHA (3/[P) dWacto ckmamHO pO3B’sI3yBaTH
KJIAaCHYHUMH  QHATTHYHUMH  METoAaMu. Y  Mmiii  poOOTi  pO3TIISIA€ThCs
aIbTePHATHBHUM, TEOMETPUYHUN  MiAXid, SKUA  JO3BOJSIE  CITIBCTABIATH
nudepeHIiaIbHOMY PIBHSHHIO MEPIIOTO MOPSAAKY BIAMOBIIHUN PIMAHOBUH MHOTOBH/I
Ta JOCITI/DKyBaTH pO3B’SA3KH IIHOTO PIBHSHHS dYepe3 TeOMETPUYHI BIACTHUBOCTI
o0y I0BAHOTO MHOTOBUTY.

Posrnsnemo 3Buvaiine audepeHiiaabHe piBHAHHS NEPIIOTO MOPSAIKY Y BUTIISIL

du o . .o
E = (j)(x, u). I[JBI HOTO TCOMCTPHYHOI'O0 JOCIIIKCHHA 3PYYHO BBCCTH aCOIIMOBAHEC

d d .
BEKTOpHE Tojie A = Py o (x, u)a. ACOIIIMOBaHOIO METPUKOIO HA3WBAETHCS TakKa

piMaHOBa METpPHUKa g, B SIKii BEKTOpHE ToJIe A € OMHUYHUM Ta OPTOTOHAIBHHUM [0
noJist 0. Y BUTIISLI TEH30PHOTO JOOYTKY BOHA 33Ja€ThCsl HACTYITHUM YUHOM ((hopM.

1):

g=0+¢>dx @ dx —¢pdx Q du —
—pdu @ dx + du Q du (D

[Ticnsa oOuucnenns cumBoiiB Kpicrodens mist 1aHoi METpUKU OyJio TOBEIEHO
KJIFOYOBY BJIACTUBICTH: KpHBa U = f(X) € reo/Ie3UUHOIO JIHIE B METPHULL g TOJI ¢
aumie Toni, Komu (GyHKUiA f(Xx) € po3B’A3KOM BHXITHOTO IU(EPEHIIaTbHOTO
piBHsiHHA. Lleit dakT miaTBepKy€e BHYTPIIIHIA 3B’ 130K MK TMHAMIKOIO CUCTEMU Ta
TrEOMETPIEI0 aCOLIMOBaHOTO MTPOCTOPY.

3a 10MOMOror MeToay pyxomoro pernepa (meronxy Kaprana) Oyio 3aiiicHeHO
nepexijy 70 OpPTOHOPMOBaHOro ©Oa3ucy Ta BuUBeAeHO dopmyny s [ayccoBoi
kpuBuHU K acoriifoBanoi noBepxHi (dopm. 2):

K = —(¢pxu + PPy + ¢5) 2)

Ham Oyzae mokaszaHo, 0 F€OMETPUYHA YMOBA HYJIbOBOiI KPUBHUHHM MOBEPXHI
(K = 0) € exBiBaJICHTHOIO HassBHOCTI MIEPIIIOTO 1HTETpasa, 1o JT03BOJIAE aHATITUIHO
pO3B’s3aTH PIBHAHHS y KBajparypax. OCKUTbKH JUIsl JTOBUILHOTO PIBHSHHS MTOBEPXHS
HE 000B’A3KOBO € MJIOCKOI0, OYJIO TaKOX JOCHIIKEHO Ae(POPMOBAHY METPHUKY (., B
AKil BepTUKAIBHUI HANMPSAMOK MAacIITabyeThes Ha MHOXKHMK e2€. BcTaHOBIEHO, 110
JUISl IHTETPOBHOCTI PIBHSIHHS JIOCTaTHHO ICHYBAaHHS Takoi jaedopmarlii, sika 3BOJIUTH
KpUBUHY ne(opMOBaHOT TOBEpXHI A0 cTanoi BenumuuHU. Lle 3BoauThH 3amady A0
PO3B'sI3aHHSA JIHIIHOTO PiBHAHHS SIK001 Ta MOOYAOBU 1IHTErPyBaIbHOTO MHOXKHUKA.

Takum uwHOM, 3acTOCYBaHHS amapary AuQepeHIlialbHOI TeoMeTpii €
e(eKTUBHUM 1HCTPYMEHTOM, IO BIJKPHUBAE HOBI NUIAXW i Kiacudikamii Ta
PO3B’s3aHHS 3BUYAMHUX AU(EpEeHITIaTbHUX PIBHSIHb.
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O3navenns.[1,c.95] Cumertpiero reomerpudHoi ¢irypu F HasuBaeThcs Oyib-
AKUN PyX @ IUIOMIMHUA a00 MPOCTOPY, 110 nepeBoauTh ¢irypy F B cebe: ¢(F) = F.
MHoXHHa BCiX CUMETPI TIIOCKOi (pirypu F yTBOPIO€ rpymy BIIIHOCHO omnepariii
KOMITO3HIII1 PYXIiB, IKY HA3UBAIOTh IPyIoto cuMmeTpiii ¢irypu F. Crpasi, SKIo ¢ 1 P—
noBUTbHI cumeTpii Girypu F, 1o (¢ o P)(F) = o(W(F)) = (F) = F,
1@ o1 e cumerpiero F. TOTOXHIN pyX &, OU4EBUAHO, € CUMETPI€IO OYIb SKOI PIrypH.

Hani, o~ (F) = ¢~/ (@(F)) = (¢~ o @)(F) = &(F) = F,10i ¢ ¢ cumerpicio.

Komno3zuist ABOX pyxiB 1-ro poay € pyxoMm 1-ro pogy i TAKUMH K € TOTOXKHIN
pyX € 1 pyX, 00epHeHuUi 10 pyxy 1-ro pody, TO MHOKHHA BCiX cuMeTpiit ¢pirypu F, 1o
€ pyxamu 1-ro poay Tex yTBoproe rpymy. OCKUIbKU Ipyna pa3oM 3 KOKHHUM CBOIM
CIIEMEHTOM (¢ MICTUTHh BCi eleMeHTH @"(neZ), To rpyna CUMeTpiii 0OMexeHOT
¢birypaMu HE MOXKE€ MICTUTH TMapajelbHUX TIEePEHEeCeHb 1 TBUHTOBHX PYXIB 3
HEHYJIbOBUMH BeKTOpamu. I3 BiacTuBocTel 0OMexXeHUX (iryp BUILIUBAE, IO 3 PYXiB
1-ro poxy cumeTpisiMu 0OMeXeHO1 (Ppirypu MoxXyTh OyTH Juiie moBopoTH. Tomy rpymy
cuMmetpiil 1-ro poxy obmexenoi ¢irypu F OynemMo Ha3uBaTH TPYIOI0 MOBOPOTIB
¢irypu F. KoB3Ha cuMeTpis 3 HEHYJIbOBUM BEKTOPOM TEK HE MOKE OyTH CHUMETPIEIO
oOMesxeHo1 pirypu. OTxe, 3 pyXiB IJIOIIUHA CUMETPISIMUA 0OMEKEHO1 (QIrypr MOXKYTh
OyTH JIMIIIe TOBOPOTH 1 OCBOB1 CUMETPII.

OCKIJIbKY KOKHUN MPAaBWIBHUN MHOTOKYTHHK € OOMEKEHOI0 (iryporo, TO BCi
pyxu 1-ro poay MioLUHY, IO € HOTO CUMETPIIMU, MOKYTh OyTH JIUIIIE TOBOPOTaAMHU.
HeBaxxko 3po3ymiTH, 1110 MPaBUIBLHUA N — KYTHUK CYMIIIA€TbCA caM 13 o000 JIUIIIe
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IIpHA TAaKHX ITOBOPOTaxX INIOIIHWHH, IHCHTP AKHX 30IraeThes 3 ICHTPOM N — KYTHHKA,
. 21
MIPUYOMY KyT IOBOPOTY NOBUHEH OYTH KpaTHUN —.
n
OTxe, rpyna NOBOPOTIB MPAaBUIBHOTO N — KyTHUKA Ha TUIOIIMHI CKJIAJAETHCS 3
2m 4w 2n(n—-1)

MOBOPOTIB Ha KyTH 0,?,7,...,7 HaBKOJIO IIEHTpa N — KYTHHUKA, OCKLIbKHU

2rmtm . 2wk .
MOBOPOTH Ha KYTH —— i —=IpU ™M = gn + 7" € OJIHAM i THM CAMHUM PYXOM ILIONIHHH,
s rpyna i3omMopdHa ukiTiuHil rpymi C,, n—ro TMOPSIKY 1 MOPOHKYETHCS TTOBOPOTOM
2n 2mk
Ha KyT — (abo — npu HC/(k,n) = 1).

Posrisitnemo Temep rpymy BCiX CHUMETpPI MpaBUIIBHOTO N — KyTHHKa Ha
wionuHi. KpiM yke po3risiHyTHX 71 TOBOPOTIB HABKOJIO IIEHTPA N — KyTHUKA Ha KyTH

2r 2r(n—1)
0, e T

IO IMPOXOoaATh YEPEC3 LECHTP N — KyTHHKA Ta OJHY 3 Horo BCPIIKMH abo CCpCaAuny

15 rpyna OyJie MICTUTH L€ N OCbOBHX CUMETPI BIIIHOCHO MPSIMUX,

cTopoHU. Ha muiomuHi HiSIKMX 1HIIAX CUMETPIN NMpaBWIBHUN M — KYTHHUK HE Mae€.
CnpaBni, SKIIO ¢ — JOBUIBHUM pyX 2-r0 poAy IUIOLIMHU, SKUWA TEpPEeBOJIUTH
MpaBUJILHUN N—KYyTHUK y ce0e, S—0/IHA 3 HOTr0 CUMETPii BI1IHOCHO OJIHI€T 13 BKa3aHUX
BHUIIIE N—OCEW, TO  © S € BKE PYXOM 1-TO pofy, SKHM T€X NEPEBOIUTh N— KyTHHUK Y
cebe, TOOTO € OJHUM 13 N OBOPOTIB TPYIH MOBOPOTIB 11 — KYTHUKA:

@os=rk
7€ T — MMOBOPOT Ha KyT %ﬂ HABKOJIO LIEHTpa N — KyTHUKA, k — ofHe 3 uucen /,2,...,n.

Ockinbku s° =&, To 3BiacH oTpumaeMo: ¢ = r¥os. HeBaxko mepeBiputu
6e3nocepeHbo, O EIeMEHTH 7' oS, 72 0S,...,7 05 = S € OCbOBUMH CUMETPiIMH
BIJIHOCHO M — OCEH, 10 MPOXOAATh Yepe3 LEHTP Ta OJHY 3 BEpUIMH a0 cepeauHy
CTOPOHH MPAaBWIBHOIO N — KyTHHKA.

OTxe, rpyna BCIX CUMETPIN MPaBUIBLHOIO N— KyTHUKA Ha IUIOIIMHI 130MOpdHa
rpyni gieapa D,,, OCKITbKH BOHA MOPOJIKY€ETHCS IBOMA CBOIMH €JIEMEHTaMU 7' 1 S, JJIs
SKUX CTPABIKYIOTHCS CITIBBITHOIIICHHS:

=g s’=¢ (ros)’=e.

st rpyna mpu n > 2 HeabemneBa, OCKUIbKU

1 1

ros = (ros)y ! =sTorl=gsor®™! #£so0r.

TakuM YHHOM Ma€ MicCIle HACTYITHE TBEPHKCHHS.

Teopema. I'pyna noBopoTiB MPaBUJIBHOTO N—KYTHHKA Ha IUIONIMHI 130MOp(dHA
MUKITIYHIA TpyTi C,, n-TO0 TOPSAIKY, a TpyIa BCIX CUMETPii MPaBUIHBHOTO N —KyTHHKA

Ha TUIOLIMHI 130MOopdHa rpymi aienpa D,,.
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Cnucox BUKOPUCTAHHUX JIZKEPEJI:

1. Mapau B.C., Kpaituyk O.B. Bubpani nexuii 3 anrebpu. I'pynu. Kinbis.
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MHOXEHHSI AHAJIITHYHNUX ®YHKIIOHAJIB TA JEAKE HOI'O
3ACTOCYBAHHS
TI'ypkina Onena Muxaiiniena
E-Mail:olena.hurkina@student.karazin.ua
Hayxosuui kepienux: I'egpmep Cepeiti Jleonioosuuy
Xapkiscokuti HayionanvHull yHieepcumem imeni B. H. Kapasina

1.1 AnaaiTn4yHi QyHKIiOHAIH

Hexait A = A(C) — BexkTOopHUH MpocTip HIMUX (QYHKIIHA 3 TOMOJIOTIEI
piBHOMIpHOI 30DKHOCTI Ha kommnaktax B C. HemepepBHi JiHiMHI (yHKI[IOHATN B
TOIMOJIOTIYHOMY  BEKTOPHOMY  mpocTopi A  Ha3UBAIOThCA  AHATITUYHUMU
¢dbynkmionanamu. [Ipoctip Takux aHamTHUYHUX (YyHKI[IOHANIB OyJeMO MO3HAYaTH 3a
A Sxmo T € A" 1 f € A, To naito miHiitHOrO PyHKIioHana T Ha BekTop f OyneMo
no3Havatu sk (T, ), abo (T (2), f (2)).

Teopema 5. Hexaii T € A'. Toni icHye Taka craia M > (), o

[(T(2),z")| < M"™ mascixn=20,1,2,..,1

(T, ) =§iz|=R f(Dw(z)dz, ne R>M , i w(z) = (1)
Y, (T(2),z™)

Os3nauenHs 6. OyHkiis w(z) HazuBaeThes neperBopeHHsM Komrni-Crinteeca
aHamiTuaHoro yukiionana T.
Biamitumo, mo mneperBopenHs Komni-Crintheca ¢yskiionana T €

ronomopdHoo QpyHkuicto B obnacti |z| > limsup/|(T(2),z™)| (mus. [8)]).
n—o0

1.2 Iloxigna aHATITHYHOTO PYHKIIOHATY

Hexait T € A'. [loxiany @yHkionana T BU3HAYMMO TaK, 5K 1 B KJIIACUYHIN Teopii
y3araneaenux pyunkuii: (T, f) = —(T,f"), f € A.

3rigHo 3 TeopeMoro BeiiepiTpacca, niniiHWN QyHKIioHan T' € HemepepBHUM,
T00TO T' € A"

Teopema 6. Hexaii w(z) — mneperBopennss Komii-CTinThbeca aHaTITUIHOTO
¢bynakmionany T. Tomi psag Jlopana w'(z) € meperBopenHsM Komri-CrinTheca
¢bynkuionany T
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1.3 A'(C) sax moxyab Hag A(C)

[IpupogHuM YMHOM MOXHA BU3HAYUTH OIEPAIlil0 MHOXXEHHS aHATITHIHOTO
dbyukiionany Ha ity ¢yskuito. Hexai T € A'1 g € A.

(gT,f)=(T,gf), f €A s onepamis y3roJKyeThCs 3 OIEPaIi€ro
nudepeHITitoBaHHS.

Teopema 7. Bexrtopuuii mpoctip A’ € nudepeHIiaTbHUM MOJyJIeM Hal
auQepeHiiaIbHIM KUTblieM A.

1.4 100yTOK aHAXITHYHUX (PYHKLIOHAIIB

Hexat T;,T, € A’ i w, € mneperBopeHHsM Komi-CriniTbeca aHaMITUYHOTO
dbyukiionany Ty , k = 1,2. Toxi icHyroTh Taki ctam M;, M, > 0, mo

wi(2) = Xn=o % npu |z| > My . k = 1,2.

3 mporo BUIUIMBAE, 1m0 psaa Jlopana w(z) = w;(z)w,(z) Oyae 36iraTuchk npu
|z| > max{M;, M,}. Po3rnsHemo Tenep Takui aHamiTHaHui (QyHKIioHan T

(T, ) = le|=R f(Dw(z)dz,ne R > M .
Oynkiionan T OyneMo Ha3uBaTH H00YTKOM aHAMITUYHUX QyHKIioHamB T;1 T,

Teopema 9. Hexait T € A" Toni T =Y., (T(z),z™)6™.

Teopema 10. Hexaii T;, T, € A". Tomi (T;T,)'=T,'T, + T;T,".

OTxe, BEeKTOpHHMH TpocTip A’ 3 PO3IISAHYTOIO OINEPali€l0 MHOXEHHSA €
KOMIUIEKCHOIO KOMYTaTUBHOIO AU(epEHIIAIbHOIO alnre0poro 0e3 OIMHHUIII.

1.5 CreneneBi psiau 3a creneHssMu §-(pyHKIIT

Teopema 11. Hexait ¢(2) =Y,-) anz", d, € C — obopmanbHuii
crenenesuil psan. Posrmsmemo pag @(8):=Yo_, a,6"" y npocropi A'. Pan

=0 an5"+] 30iraeTbcs TOI1 M TUIBKK TOJI, KOJU iCHYE Taka ctajia M > (), mo

la,| < M™, n € N.Ipu usomy a,, = (T(z),z""!) nnsa Bcixn € N.

Hacainox 12. Hexaii ¢ynkmis @(z) € rogomopdHOO y neskomy okou 0, i
@(0) = 0. Toxi € KOpeKTHO BU3HAYCHUM aHamTHUYHUN (yHKIoHan @(5), a came,
0 =YXr=; a6, me@(z) =Yr-; anz" |z| < & nas geskoro € > 0.

1.6 3acTocyBaHHs 10 HeJIIHITHUX eBOJIIONIHHNX T epeHiaIbHUX PiBHAHD
3 YACTHHHUMM MOXiTHUMH

A'{t} - anreOpa 301KHMX CTETIEHEBHX DPSI/IiB 3a CTETICHSIMH JIACHOI 3MiHHOI t,
Koe(ilieHTH SKUX HajmexaTh anreOpi aHamiTuyHux QyHKiioHanis A'. Bbynemo
PO3TISAATH 3BYKEHHS BIAMOBIIHUX HITNX (QYHKLINA HA TIHCHY BICh.

Enementn anrebpu A'{t} matots Burisin: u(t,x) = Y-y U, (X)t", neu, €
A'{t}

[TprpoaHbO BU3HAYAIOTHCS YaCTHHHI TOX1IHI eneMeHTiB anrebpu A'{t}:

ou _ ou
Bt = Zﬁzl nun(x)tn ]: ox = Zﬁ:o u,n(x)tn-
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VY SKOCTI mNpuUKIaxy 3acTOCYBaHHS oOmepaiii MHOXEHHs Yy mpoctopi A’

aHAJTITUYHUX (QYHKIIIOHAJIB 1 CTENIEHEBHUX PAJIIB 32 CTENEHAMH O-(PYHKIIT OTPUMAEMO

ABHY (hOpMyIy Ui €IUHOTO PO3B'A3KY HacTymHoi 3amadl Kol s piBHAHHSA TUITY

I"aminproHa-AK00i:

ou ou

Pyl (_)23

at ox (2)
u(0,x) = 6(x)}

Teopema 14. Posrasnyta 3agada Komri B anre6pi A'{t} mae equnmii po3B'sa30k

2k
(k+D)Bk+Dk!Ck+1)!

u(t, x) = Xn=p 5+ ()t

3)

MIpUYOMY IIeH psal 30iraeThest y npoctopi A’ st Beix t € R.
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MOJIEJIb AKCIOMATUYHOI TEOPIi KOMILIEKCHUX YHACEJ
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CucTeMoro KOMIUIEKCHUX YUCesI Ha3uBa€eThes anredpa (C; +, -; 0,1, i), 1is skoi
BUKOHYIOTBCS TaKl BIACTUBOCTI (aKCIOMU KOMIUIEKCHUX YHCEN):

ci:VaeCC,vbe(CvVcelC (a+(b+c)=(a+b)+c);

c,:VaeC,VvbeC(C,(a+b=>b+a)

c;:30eC,Vae(C (a+0=a),

cy: VaeCI—ace(C (a+ (—a)=0);

cc:VaeC,vbe(C,vVcelC(a-(b+c)=a-b+a-c),

ce:VaeC,VvbeCvVceClC (a-(b-c)=(a-b)-c);
c:VaeC,VvbeC(C,(a-b=b-a);

cg:31eCVae(C(a-1=a);

c:Va€eC (a#0=>3aleC(a-al=1));

C10: (R; +, -; 0,1), — cucteMa IIMCHUX YHCEIL;

c11: R < C;

C12:1 (i + 1 = 0);

¢13: (Akcioma miHimManbHOCTI). AAxo M € C 1 1151 M BUKOHYIOTBCS YMOBHU:

a) RS M; 6)ieM; B)VzEM,Vz, EM,(z1+2, EM N z1-2, EM), —
to Toni M = C.

AKCIOMHU €1 — Cg XapakTepu3yroTh C K Mojie BIAHOCHO omeparliii 1ogaBaHHS 1
MHOKEHHSI, 3T1JTHO C1g, C11 N0J€ C € PO3MMPEHHAM MOJIS NIMCHUX Yncell. 3a aKCIOMOIO
€12 y o C piBHsHAS X% + 1 = 0 Mae KopeHi. 3a aKCioMOI0 MiHIMAJIBHOCTI €13 MOJE
C € MiHIMaJIBLHUM PO3IIUPEHHAM M0 R AICHUX 4ncen cepel BCIX PO3IIUPEHb, SIKI
MaroTh epepaxoBaHi BUIIIE BIACTUBOCTI.

Teopema. AxciomaTuyHa TeOpisi KOMIJIEKCHUX YUCEJ HECYNEpeUsInBa.

Jlosedenna. ]JloBeneMo HeCyNepewIMBICTh BIJHOCHO TeOpli MIWCHUX YHCET.
Pozrnsaemo muoxuny P nap (a, b) aiiicaux ducen 1 o3Hauumo onepatii P i &:

(a,b)®(c,d) = (a+c,b+d),(ab)®(c,d) = (ac — bd,ad + bc).

Tak o3HadyeHi omeparii JoJaBaHHS 1 MHOXKEHHS IIap MalTh BJIACTHBOCTI
acoLIaTUBHOCTI 1 KOMYTAaTUBHOCTI, @ OIepalis MHOKEHHSI TUCTPUOYTUBHA BITHOCHO
nonaBarHs [1, c.103]. HympeoBuMm enemeHnToMm BimHocHO ponxaBanHs € (0,0),
OJIMHUYHUM eJIeMeHTOM BiHOCHO MHOXeHHsS — (1,0). o Oyab-saxoi napu (a,b) y
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MHOXHHI P icHye nmpotwmiiexxuuii enemeHT (—a, —b). SIkmo napa (a, b) HeHypOBa, TO

a?+b?’ aZ+b?
ITOJICM, T00TO B P BHUKOHYIOTBHCA HepIHi IIGB,HTI) aKCIOM KOMIIJIEKCHUX YHCEIL.

710 Hel B MHOKHHI P icHye oGepHeHH eneMeHT ( ) Otxe, MmHOXMHA P €

Buninumo B P miamuoxuny R, Bcix map Buny (a, 0) 1 3agamo BimoOpakeHHs mois R
nificanx 4ucen Ha MHOXUHY Ry: (a) = (a,0). BimoOpakeHHS — B3a€EMHO
OJIHO3HA4YHe, TOMY Tosie P micTuth mismnosne, i3oMopdHe Moo JIHCHUX YUCeN, TOOTO
B P BUKOHYIOTBCS aKCiOMH €C1¢ § €11 KOMIUIEKCHUX YUCE.

Jns napu (0, 1) cnpasmxyerses pisaicts (0,1)2 + (1,0) = (0,0), Tomy B P
BUKOHYETbCA akciomMa Cqp. M mepeBipkd BUKOHAHHS aKCIOMH MiHIMalbHOCTI
Bi3bMeMO B P JOBUIBHY HMIAMHOXKUHY M, I SIKOT BUKOHYIOTHCSI TaKi YMOBH:

a) Ry € M; 0) (0,1)M;

B) (a,b) e M A (c,d) E M = (a,b)®(c,d) € MA\(a,b)R(c,d) € M.

Hexait (m,n) P. Ockineku (m,n) = (m,0)®(n,0)®(0,1), To (m,n) € M, To6T1O
M = P. lle o3nauae, mo y moi P BuKoHyeTbcs akcioma €q3 1 P € moxpemmto
aKClOMaTUYHOI TEOpii KOMILJIEKCHUX Yncell. TeopemMa JoBe/eHa.

MoskHa moOyayBaTH 1€ OJHY MOJIENb aKCIOMAaTUYHOI Teopii KOMIUIEKCHUX
YKCeJl, B3SBIIU 32 OCHOBY MHOKMHY P BCiX KBaJpaTHUX MaTPHIlb JAPYTOTrO MOPSIKY
(ab—ba), ne a,b € R. MHoxuna P € mosiem BiIHOCHO omepalliii J0JaBaHHA 1
MHOKeHHs Matpuub[1, ¢.47]. Ilome kommiekcHux umcen C i3omopdHe mojwo P.
I3omopdi3m 3amaeTbes Bigoopaxenusm : C, s sikoro (a + bi) = (ab —ba).

BinoOpakeHHsI B3a€EMHO OJIHO3HAYHE 1 BUKOHYIOTHCS JIBI OCHOBHI BIIACTUBOCTI
130MOp(i13My MOJTIB:

((a+bi) + (c+di)) = ((a+c)+ (b+d)i) =
=(a+cb+d—-(b+d)a+c)= (ab—-ba)+(cd —dc) =
= (a + bi) + (c + di);
((a+ bi)(c + di)) = ((ac — bd) + (ad + bc)i) == (ac — bd ad + bc —
(ad + bc)ac—bd) == (ab —ba)(cd —dc) = (a+ bi)(c + di).

Takum uyumHOM, — 130MOpdi3M mosis C Ha mozne , TOOTO MOJie € MOAEIUIIO
aKC1IOMaTUYHOI TeOP1i KOMITJIEKCHUX YHCElL.

CnucoKk BUKOPUCTAHUX JXKepPeJt:
1. Mapau B.C., Kpaituyk O.B. Kypc nekiiii 3 anreopu. OcHOBH1 OHSTTSI. OCHOBHI

YHCIIOBI CUCTEMU: HaBUaIbHUH mocioHuk. Piue: PAI'Y, 2003, 110c.
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incmumym imeni Izops Cikopcvkozo"

Kuarouosi ciaoBa. Teopis rpadis, rpadu KBaapaTHOI pelINTKH, rpadu XOIiB
KOpOJIsi, aITOPUTMH Ha rpadax, raMiJIbTOHIB IIIAX

Beryn. ['padu mmpoko 3acTOCOBYIOTHCS JUIs1 MOJIETIOBAHHS CTPYKTYP 1 3B’ SI3KIB
y PI3HUX rajy3six, 30Kkpema B iH(pOopMaTHIll, JIOTICTHUIN Ta COLIAIbHUX Mepexax. Bonu
J03BOJISIIOTH (hOpMalTi3yBaTH CKJIaJIHI CUCTEMH Y BUTJISII BY3IIiB 1 pedep, 110 CIPOIIye
iXHIMA aHami3. 3aBAsSKU UbOMY IpadoBl MOJIENl € OCHOBOIO JJIs 0ararbOx ajJlrOPUTMIB
onTHUMI3allli, HOLIYKY Ta IUIaHyBaHHs. By 1b-sKe JOCIIKEHHS, 0 CTOCY€EThCs Tpadis,
Ma€ MpaKTUYHE ¥ TeOpPETUYHE 3HAUCHHS, OCKUIIBKHU CIIPUSE PO3BUTKY METO/IIB aHATI3Y
CKJIaIHUX CUCTEM.

Orasin airteparypu. 3amavya moOyIoBH TaMiIbTOHOBHX NUIAXIB y Tpadax
KBaJPaTHOI PEIITKU A0Ope JOCIIKEHa B Mekax Teopii rpadiB Ta KOMOIHATOPUKH.
HaykoBa mitepaTypa BCTaHOBIIIOE JIJISl TAKUX NUISIXIB YMOBHU 1CHYBaHHS Ta TIPOIIOHYE
anroputMu 1oOyaoBu. OAHAK BOHM 3€0UIBIIOIO 30CEPEKEH] Ha 3arajibHOCTI Ta
(dbopmaibHiil moBHOTI. Kpim Toro, matouu rpad kBajapaTHOI pelnTky sk niarpad, rpad
XOJIIB KOPOJISi Ma€ XapakKTEpHI JIMIIE JJisl HbOTO CIPOIICHHS. Y I[bOMY KOHTEKCTI
3alpONOHOBAHE  JIOCHIDKCHHS JIOTIOBHIOE HAsBHY JITEpaTypy KOHKPETHUM
AIrOPUTMOM NOOYA0BH TaMUIBTOHOBOTO NIISXY Ha rpadi X011B KOpoJis. Y MOPIBHSHHI
3 3araJIbHICTIO 1 (JOPMAJILHOIO MMOBHOTO, B 3aMPOMOHOBAHOMY aJTOPUTMI O1IBIIHIA
aKIIEHT 3p00JIEHO Ha CTPYKTYpHY MOMAIOHICTh PE3YNIbTYIOUUX MIISAXIB, CIPOIICHHS Ta
HAOYHICTb.

00’exkT, cy0’ekT Ta MeTOoAM AOCJiI:KeHHs. OO0’€KTOM JOCIIKEHHS €
noOy10Ba TaMUIBTOHOBOTO HUBIXY (#aii — NUIAXy) Ha rpadil XoliB Kopojs (mai —
rpadi). Cy0’ekToM JOCHIKEHHS € aIrOpUTM MOOYI0BU LUISXY, IO MOYHMHAETHCS Y
1eHTpi rpada JoBUIBHOTO po3Mipy «w Ha hy. KpiM 11boro anroputm Mae OyTH IPOCTUM
1 Bi3yasibHO 3po3ymimuM. [IpoctoTa B 1bOMY BHUMNAAKYy O3HA4a€ Majly KUJIbKICTb
YHIKaJbHUX KPOKIB JICOPUTMY 1, SIK HACI1JIOK, BUCOKY Bi3yajbHY MOAIOHICTh HUISAXIB
Ha rpadax 3 pi3HUMH pO3MIpaMHU.

[lepen cTBOpEeHHSM alropuTMy IMpoaHaII3yeMO BIacTUBOCTI rpada. s Toro,
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100 rpad MaB LEHTp, HEOOX1IHO, 11100 HOTo MIUPHUHA W Ta BUCOTA A OyJIM HETTAPHUMHU.
Bynemo BBaxkaTH TpUBIAJIBHUMHU BHIIAJKHU, KOJM IIUpUHa abo BuUcoTa Trpada
JOPIBHIOIOTh OJMHMIIN. TOJ1 MOXXEMO BBECTH IOHSATTS PaIlyC-IIUPUHU T,i4¢; Ta
PaslyC-BUCOTH g, VIS AKMX BUKOHYIOTBCS HACTYIIHI PIBHOCTI:
w=1+2%*ngtn; h =1+ 2% Theigne; Twiaeh = L Theigne = 1.

Beenemo monstTs 3cyBy (displacement). dopmanbHO, 3CYB (dispx, dispy)
BU3HAYAETHCS K PI3HULS KOOPAMHAT MK HACTYIHUM Ta NOTOYHUM BY3JIOM IUIAXY.
Jlisg nepioro By3ia 3cyB npuiiMaetses 3a (0,0). g koopanHat BUkopuctaeMo oci X
Ta Y, 1Ug SIKUX TO3UTUBHUMHM HANpPSIMKAMU € MPaBO Ta HU3, BIANOBIAHO. OCKIIbKU
po3rasaaeTbes rpad X0AiB KOPOJis, 3CYB 32 KOXKHOIO KOOPAMHATOIO MPUKUMae OAHE 3
Tpbox 3HaueHb {0,1, —1}. Pe3ynbTytoui komOiHaIlii, TOOTO JeB’SITh Map KOOPAWHAT,
J03BOJISIFOTH OMKUCATU OY/b-SIKUN 3 KPOKIB HUISAXY.

Beenemo moHsATTS mpocroro muisixy. Ilpoctuil muisx ckiagaeTscs 3 BY3IiB,
yepe3 sKI MOKHA MPOKJIACTH JIMIIE OAWH raMiIbTOHIB HUIsAX. Hampuknazn, mpoctuid
IIISX YTBOPIOETHCS IOCTIIOBHICTIO By31miB 3 koopauuatamu [(0,0),(1,0),(2,0)],
TOOTO MOCJIIIOBHICTIO BY3J1IB Ha OJTHINA MPSMIH.

[1ix yac cTBOpEHHS ANrOpUTMY 17 30epeskeHHSIM MPOCTOTH OyIEMO PO3YMITH
plLIEHHS, 10 BEAYTh 10 OLIBIIOL Bi3yalbHOI MOAIOHOCTI NUIAXIB HA rpadax pi3HOro
po3Mipy ab0 10 MEHIIO1 KUIBKOCTI YHIKaJIbHUX KPOKIB aJrOPUTMY (30KpeMa 3aBIsSKH
MTOBTOPHOMY BUKOPHUCTAHHIO BJKE€ BU3HAYEHHUX KPOKIB).

[lepelineMo 10 CTBOPEHHS AITOPUTMY.

IIpoananizyeMo OKpeMHUH BUIIAI0K OOy I0BH UUIAXY NPH Tyigth = Theight = 1.

"1.1" displacements path
-1.004 ¢
0004 ® l

100 4 @

-1.0 0.0 1.0
Puc. 1 : Ilocrioosnicmo 3cysie ons epagha 3x3

[lenTp OTOUYYIOTH BiciM BY3IiB Tpada, 10 KOKHOTO 3 SIKUX MOXKHA JICTaTHUCh.
O6epemo By3om mpsiMmo Han 1eHTpoM. CiM BY3IiB, IO 3aJIMIIWINCH, YTBOPIOIOTH
MIPOCTUH HUISAX N0 NEPUMETPY KBaapara 3x3, IKM MOXKHA MMPONTHU 3a TOJAUHHUKOBOIO
CTPIJIKOIO a00 MPOTH TOAMHHUKOBOI cTpiiku. O6epeMo MIISX MPOTH TOAMHHUKOBOI
CTpiJIKHU. B pe3ynbrati oTpuManu nuisx Ha puc. 1.

IIpoananizyemo moOynoBy WUIAXY NP Tyigeh = Theight = 3- A1 30epexeHns
MIPOCTOTH, TIPOIOBKUMO MTOOYI0BY IUIAXY 3 OCTAHHBKOTO By3ia Ha puc. 1. Cepen n’stu
BY3JIIB B OTOUEHHI HEOOX1HO 00paTt movyarkoBui. Ilicis mporo nepumeTp KBaapara
5x5 yTBOPUTH MPOCTUH MIJISX MPOTU TOAMHHUKOBOI CTPIIKH, 1 3 By3Jia IO € CYCiIOM
MMOYAaTKOBOTO BIJKPUETHCSA KBaApar 7x7. B pesynbTaTi MOPIBHSHHS MOYATKOBHUX
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BY3JIIB, BY30JI 3JIiBa-3BEpXy OyJ0 O0OpaHO SK Takui, IO HAHOLIbIIE COpUsE
30epeskeHHIo mpocToTu. Lle MoXxHa crocTepiraTi Ha IUISAXY Ha puc. 2.

7x7 nodes path

61 . * * * *

S S S
Puc. 2 : Bysau na wnsxy ons epaga 7x7
B xonl cxoxux MipKyBaHb OyJO0 OTPUMAaHO HUIAXM Ha puc. 3. BiamosinaHi
MIpKYyBaHHSI MPOMYLIEHO 3apaJd CTUCIOCTI, HWXKYE OJApa3y HaBEACHO OIUC
pe3yibTaTIB.

"1,2" displacements path 7x9 nodes path 9x7 nodes path
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Puc. 3 : Hlnaxu ona epaghie piznoeo posmipy

PesyabraTH. 3aBIsSKHM MparHeHHIO 30€perTd MpPOCTOTY 1 CTPYKTYpPOBAHOMY
aHaI3y MPUKIAIIB, 3BEJIM MOO0YA0BY IUIAXY JI0 ABOX YHIKaJIbHUX KPOKIB.

[Tepmmmm kpokoM € moOy1oBa sizpa (core). [IoHATTS AAPO O3HAYAE HANMEHIIIHIA
MOKJIUBUM MPSIMOKYTHHUK, JIJIsi CTOPIH SKOTO CIPABIKYEThCI W, h = 3 Taw — h = 2 *
(rwidth — rheight). VY mopiBHSHHI 3 KBaJIPaTHUMU SJIpaMu, IPSIMOKYTHI siipa MalOTh
«BHYTpIIIHI» BY3JIM, TOOTO BY3JIHM, IO PO3TAIIOBaHI BCEPEOUHI MEpUMETpa sapa.
BHyTpimmHI By37IM CTalOTh YAaCTMHOK MIISAXY 3a JOTMOMOTOK 3WI3ariB, siKi
MMOYMHAIOTHCS Y BIAMOBIIHUX KyTax siipa 1 3aKiHIYIOTHCS 32 OJIMH BY30JI JI0 CEPEANHU
BIJIMOBITHOT CTOPOHU sifipa. Takuii MiaxXia T03BOJISE€ 3aCTOCOBYBATH OJWH aJITOPUTM
MoOyIOBU 3UTr3ariB JJisl MPSIMOKYTHUKIB SIK 3 OUTBIIIOI0 MIMPUHOIO, TaK 1 3 OUIBIIOIO
BHUCOTO10, 0€3 0OMEKEHb Ha PO3MIPH.

Jpyrum KpoKOM, SIKUI TTOBTOPIOETHCS HEOOX1HY KUIBKICTh pasiB, € Mo0y10Ba
orouyeHHs (enclose). IIOHATTS 0TOYeHHs MO3HAYA€ NUIAX MO MEPUMETPY AOBLIHHOIO
MPSMOKYTHHUKA 13 CTOPOHAMHU HEMAPHOTO PO3MIPY, SIKWM TOUUHAETHCA 3 By3Jia CTIpaBa-
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3HM3Y BiJ] CEpEeIMHU BEPXHBHOI CTOPOHHU L[HOTO MPSIMOKYTHHUKA.
JloBeemo, 1o po3poOJIeHU aNTOPUTM IpaIfoBaTUME 33 Oyab-SKUX 3HAYCHD
Twidth TQ Theignt- Ha puc. 1 TOKa3aHO NUIAX IS Tyigen = Theight = I AK OasoBmi

MPUKIIA] YCHIIIHOT pOOOTH aNroOpUTMY. 3a JOMOMOIOI0 3UT3ariB MO>KHA 3MIHUTH 200
IIMPUHY, a00 BUCOTY A1pa, 1 HEPEUTH 10 Tyigen = 1 + Z 200 Vyeigne = 1 + 2, ne Z €
[/,0). 3a TOMOMOTOI0 OTOYCHB Bij JHOBIIHHOTO MPSMOKYTHHKA «M Ha N» MOYKJIHBO
NepelTH 0 MPSAMOKYTHHKA «(m+2*z) Ha (n+2*Z)», ne z € [1, ). Lle o3Havae, 1o
OyIb-sIKUi MPSAMOKYTHHK 13 CTOPOHAMH HETIAPHOT'O PO3MIPY MOXKHA 3BECTH JI0 SApa, 1
U1l OyJIb-IKOTO sJipa MOKHa ToOyayBaTh raMuibToHiB nuisx. Ilo 1 Tpeba Oyio
JIOBECTH.

BucnoBku. Pe3ynbraté TeOpeTHMYHOI pPOOOTH € HACTYIHUMHU. Y CHIIIHO
pPO3pO0JICHO anrOopuTM MOOYJAOBH TaMUITOHOBOIO MNUISAXY 3 LEHTPY Trpada XOIliB
KopoJisi. BBeieHO TepMiHM sijpa Ta OTOUYEHHS, 3a IOMIOMOT'OI0 SIKMX JIOBEJICHO J1€BICTh
aNropuTMy JUisl BCiX rpagiB «mHan» nem =2 * zy, + I, n =2 x z, + 1; 2y, 2, = 1.

[IpakTyHO 3Ha4YMMIi pe3ynbTaTh € HacTynHUMH. Ha ocHOB1 po3pobiieHoro
QITOPUTMY CTBOPEHO KOMIT'IOTepHY mporpamy MoBow Python, sky wmoxHa
3aCTOCOBYBaTH B PI3HHX Tamy3sx. OZHMM 3 3aCTOCYBaHb ajJrOPUTMy MOXe OyTu
MepecyBaHHs MK NPWICNVIMMH KapTorpapiyHUMU 0OO0JacTsIMHU, W10 J03BOJSIE
BUBUIBHUTH amnapaTHi PecypcHu, MOB’s3aH1 3 OOYMCIIOBAILHO BUTPATHUMHU 3alIUTaMU
3a KOOpJAUHATaMH.

B nepcrniekTrBi MOKIMBO pO3pOOUTH y3arajlbHEHE Ta PO3IIUPEHE PIlIeHHs, 32
SAKOTO aJITOPUTM TIpaIfoe Ha rpadax 13 CTOPOHAMH MapHOTO po3Mipy Ta rpadax i3
CTOPOHAaMHU, pO3Mip SKMX MEHILUH 32 3.
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Hayxkosuti kepienux.: Kpauuyx O.B
Pignencoxuii deporcasnuii cymanimapuutl yHigepcumem

Tinom Ha3MBa€eTLCSA MOBITBHE ACOIATHBHE KUIBIE 3 OJUHUIICIO, B SIKOMY IS
KOXKHOTO HEHYJIbOBOTO €JIEMEHTa ICHye OOepHEHHU eJleMeHT. SIKIo oreparris
MHO>KCHHS € KOMYTaTHBHOIO, TO MA€EMO I10JIe, TOOTO KOMYTaTUBHE TijIO € TIOJICM.

Teopema. [[oBiJIbHE CKIHUEHE T1JIO € TIOJIEM.

JoBenennsi. Hexait K— ckiHueHHe T1710 1 Z— HOT0 IIEHTP, TOOTO MHOKHHA BCIX
eneMeHTIB 13 K, siki mepecTaBHI Mpu MHOKEHI 3 yciMa eJleMeHTaMu Tija K:

Z ={z| za = az,z,a € K}. MHoxuHa Z HenopoxHs, 60 6,e € Z i Z € nonewm,
OCKLUJIbKH BOHA 3aMKHEHA BIJIHOCHO Omepaliiid BiIHIMAHHS 1 MHOKCHHS:

Vz,,z, € ZVa €K (zy,—2z,)a = z;a—z,a = az; —az, = a(z,—z,),
(z1,22)a = 2,(2,a) = z,(az;) = (2,0)z; = (az,)z; = a(z12,),
Tomy Z miakineie Tuia K [1,¢.9] 1 3aMKHEHA BITHOCHO B3SITTS 0OOEPHEHUX €JIEMEHTIB
VzeZ, Va€Kaz l=@za ) 1=(at2)1=z1a.

Ornepartiisi MHOXKEHHS B Z KOMYTaTUBHA, TOMY Z € TI0JIEM, IPUUOMY CKIHUCHUM,
T00TO |Z| = q = p™, ne p— npocTe HarypayibHe yrcio. Tito K MoxHa po3risiiaTe sk
BEKTOPHUI ITPOCTip Haj moseM Z, npudomy [K:Z]| = n s AessKoro HaTypajabHOTO N.
®ikcyroun B ipoctopi K nesxuit 6a3uc wy, ..., wy,, 1ictraneMo, 1o Tuio K ckinamgaerbes
3 q"eneMeHTiB. Va € K no3naunmMo yepe3 Na MHOKHHY BCIX THX elleMeHTiB i3 K, ski
nepecTaBHi MPU MHOXKEHHI 3 eneMeHTamu a: Na = {x|xa == ax,x € K}. OueBunHo,
Z € Na nns nosuteHOrO a € K. IlinmuoxxmnHa Na cama € TiaoM, TOOTO MiATIIIOM T1jIa
K. [l 115010 10CTaTHRO MEPEKOHATHUCS B 3aMKHEHOCTI MiAMHOXUHU Na BiTHOCHO
orieparlii BiJHIMaHHS, MHOXXCHHS 1 B3sATTA oOcepHeHuX enemeHTiB [1,c.10]. s
JTOBILILHHUX €JIEMEHTIB b, ¢ € Na OynemMo mMaTu:

(b—c)a = ba—ca = ab—ac = a(b—rc),
(bc)a = b(ca) = b(ac) = (ba)c = a(bc).

Sxkmo b # 0, to 3 ba = ab sunmmsac b~ 1(ba)b™! = b~1(ab)b™?, 3Binku
ab™! = b7 la. Orxe, b —c, bc,b™! € Na, Tomy mniBkinbiie Na € Tinom. Tak sk
oreparlisi MHOXXEHHSI B TUIl acoIllaTUBHA 1, 10 I JOBUIBHOTO WOTO HEHYJIHOBOTO
eJIeMeHTa ICHye OOEpHEHUU EeJIEMEHT, JMICTAHEeMO, TO MHOXKHHA BCIX HEHYJBbOBHUX
€JIEMEHTIB JIOBUIBHOTO TUIa € MYJbTUIUIIKATUBHOIO Tpynow. PosrisHemo
MyJbTUILTIKaTUBHI rpymu  K*,Na*,Z* mnopagkis q"—1,q¢*—1iq—1,10e d-
PO3MipHICTh BekTOpHOro mpoctopy Na Hax monem Z (tomi Na ckmamaerses 3 q¢
enemenTiB). OueBuano, Z* < Na* < K*, npuyomy Z* € nieHTpoM rpynu K*, a Na*—
HOopMadi3atop enemenTa a € K* y rpymi K*. Ilokaxkemo, o n i d. Ockinbku Na* €
miarpymnoro rpym K*, o q"* — I gimutecsi Ha ¢ — 1. SIkmon =dk +t, e 0 < t <
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d, o q"=1= q%q'-1=¢q¢"@*-D+(¢"-1). q¥*-1=(@H-1=
(% — 1D (@** D 4+ +.. 4+ g%+ 1), To g —1iq™ — 1 ginsarecs na g% — 1, omxe
gt — 1 tex pimuruca Ha g% — 1, a e MoxkuBO e y Bunaaky gt — 1 = 0. To6to
t=0,60q"—1<q%—1.0mxe,n =dkinid. I'pyna K* po3nagaeTscs Ha KIacu
cupsokeHux enemeHTiB K(a;), nmpuuomy kinac K(a;) ckiagaeTrbcs JUIIE 3 OJHOTO
eJIe€MEeHTa TO/1 1 TIILKHM TOJIl Koy a; € Z*. Maemo MHorowieH noauty koia [1,¢.10]:

q" —1=|K"| = |Z"| + [K(a)| + -+ |[K(a)| =

. . q"-1 q"-1
=q—1+[K"iNai]+--+[K":Naj] = q—1+qdi_1+---+qd1_1,
610 q"—1=q—1+3%7;, <% e d;...d i ni
TOOTO q =q hN— 4> A€ dip..,dy JONATHI JBHUKK uuCTA T,
BiMiHI Bin n. KpyroBuii muorowieH ¢,(x) 3 HUIOYMCIOBUMU KOeQilliEHTaMHU, €
. . . x™—1 . ..
TUTBHUKOM MHOTrowieHiB x™ — 11 3 IIJOYUCIOBUMHU KOE(IIll€EHTaMH, JIJIst
xd-1

JTOBLILHOTO JIOAATHOTO AiMbHUKA d umcia n, BigMiaHoro Big n [1,c.103]. Ilpu x = g

. . . qt-1 . .
[1JI€ YMCJIO ?, (q) € TTbHUKOM uucen g™ — 1 i Z i, luucia q — 1. OmiHUMO 4YMCIIO
dn(@) =(@—¢e) .- (q— e(p(n)), JI€ &1, v, Ep(n) HEPBICHI KOPEHi N-TO cTemneHi 3 1

(MOXHA OOMEKUTHCS BUIIAJIKOM, KOJIU 111 KOPEH1 OOYUCITIOIOTHCS B MO KOMITJIEKCHUX
yucen C). 'eomeTpruyHO MOJIyYJIb YHCIA ¢ — & AOPIBHIOE BIJCTAHI BiJl TOYKH &; IO

:q—]

=q-1 ‘q—q

qz2 g-e, , IPHYOMY

TOYKH , 110 pO3MIIIIeHa Ha AIMCHIN OcCi, TOMY

JUIIE y BUMAAKY, Koiu & = 1, T00TO KO n = 1, 60 &; — nepBicHUiA KOpiHb. OTKe,
lg—¢&|>q—1mascixi=1,..,o1n).Y Bunagky n =1, K = Z , TBepKeHHS
TEOPEMH BHUKOHYEThCs. [l iHImMX BuMankiB maemo, |p,(q)| =|q—¢€|- .- |q —
Epm| > q—1

i e yucino ¢, (q) He Moxke OyTH IibHUKOM uncia ¢ — 1. OTpuMaHa CynepevHiCTh
nokasye, mo K = Z, To06to ckinuene Tuio K € nosnem. Teopema oBeneHa.

Cnucox BHUKOPHUCTAHUX JIZKEPEJI:
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Hayxosuii kepienux: Jlucuys Bikmop Tumoditiosuu
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Y cywacHii MaremartIill Ta i1 NPUKIAJHUX HampsMKaxX BaXXJIMBE MiCIIe
3aiiMaloOTh 3aJ1a4l Ha ONTUMI3AII0 T€OMETPUYHUX BEJIMYUH, 30KpeMa JIOCHIIKEHHS
€KCTpEMaJIbHUX BJIACTUBOCTEN TUL. Y OLIBIIOCTI MIKIJIBHUX MIJPYYHUKIB OCHOBHA
yBara npuIUIS€ThCA 3a/1a4aM Ha IUIOLIMHI, 3HaYHO PIJIIIE pO3TISAA0THECA IPOCTOPOBI
3a/1ayi, 1 Maii>ke He BUCBITIIOIOTHCS TUTAHHS ONTUMAIBLHOTO PO3MOILITY PECypCiB AJis
00’emuux (iryp. Y naniii poOOTI HaBeIEHO NOCIIKEHHS Ky0a Ta TeTpaenmpa siK
0a30BUX MHOTOTPAHHUKIB, 1110 MAIOTh Pi3HI TEOMETPUYH] XapaKTEPUCTUKH Ta ITUPOKO
3aCTOCOBYIOTHCS SIK Y TEOPETUYHUX JOCTIIPKEHHSX, TaK 1 B IPAKTUUHUX 3a/1a4yax.

AKTyanpHICTb JaHOI TEMHM 3yMOBJE€HAa HEOOXIAHICTIO BIPOBAIKECHHS
MaTeMaTUYHUX KoMmreTreHTHocTell yuHiB y STEM ocBiTi. [3onepumerpuuHi 3aaadi
CIPUSIOTh TIUOIIOMY PO3YMIHHIO B3a€EMO3B’SI3KIB MDK 00 €MHUMHU TLIaMU Ta
MPUHIUIIIB ONTHUMI3allli B reoMeTpii, AKi 3HAXOJATh 3aCTOCYBaHHS B apXITEKTYypi,
1HKEHEepil, KOMIT'IOTEpHOMY MOJICNIIOBaHHI, TOIIO. Ba»JIMBOIO  CKJIaJI0BOIO
PO3B’s13aHHS MOJIOHUX 3371a4 € BUKOPUCTAHHS ITU(POBOTO IHCTPYMEHTAPIIO, III0 HAJAE
3MOTY HA0YHO MPOCTEKHUTH 3aJIEKHOCTI MK BETMUMHAMH Ta Kpallle 1HTepIpeTyBaTu
OTpUMaHI pe3yiabTaTH.

IocTanoBka 3aaaui. Jlano ky0 Ta Terpaenp, 3 (GIKCOBAHOI CYMOIO 00’ €MIB.
JlocniKy€eTbes cyMa iXHIX IUIOII MOBEPXOHB MPU 3MiHI 00’ €MiB (iryp.

Ha noyatkoBoMmy eTarni po3B’si3aHHS PO3TISIAETHCS TPUBUMIPHA MOJIENb 33]1a4i,
10 JTO3BOJISIE HAOYHO JOCTIAUTH B3a€EMO3B’SI30K MK 00’ €MOM 1 IJIOINICI0, MPOBECTU
€KCIIEPUMEHTH 1 BUCYHYTH TinoTe3u (puc. 1).
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5= 5+5

= 3871

S1+52=3871

= 27.36

53—6\-’3
= 1134
v =10 H
0 ® 10 ()
vy =14

0 ™ 0 @

O0emVI=74 Of'emV2=26

Vo = W— Wy

Puc. 1: Tpusumipna mooenv 3adaui i3 3acmocy8aHHIM OUHAMIYHO20
mamemamuyHnoeo cepedosuwa GeoGebra.
Ha ocHOBI npoBeIeHOTO Bi3yallbHOTO aHAI3y BUCYBAIOTHCS TaKi FIOTE3U:
1. ky0 Mae MeHIy IUIONly IMOBEpPXHI MpU 3aJaHOMY OO ’€Ml MOpPIBHSHO 3
TETpacapoM;

2. TeTpaeAp Mae MEHIIMA 00’eM MpH 3aJaHiil IUIONIl MOBEPXHI MOPIBHSHO 3
KyOoMm;

3. cyma 1ol MOBEpXOHb Ky0a Ta TeTpaeipa 3a YMOBH CTaJIOl CyMH iX 00’ eMiB
Ma€ eKCTpeMajbHe 3HaAUEHHS, 30KpEMa MaKCUMYM.

ChopmynboBaHi  TINOTE3W  MOTPEOYIOTH  CTPOTOTO0  MAaTEeMaTHYHOIO
oOrpyHTyBaHHs. TOMy HACTYNMHHMM €TaliOM JOCIHIJKEHHS € aHATITUYHUA PO3IJIS]
3a/1a4i, U0 nependayae BCTAaHOBJICHHS (YHKIIIOHATBHOT 3aJI€KHOCTI TUIOII TOBEPXOHb
B1J1 00’€MIB (iryp Ta nojanbliie JOBEACHHS BUCYHYTHUX TBEPIKEHb.

Hexait S;,V;- nmioma TOBHOI TOBEpXHI Ta 00’eM  TeTpaenpa;
S,, V,- mona noBHO1 MOBepxHiI Ta 00’eM ky0a; S = S; + 5,V =V, + V,.

Jlns  pgoBeAeHHS TMepiioi TimoTe3w motpidbHo, mod V, =V, =V, >0 Ta
BUKOHYBaJIacsl HEPIBHICTH: 6 (Vo)é < (6\/§V0)§ 3, sIKa MEePETBOPEHHSIMU 3BOJAUTHCS 10
HepiBHOCTI: 3 < 81. ToOTO BOHA J1ICHO BUKOHYETHCS sl OylIb-sIKUX JToAaTHUX V),
TOMY IepIia TirnoTe3a J0BeeHa.

Jlns  nmoBenmeHHS Jpyroi TimoTe3nw MoTpidHO, 1mob6 S;=S5,=S5,>0 Ta
BUKOHYBaJIacs HepiBHiCTb:(%o)% > (j—%)g - %, SAKa TEPETBOPEHHSIMU 3BOJUTHCS 10
HepiBHOCTI: [ > é ToOTo BOHA TeX BipHA JJIsl OYAb-IKUX JOJATHUX S, TOMY 1 Apyra
rinoresa JI0BeICHA.

Jlnis moBeZieHHS TPEThOi TiMOoTe3u MOTpiOHO 3HalTH noxinny dyHkuii F(V,) =

2 2
6(V,)3 + (6V2(V — V,))3 - /3, npupiBHaTH ii 10 HYJIs Ta pO3B’S3aTH TaKe PiBHSHHI:
1 1
VS =6 - (6V2(V — V)P = 0;
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4
OTpumaemo JHIIE€ OJHY TOYKY €KCTpeMyMmy (Makcumymy): V, = e Otxe, Tpets

rinoresa TeX JOBe/ICHA.

[IpoBeneHe MareMaTH4HE AOBEJACHHS MIATBEPAMIO BHUCYHYTI TINOTE3W Ta
J03BOJIJIO TIEpEUTH 10 iX IHTepmperamii 3 mo3umid ontumizamii. OTpuMani
pe3yJIbTaTH CBIYATh, III0 3 METOIO MiHIMI3allll CyMapHOI IO MOBEPXOHb JOIIILHO
MaKCUMaJIbHO “rmiepenaTi” 00’eM KyOy, OCKUIbKM came Il ¢irypa 3abesrneuye
HalMEHIITy IOy IMOBEPXHI MPHU 3aaHOMY 00’ eM.

Boanodac y Bumnaaky, KoJii 3a yMOBOIO 33J1adl HE MOXHA 3HEXTYBATH KOJIHOIO
3 giryp, T06TO 00UIBI MaIOTh 30€epiraTH AOJATHUN 00’ €M, JOCATHEHHS aOCOTIOTHOTO
ONTHMYMYy CcTae HeMoxumBHM. lle, y cCBoo uyepry, NiATBEPKYE ICHYBaHHS
MakCUMyMy (YHKI[Ii CyMH IUIOI] MOBEPXOHb MPHU MEBHOMY PO3MOALI 00’€MIB MIXK
KyOOM 1 TeTpaepom.
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HuHi Baxko ysiBUTH OyJIb-Ky cepy KUTTS 0e3 iHPOpMaLITHUX TEXHOJIOTIH, 1
ocBiTa He € BHHIATKOM. CbOrojHi BOHa NOTpeOye HE JIMILE OHOBJIEHHS 3MICTY
HABYaHHS, a i MOLIYKY HOBUX €(EeKTUBHUX CIOCO0IB MmojaHHs Marepiary. Oco6nmuBo
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1€ aKTyaJbHO JJI1 YPOKIB MaTeMaTHKH, SIK1 BIITPAlOTh BAXKIUBY POJIb B OCBITHHOMY
nporeci. g quctumutira Gpopmye noridHe MHUCIICHHS, pO3BUBA€ BMIHHS aHATi3yBaTh
Ta y3araJbHIOBaTH iHGopMallito. BomHodac TpaauiiiHi miaIxXoa4 10 BUKIAJAaHHS, 110
30CepeKeH] Ha MOSCHEHHI TEMHU Ta PO3B’A3yBaHHI OJHOTUIIHUX 3aBIaHb, YACTO HE
3MaTHI 3aIllKaBUTH CY4YaCHHUX 3J00yBauiB OCBITHU, SIKI 3pOCTAlOTh Yy HHUGPOBOMY
CepEeIOBHIII 3 MOCTIHHUM MTOTOKOM 1H(pOpMAaITii.

BukopucTtanHs 1HTEpaKTUBHUX JOUIOK, IJIAHIIETIB, KOMIT IOTEpPIB Ta OHJIAiH-
m1aThopM J103BOJISIE 3pOOUTH YPOKH OLIBII HAOUHMMH, JTUHAMIYHUMU W ITIKAaBUMH.
Taki 3acobu copusAlOTH ajanTaiii HaBYAJIBHOTO Marepially A0 PI3HOTO piBHS
MITOTOBKY yYHIB, MIBUIIYIOTh IXHIO aKTUBHICTH 1 B3aEMOIIIO 3 YUUTEIEM. 3aBISKH
IHTEPaKTUBHAM METOJaM HaBUYaHHS 3pPOCTa€ MOTHBAIliSA, a CKIAAHI MaTeMaTH4HI
MOHSITTS CTAIOTh JOCTYIHIIIMMU JUIsl PO3YMIHHSA Ta 3aram’ siTOBYBaHHS.

CyyacHa menarorika OpIEHTYEThCS Ha BIPOBAKEHHS 1HTEPAKTUBHUX (POpM
HaBUYaHHs, Cepe/l IKUX — MaTeMaTUYH1 Ta JIOT14HI IFPH, TOJIOBOJIOMKH, TPYIIOBa poOOTa
Ta MPOEKTHA JISIBHICTh. BaKIMBY poJib BiIrpa€e TakoK BUKOPUCTAHHS IUMPOBUX
pecypciB 1 TEXHIYHUX 3aCO0IB HaBYAHHS.

OngnuM 13 Halle(DeKTUBHIIIMX I1HCTPYMEHTIB € I1HTEpPaKTMBHA JOIlKa, SKa
MOEHYE TPAMUIIHHI METOIM BHKJIQJAAHHSI 3 MYJIbTUMEAINHUMU MOMJIHBOCTSIMH,
poOJIsTuM ypoK O1IbIN Bi3yaldbHUM 1 AuHaAMiyHUM. Ha ypokax maTeMaTuKH i1 MOKHA
BUKOPUCTOBYBATH JIJISl IEMOHCTpAIlil MiATOTOBIEHUX MaTepialliB 3 1HTEPAKTUBHUMHU
eJIeMEeHTaMH, 3acTocyBaHHs oHusaiH-cepBiciB (LearningApps, GeoGebra, Desmos,
Kahoot, WolframAlpha, Online Test Pad, Triventy, MozaBook), Bi3yamizamii
CKJIQJHUX MaTEeMaTUYHUX TOHATH 1 MPOCTOPOBUX (Iryp, a TaKOX IJIs 3aTydeHHS
3100yBayiB 10 BUKOHAHHS IHTEPAKTUBHUX 3aB/aHb.

[HTEepaKTUBHI TEXHOJOrIi OCOOJIMBO akTyallbHI B yMOBaX AMCTAHIIIIHOIO Ta
3Mmimanoro HaB4yaHHs. OwnnaitH-ruiardopmu, Taki sk Google Classroom, Microsoft
Teams, Moodle, a Takox crerianizoBaHi pecypcu JJjisi BUBUEHHS MAaTEMATUKU —
KhanAcademy, GeoGebra Classroom, Matific — 3a0e3neuyioTh HOCTYMHICTH,
THYYKICTh Ta IHTEPAKTUBHICTh OCBITHBOTO TMpoIiecy. BoHN Aat0Th 3MOTy CTBOPIOBATU
HaBYaJbHI MaTepialy, NEpeBIPSATH 3HAHHSA Y4YHIB 1 OPraHi3oBYBaTH €(QEKTUBHY
B32€EMO/III0 HE3aJIEKHO BiJl (hopMaTy HaBUAHHS.

BaxxnuBuM 1HHOBAIIWHUM MIJAXOAOM € TaKOX rewmidikailis, ska nepeadadae
BIIPOBAHKCHHS ITPOBUX C€JIEMEHTIB y HaBUAJILHUI TIpoliec. BoHa cripusie miaBUIIIEHHTO
MOTHBAIII{ y49HIB, pOOUTH HaBUAHHS OUTBIII 3aXOTUTHBUM 1 €peKTUBHUM. IrpoBi MeTOAM
MOXYTh BHUKOPHUCTOBYBATHUCSl SIK JJII 3aCBOEHHS HOBOTO Marepiaiay, Tak 1 JyIs
3aKpITUICHHS 3HAHB 1 PO3BUTKY MPAKTUYHUX HABUYOK.
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Boanouac eexTrBHE BUKOPUCTAHHS 1HTEPAKTUBHUX TEXHOJIOTIN BUMarae Bif
YUUTENS] BUCOKOTO PiBHSI HU(POBOi KOMIETEHTHOCTI, @ TAKOXK HAJIEKHOTO TEXHIYHOTO
3a0e3neyeHHs 3aKaay OCBITH.

Omxe, IHTErpamiss CydacHHX TEXHOJIOTIH — 1HTEPAaKTUBHUX JIOIIOK,
KOMIT FOTEpiB, TUIAHIIIETIB, OHJAWH-TUIaTPopM 1 Teimidikalii — y mpoiec HaBYaHHS
MaTEeMAaTHKH CIpPHSE IIBHUINEHHIO SKOCTI OCBITHM Ta (QOPMYBAHHIO KIFOUOBHUX
KOMIIETEHTHOCTEH 3100yBaviB cepeIHbOT OCBITH. 30KpeMa, PO3BUBAIOTHCS KPUTHIHE
MUCJICHHsSI, HaBUYKM poOOTH 3 1H(opMalli€ro, yMIHHS CHIBOPALIOBAaTH Ta
BIJIMOBIIaJIbHO CTABUTHCS JI0 BJIACHOI AisUTbHOCTI. [Ipu mboMy ympoBamKeHHS ITHX
3ac00iB TOTpeOy€e HaJeKHOI MIATOTOBKH II€IaroriB i CHCTEMHOTO KOHTPOJIO 3a
e(eKTUBHICTIO BUKOPUCTAHHS LIU(PPOBUX TEXHOIOT1H.
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1. BCTYII

B mamm yac cTyeHTH 9acTO MIYKAOTh MUISXH ISl «TIOJIETTIICHHS O0YHCIICHHS
3a/lay 3 MaTeMAaTHYHOTO aHai3y, 110 NMPHUIIBHUANIYE OOYHCICHHS Ta €KOHOMUTH Yac,
ajie He JoroMarae CTyJeHTaM CaMOCTIMHO aHalli3yBaTH Ta PO3YMITH TOCTaBJICHY
nepea HUMU 3a7ady. ToX B HAUTIpIIOMy BHUTIAAKY BCE 3BOJMTHCS O TOTO, IO JIFOIH
HaOWparTh KOMaH/H, IpOTpaMa Po3B’A3y€ 1 BIAMOBIIb NEPEHOCUTHCA Y 301UT. Ciij
3a3HAYUTH, 10 XO04Ya HAWUTIOMYJSPHIIIMM BUOOPOM 3a3BHUYail CTAIOTh came IIBUIKI
OHJIAWH-KAJIbKYJIATOPH, TMpoOjieMa iX BUKOPHCTAHHS TOJSATaE, TMEpIl 3a BCe, Y
B1JIipBAHOCTI MAITMHHOI JIOT1KH B1J] YHIBEPCUTETCHKOI TPOrpamMu. AJKe, TOBOJII JETKO
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3aIlTyTaTUCs, KOJM CEpBIC XO0Y 1 PO3MHCYE pIIICHHS, ajie BUKOPUCTOBYE HAITO
rpomizaki abo 30BCIM iHINI 3aMiHU 3MIHHHX. bBinblie Toro, Taki mMporpaMu 4acTo
BHUJIAIOTh JIMIIE CYXWW KIHIICBUH PE3yJIbTAT, 30BCIM HE MOSCHIOIOYH T€OMETPUYHOI
JIOTIKA — YOMY ME3KI IHTEerpyBaHHs pO3CTaBJICHI caMe TakK, a He 1HaKIIIE.

Ha chorogHi pyHOK MaTeMaTHYHHUX MPOTPAMHUX TTAKETiB MOXKE 3aIIPOIIOHYBATH
y4aCHHKaM HaBYaJbHOI'O IIporiecy Oe3id BapiaHTIB, MOYMHAIOUM BiJ TOTYKHHUX
cucteM komm'totepHoi anrebpu (Wolfram Mathematica, Maple, SAGE) Tta
1HCTpYMEHTIB Bizyanizaiii (GeoGebra,), 10 TOKPOKOBUX OHJIAMH-KAIBKYJIATOPIB TUITY
WolframAlpha uu Symbolab.

VY npaniif poGoTi OyAe HaBeJACHO NPUKIAL BUKOPHCTAHHS XMapHOI Bepcii
nporpamuoro nakety SAGE (Software for Algebra and Geometry Experimentation):
Sage cell server, — 151 00UKCIIEHHSI KpaTHUX 1HTETpajiB, MPOBEJACHO MOPIBHIHHS 3
TPagUIIMHIM  OOYHCJICHHSAM Ta 3pOo0JIEHO BHCHOBOK IIOJIO JOIJIBHOCTI BHOOPY
METO/1a pO3paxyHKIB.

2. TPAJUIIMHUHN  PO3PAXYHOK & ITPOIPAMHHUM

IMAKET

[Tpu pydHOMY PO3paxyHKY CTYACHTH TOTPUMYIOTHCS TAKOTO AITOPUTMY:

1. 300paxkaroTh 00J1acTh IHTErpyBaHHS.
2. BubuparwTts cuctemy koopauHat (chepudHa, HWIIHIPUYHA, JCKApTOBA,
HOJISIpHA TOIIO).
3. Po3craBnsitoTh MeX1 IHTErpyBaHHS.

4. BUKOHYIOTb MTOCJIIIOBHE IHTETPYBaHHSI.

VY nporpamHOMy 3a0€3MeUeHHI KOPUCTYBavy MOTPIOHO JIUIIE BBECTH MOTPIOHY
KOMaHJy (pIBHSHHI 1 MexXi), 1 MporpamMa MHUTTEBO IOKa)X€ TOTOBHHA pe3yibTart.
MPOBJIEMATHUKA PYYHOI'O OBYUCJIEHHSA

[IpoOnema BupilieHHS NOAIOHUX IHTETPANIB Ha Manepi, Nojsrae, mepi 3a BCe,
y Bigyaumi3aiiii o6iacti. JIoBOII JIETKO MOMUITUTUCS B MEXKaX 1HTETPyBaHHS, SIKIIO HE-
MPaBUJILHO BHU3HAYUTH JIIHII TEPETUHY MOBEPXOHb (THX Taku MapabooiaiB abo
emncoiniB) abo X 3aryOMTH MIHYC MpU OOYMCIIEHHI. Y TOW K€ 4ac MaTeMaTHYHUN
MIPOrpaMHUI MAKET IBUJIKO BUPILIYE IaHy MpoOieMy, TOMy HMOBIPHICTh TOMUJIKH Ha
bOMY eTari Oy/ie HXKYE, 1 CTYAEHTY JUIIAEThCS JIMIIE IEPEMaIIOBATH Te 1110 BUaNA
nporpama y 3omut. Lle ocobarBO moJierirye MajatoBaHHsSI TPUBUMIPHOTO 00’ €KTY JJist
pO3paxyHKy TMOTPIMHMX IHTErpajliB B 3aJayaXx Ha 3HAXOMKEHHS 00’emy abo
CJIEKTPUYHOTO 3apsiy.

3. TNIPUKJAJA BUKOPUCTAHHS NIPOI'PAMHOI'O MTAKETY

SAGE (A TOYHIIIE XMAPHOI BEPCII SAGE CELL SERVER) VY

3ABJAHHI 7:
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X, ¥y = var('x, y')

# 1. Bisyanisauyis obnacti D

# Kono 3ajaHo HeABHO, ToMy BUMKopuUcToByemo implicit_plot

p_circle = implicit_plot(x**2 + y**2 - 2*y == @, (x, -1.5, 1.5), (y, -8.5, 2.5), color='blue', legend_label="Kono: x"2 + y*2 - 2y = @")
p_line = plot(x/sqrt(3), (x, @, 1.5), color='red’, legend_label='lpama: y = x/sqrt(3)")

p_axis = plot(®, (x, @, 1.5), color='black', legend_label='Bicb: y = 8')

# 3adapbosyemo ofnacTb, AKka NeXxuTb BcepeAuHi Kona, Huxde npamoi i suue oci X
p_fill = region_plot([x**2 + y**2 - 2¥y <= @, y <= x/sqrt(3), y »>= @], (x, @, 1.5), (y, @, 1), incol="lightgreen')

print("1. Bisyanizauis obnacTi inTerpysaHHa:")
# aspect_ratio=1 pobuTb Kono piBHMM (He CRNKCHYTUM)
show(p_circle + p_line + p_axis + p_fill, figsize=5, aspect_ratio=1)

# 2. AHaniTudHe obuucneHHs nnowi

# [lna uboro 3aBAaHHA MaTemaTudHO HabaraTo npocTiwe iWTerpysaTu nmo oci Y (Bip @ mo 1/2)
# Topi npaea mexa ¢irypu - ue kono (x = sqrt(2y - y~2)), a niea - npama (X = sgrt(3)*y)
f_right = sqrt(2*y - y**2)

f_left = y * sqrt(3)

y_min = @

y_max = 1/2

# Paxyemo nopeiiinuii iHTerpan (iHTerpyemo 1 cnodaTky no dx, nmoTim no dy)
area_S = integrate(integrate(l, x, f_left, f right), y, y_min, y_max)

print("2. Mnowa ¢irypw (aHaniTwuHwii pospaxyHok):")
print("s = {}".format(area_S))

Puc. 1: Ilpuxnao kooy

1. Bizyanizsayia c6nacti iuTerpysaHHs:
25!
= Npama: y = x/sqrt(3)
—Bicb:y =0

0.5 1.0 15

—0.5 4

2. Nnowa ¢irypn (aHaniTv4HWA POSpPaxyHOK):
S = 0.16666666666666666%pi - ©.25%sqrt(3)

Puc. 2: Pe3ynomam 6uKOHAHHS KOOY

XwmapHa Bepcis nporpamuoro nakery SAGE: Sage cell server 6a3yerbcs Ha
BUKOPUCTaHHI MOBH nporpamyBaHHsa Python. KopuctyBau nwiie BiamoBimHuiA Koz
(Puc.1) nna 3aBmaHHs, TICAS YOTO CEpBEp aBTOMATUYHO MPOBOAUTH OOYMCIICHHS,
reHepye rpadik 1 Bugae BianoBiab (Puc.2). IloTpiOHO TakoX 3a3HAYUTH, IIO
MPOTPaMHMI KO JUIsl O0YMCIICHBb Ta Bi3yasisallii OyB HalMcaHWM Ta aJanTOBaHUM 3a
JIOTIOMOTOI0 IHCTPYMEHTIB TE€HEPATUBHOTO IITYYHOTO IHTENEKTY, IO € YacTOIo
MPaKTUKOI onTuMizailii podotu. Cruparoyuck Ha oQiliiHy TOKYMEHTAIli0, MOKHA
BUJIJTUTH TaKi KJIIFOYOB1 MOXJIMBOCTI, TAHOTO XMAapHOTO MaKEeTY:

1. IIporpama Gepe Ha cebe po3paxyHOK KpaTHUX 1HTErpalliB, IPaHUIlb
Ta noxiguux. Lle rapanTye, 110 Npu po3paxyHKy He "3aryOuThCs MiHyC" 4u He
OyJie MOMMJIKH y JIpoOax Ha MPOMDKHHX €Tarax.

2. [TakeT nuaamivHO Oyye Tpadiku, KPUBI Ta MPOCTOPOBI TOBEPXHI,
aKypatHO 3adapOoByroun ckjiaaHi obiacti. Lle mo3Bomisie mobayuTH Ty camy
o0JjacTh 1HTETPYBaHHS, 1 JIUIIAETHCS JIUILIE MEPEHECTH TOTOBUN MAJIIOHOK Yy
30MIHUT.
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3. ABTOMATHYHO PO3B'SA3Yy€ PIBHSHHS Ta HEPIBHOCTI, IO JOMIOMArae
OpU TONIYKYy TOYHUX TOYOK TMEPETHHY KPHUBHX [JISI PO3CTAHOBKH MEX
IHTErpyBaHHSI.

4. OxpiM MaTeMaTUYHOTO aHaNi3y, MaKeT BUPIIIye 3aaadl 3 JIHIHHOT
anreOpu, TudepeHIHUX PIBHAHb, CTATUCTUKH Ta KOMOIHATOPUKH.

4. BUCHOBOK
OTxe, SIKILO MpoaHai3yBaTH 0OUJIBA MIAXOAM, MOKHA 3pOOUTH BUCHOBOK, IO
HE 3Ba)KAIOUX HA TMOTYXKHICTh MPOTPAMHHUX IMMAKETIB Ta PU3UK MMOMWJIOK MIPU PYUYHOMY
OOYHCIIEHH], TPaJWLIAHUN PO3PAXyHOK, Ha MOIO IYMKY, € KOPHUCHIIIUM JJIst
dbopMyBaHHS HaBUYOK aHaNI3yBaHHS Ta IIOIIYKYy pillleHb BUKOHAHHS 3aad
cTyneHTamMu. A mporpamui naketu (taki sk SAGE) gouuibHO BUKOPUCTOBYBATHU SIK
IHCTPYMEHT JJisi TEpEeBIpKM pe3ysbTariB. BojHouac sl MOAOJAHHS TOJIOBHOI
npoOjeMu — CKIQJAHOCTI Bi3yaiizaimii Ta TONIYKY MEX IHTerpaiiB —
Haile()eKTUBHIMUM € KOMOIHOBAaHMM MIiAXiJ: BUKOPHUCTAHHS CIEIiali30BaHUX
nonatkiB (Hanpuknana, GeoGebra) mist moOynoBu rpadikiB 13 MOAAIBIIUM PYYHUM
O0OYHCIICHHSIM CaMOro 1HTerparna.
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HyanbHa ocBiTa — ojiHa 3 (HOpM 3700yTTS OCBITH, NIepen0adyeHUX CTaTTero 9
3akony Ykpainu «IIpo ocBity» [2]. [loeaHyroun Teopit0 y BUIIIOMY HaBYAIbHOMY
3aknazal (mo 40%) 3 OpakTUYHOIO MIArOTOBKOIO Ha poboyomy wicti (10 60%), Taka
MOJIeIh TOKJIMKaHAa MiIT0TYBaTH HE MPOCTO AUIIJIOMOBAHUX CIEL1aTICTIB-TEOPETHUKIB,
a KOHKYPEHTOCIIPOMOXHUX (PaxiBI[iB, 3JaTHUX €(PEKTUBHO MPALIOBATA B PEATbHUX
PUHKOBHX yMOBaX.

Inest moeqnanus GanaHCy Teopii Ta MPAKTUKU HA KOHKPETHOMY MiIIPUEMCTBI
3’BWJIACH 1 HAMOUTBIIIOTO MOIMpeHHs 3100yna y Himeuuuni [4]. BtiM, He3BaXkarouu
Ha BUCOKHUH IHTEpEC YUEHHUX 1 OCBITSH /10 MPOOJIEMATUKH PO3BUTKY TyaJIbHOI OCBITH,
naHa ¢opma 3700yTTsS (axoBUX KOMIETEHIIM J10CI 3aJMIIAEThCS HEIOCTATHBO
JOCJIIIKEHO0 B YKpaiHi. bibIie Toro, CbOro/IHi e 3aJIMIIAaI0THCS HE TIOBHOKO MIPOO
BU3HAUCHI MPABOBI Ta OpTraHi3ailiiiHl 3acaiu peai3ailii OCBITHBOIO MPOLECY 3a
IyaJbHOK MOJEIUTIO [5].

Hocmmkerns KSE Institute Ta MinicTepcTBa OCBITH YKpaiHU CBIIYUTH, 110 B
VYkpaiHi IyanbHa OCBITa, BIPOBAKEHHS SKOi aKTUBHO posmnoyanocs y 2018 por,
MOKH 10 HE CcTajia MomupeHuM sisutieM. Tak, y 2024 p. nyaibHy OCBITY 00paiu JuIie
5 THcsd 3100yBaviB OCBITH, a B ICSIKUX PETioHax, sSK-oT YepHiBelpka 001acTh, — He
0yJI0 )KOAHOTO BCTYIMHUKA Ha JyalibH1 MporpamMu. HU3BKOI0 € 3aTy4eHICTh 10 Ay JIbHOT
(dbopmu HaBUaHHS YKpaiHCbKOTO O13Hecy: uie 1,4% O6epyTh y4acTs B nyaibHii GopMi
3100yTTSl OCBITH, TOAl K cepeaHiit mokasHuk B €C — 32,4%. Ilpu mpomy 21,8%
MpE/ICTaBHUKIB KOMITaHId HE PO3yMIIOTh YMOBU B3a€MOJII MK MIANPUEMCTBOM Ta
3aKJIa70M OCBITH [3].

OauuM 13 HaHCKIIQOHIIINX € BU3HAYEHHS YITKUX MEX MK JUCHUIUIIHAMU, K1
MarOTh BUKJIAJIATUCSA B YHIBEPCUTETI, Ta TUMH, III0 MOXKHA IHTETpYBaTH y podoty. Lle
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YCKJIQJTHIOE pealti3alliio AyabHOI OCBITH JIsl OakasiaBpiB, 0COOJMBO HA MOYATKOBUX
Kypcax, HaroJomryroTh y kommnasii SoftServe, sika y 29 BUIINX HaBYAIBHUX 3aKJiaJax
VYkpainun 3anpoBamwia AyanbHi [T-mporpamu, a 3 [BOMa YHIBEpCHUTETaMHU
peanizoByBaja AyalbHY OCBITY BIIIOBIIHO J0 3aKOHOJABCTBA. [HIOIO CKJIAIHICTIO,
nonaroTh y SoftServe, € mqokyMeHTallbHaA YacTHA — (DopMaltizallis 1yaabHOI OCBITH
noTpeOye 3HAYHOTO aJAMIHICTPAaTUBHOTO pecypcey [1].

BTiMm ixHil 10CBiA JOBOAMTH, IO AyalibHa OCBiTa JyuIs cremiaiicTiB y [T-chepi
— IIe peaJIbHUN 1HCTPYMEHT TpaHc(opMallii OCBITHBOTO MPOLECY, SIKUA MPUHOCUTD
KOPHCTb yCIM YYaCHHUKaM:

1. /[na 3000ysauie — OTpPUMaHHS pPEaTbHOTO JOCBITYy poOOTH, (hiHaHCOBA
BHHAropo/a IiJi Yac HaBYaHHS Ta rapaHTOBaHE MPaIeBIAIITYBaHHS.

2. /Jlna 6i3nHecy — TMIATOTOBKAa KaJpiB «miag ce0e», 3MEHIICHHS BUTPAT Ha
aJIanTaIliio HOBUX CIIBPOOITHUKIB Ta MIABUIICHHS KOHKYPEHTOCIIPOMOKHOCTI.

3. s depoicasu — 3MEHIICHHS PIBHS MOJIOAIKHOTO O€3pOOITTS Ta BiAMOBIAHICTD
KBaidikaiiii norpedbamM eKOHOMIKH.

Taka Mozeb 3100yTTS OCBITH OCOOJIMBO aKTyaJlbHA y BUKJIAJaHHI MaTEMaTHUKU
Ta 1H(OPMATUKU IJIsl CTYJEHTIB YK€ 3 Nepuoro Kypcy. BoHu MaroTh HaBYaTucs
CBIIOMO 1 3 CaMOro IOYaTKy pPO3YMITH «IPUKIATHICTB» CIenianizamii, sKy
3100yBatoTh. CaMe JyajbHa OCBITa MOXKE CTaTU «(POPMYIIOI0 YCIIXY», SKa IMiABUIIUTD
KOHKYPEHTOCTIPOMOXKHICTh ~ BUITyCKHUKIB IT-cnemianpbHOCTI Ha pUHKY TIpaiii,
3a0e3Mneuyroun iX MPaKTUYHUMHU HAaBUIKAMHU.

1o mpornonyeThCS:

1. Po3pobutn Ta 3arBepautu BHyTpiluHe «llomokeHHs mpo ayanbHy (Qopmy
3100yTTS BULIOI OCBITWY», Kepyrounch HakazaMu MOH Ykpainu (Hanpukiaz, Ne
426 Bix 13.04.2023).

2. Ilipnmucaty 1OrOBOPH MPO CHIBMNPALIO 3 MIATPUEMCTBAMH (POOOTOIABLISIMHU ), 1110
3abe3nedarb poOoYi MICIlsl, HACTABHUKIB Ta OQiliiHe palleBIalITyBaHHs.

3. CainbHO 3 pOOOTOMABIIMU TEPETJITHYTH OCBITHIO MPOTpamy, IHTETPYBaBIIH
MPaKTUYHI 3aBJaHHSA 3 TIANPUEMCTBA B 1HAWBIIyajdbHI HaBUYaJbHI ILUIaHH
CTYJICHTIB.

4. IlpoBecTu KOHKYpCHUU BIAOIp cepell CTyAEHTIB JeHHOI (GopMH, sIKI OaKarOTh
mpamoBaTH 32 (axoM Ta TEpeBeCTH iX Ha AyaibHy ¢GopMy, YKIacTd
1HAMBITyaJIbHI TPYIOBI JOTOBOPH Ta BUJIATH HAKa3 PO NEpPEeBEACHHS.

5. OpranizyBaT HaBYaHHs, J€ CTYIEHT 3400yBa€ TEOpPETHYHI 3HAHHSI B
YHIBEPCUTETI, a TMpodeciiiHi KOMIETEHTHOCTI — Ha MiJMNPUEMCTBI il
KEpPIBHHUIITBOM HACTaBHUKA.

6. OuiHOBaTH pe3yJbTaTH HABYAHHS CIJIBLHO 3 PoOOTONABIIEM Ta BigoOpa)xaTH
dbopmMy HaBYAHHSI B AUTIIIOMI.
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OTO)K, B CKIIaJHHUX YMOBaX CbOI'OJACHHSA AyaJIbHY OCBiTy CJIi,II po3riaaT sK

e(deKTUBHUN 1HCTPYMEHT MIBUAKOTO MOA0JMaHHs AeinuTy KBali(ikoBaHUX poOOUNX

KaJpiB, HEOOXIMHUX JUIs BIAOYyZOBH 1HGPACTPYKTYpH Ta €KOHOMIKH. [l 1bOro
HEOOX1IHO yJOCKOHAJIIOBAaTH Ha PIiBHI JepKaBU HOPMATUBHY 0a3y, 30Kpema

PO3pOOUTH CTaHIAPTH, IO PETIaMEHTYBAaTUMYTh IIpaBa Ta 00OB'I3KHM 3aKJIa1B OCBITH,

HiI[HpHGMCTB Ta CTy,Z[eHTiB, a KOMIIaHISIM CTaBaTH aKTHBHUMU IMapTHCpAaMHU BHIIIUX

HAaBYAJIBHUX 3aKJajiB, OEpyyd yuyacTb y pO3poOIl HaBYAIBHUX MporpaM Ta

3a0€3Meuyoun CTYACHTIB PoOOYMMHU MiclsiIMU. ['0JIOBHE — 1I€ CHHEpris 3yCHJIb

YHIBEpPCUTETY, KOMIAHIi Ta CTyJEHTa, a TAKOX TOTOBHICTH JI0 BHUKJIMKIB 1 MOIIYKY

HOBHX DIIlICHb.

Cnucok BUKOPHCTAHUX JKepeJt:

1.

SoftServe Tpanchopmye OCBITY: TOCBiA BIPOBAKEHHS Ty JIbHOTO HaBYaHHS Ha
npukiaai 16 IT- mporpam. — URL: https://osvitanova.com.ua/posts/6672-
softserve-transformuie-osvitu-dosvid-vprovadzhennia-dualnoho-navchannia-
na-prykladi-16-it-prohram (/lara 3Bepuenns 10.03.2026)

3akoH Ykpainu «IIpo OCBITY». — Pexum JOCTYIY:
https://zakon.rada.gov.ua/laws/show/2145-19#Text (Hara 3BEpPHEHHS
10.03.2026)

Kapakait A. Casicbko M., /lyanbHa ocBiTa B YKpaiHi: K MacimiTaOyBaTH 1
30UIBIIMTH y4yacTh Oi3Hecy. LleHTp mOocCHiIKeHHS OCBITH B HaJ3BUYAWHUX
cutyauisx (KSE Institute) 3a migrpumkun MiHicTepcTBa ocBiTH YKpainu., 2025
p.—URL: https://kse.ua/wp-content/uploads/2025/09/Zvit.-Dualna-profesiyno-
tehnichna-osvita.pdf (/lata 3seprenns 10.03.2026)

Maprnentok JI.B., [lyanbHa ocBita sik 3aci0 e(eKTUBHOTO MOEAHAHHS TEOPii Ta
npaktuku. Review of Transport Economics And Management, 4 (20), 154—164.
— URL: https://pte.ust.edu.ua/article/view/228876/228236 (/lara 3BepHECHHS
10.03.2026)

. Xonmseko H., Menpauuenko A., BropoBamkeHHS IyanbHOI OCBITU B

yHIBepcUTETaX YKpaiHU: CHUHEpPreTuyHi e(eKTH id  CTEeUKXOJAEpIB.
Exonomiuni mayku ISSN 2307-5740. Bicuuk XMenbHUIIBKOTO HAI[lOHAIBHOTO
yHiBepcutety 2022, Ne 2, Towm 2, 315.

EJIJEKTPOHHI TABJHUIII SIK TUJAKTUYHNM 3ACIE HABUAHHSI

PO3B’SI3YBAHHS CUCTEM JITHIMHUX PIBHAHB ¥ 7 KJIACI
Apmem Bonoapenko
E-mail: artem.sysa@student.karazin.ua
Hayrosuii kepisnux: Benrvma Ceimnana Borooumupisna
Xapkiecvkuii HayionanvHul yrieepcumem imeni B. H. Kapa3sina
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OgHuM 3 TOJIOBHUX 3aBJaHb CY4YacHOI WIKIJIbHOI MaTeMaTUYHOI OCBITH €
PO3BUTOK B Y4YHIB 3JaTHOCTI BHUKOPHUCTOBYBAaTHM MAaTEMaTHUHI I1HCTPYMEHTH IUIs
pO3B’sI3yBaHHS NpUKIATHUX 3anad. Tema «CuCTeMH JIHIMHUX PIBHSIHBY y Kypcl
anrebpu 7 kiacy 3aliMae IEHTpaJbHE MICIe, OCKUIBKH (popmye (PyHIaMEHTaNIbHI
MaTEeMaTU4Hl YSBJIEHHSA, HEOOXIJAHI JUIsl MOJANbIIOT0 OMaHyBaHHS SIK IIKUIHHOTO
KypCy MaT€MaTHKH, TaK 1 CYMDKHUX HaBYAIbHUX AUCHUIUIIH. TpaauIiiai miaxoau 10
HAaBYaHHS 4YacTO He 3a0e3MedylOTh JOCTATHHOTO PIBHS YCBIJOMIICHHS aJTOPUTMIB
PO3B’s3yBaHHS Ta HAOYHOTO PO3YMIHHS TEOMETPUYHOTO 3MICTY CUCTEM PIBHSIHB. ToMy
aKTyaJIbHUM € BIPOBAKEHHS eeKTpoHHUX Tabmuik (ET) sk qumakTudHOro 3aco0y,
10 IOE€JTHY€ OOYHUCITIOBANIBHY MOTYXHICTH 13 IIMPOKUMH MOKJIMBOCTSIMH Bi3yalli3allii.

Enextponni Tabmmii (Microsoft Excel 1 Google Sheets) € 3aranpHOI0CTYTHUMHA
IPOrpaMHUMH 3ac00aMH, IO aKTUBHO BHKOPHMCTOBYIOThCA y cepi ocBiTh. IXHiii
TUIAKTUYHUN TOTEHIa JJI1 HaBYaHHS CHUCTEM JIHIMHMX PIBHSHb pealizyeTbes 3a
kuibkoma Hampsimamu. [lo-mepmie, ET 3a0e3nedyrorh aBTOMaTH3allil0 OOYHCIICHD:
Y4E€Hb MOKE BBECTH KOE(DII[IEHTH PIBHAHD y KIITUHKU TAOIHIl i MUTTEBO OTPUMATHU
pe3ynbTar 3a QOopMyJI0I0, 30CEpEAMBINM yBary Ha PO3YMIiHHI ajirOpUTMy, a HE Ha
pyTHHHMX apudMeTnyHux onepauisx. llo-mpyre, BOymoBaHuid 1HCTpyMEHTapiii
moOyI0BH JllarpaM JO3BOJISIE pealli3yBaTH rpapiyHUil METO PO3B’AI3yBaHHS: JIIHIMHE
PIBHSIHHS 3aJa€Tbcsl Tabimiero 3HadeHb, a ET aBTomaTnyHO Oyaye BiAMOBIIHHUI
rpadik. Touka nepeTuHy IBOX NPSMUX CTA€ HAOUHUM 1 TMHAMIYHUM MiATBEPIXKEHHAM
PO3B’SI3KY CUCTEMH.

Meron mincranoBku B cepenoBuill ET nHaOyBae HOBOTO METOIWYHOIO
opopMieHHs. YUeHb BUpaXae OJHY 3MIHHY 4epe3 1HIIy Oe3nocepenanbo y (hopmydi
KJIITUHKH, MICIIS YOr0 MIJCTaBJsi€ OTPUMAHUN BUpPA3 y ApYyre piBHSAHHA. 3MiHA Oy/b-
SIKOTO Koe(illleHTa MUTTEBO TEPEPaXOBYE€ BECh JAHIIOKOK 3aJIEKHOCTEH, IO
YHAOUYHIOE BIUIMB MapaMeTpiB HAa po3B’sI30K. MeToj A0/laBaHHs pealli3yeThbCsl Yepes
OKpPEMHI CTOBIICIb, Y SKOMY 3alUCYEThCS CyMa JIIBUX 1 TIPABUX YAaCTUH PIBHSHB 13
MONepeaHbO MiI0paHUMH MHOXXHUKAMHU. YUYEHb CIOCTEpirae, sik OJiHa 31 3MIHHHX
«GHUILYETHCS», M aHaI3y€e€ YMOBY, 3a SIKOi IIe cTae MOxJMBUM. OOuIBa METONU B
TaKOMy TIOJIaHHI CTalOTh MPO30OPHUMH 33 CBOEID JIOTIKOIO Ta JOCTYMHHMH MJis
CaMOCTIMHOI'O JOCJIIKEHHS.

Okpemoro po3risily 3aciyroByloTh (QyHKIIOHAIBHI MoxymBocTi ET, mio
PO3UIMPIOIOTh TpaauliiHui HaBuanbHui mpouec. Dynkiis «[linbip mapamerpa»
(Goal Seek) y Excel ab6o anamoriunuii inctpyMeHT y Google Sheets no3Boisie
PO3B’s3yBaTH PIBHSHHS i CUCTEMH 1TE€palliifHO, HE BIAIOYUCH JI0 PYYHUX OOUYNCIICHB.
Han6ynosa «Ilomyk pimenns» (Solver) peanizye OuTbI 3araibHUN Miaxig. Y MOBHE
dbopmaTyBaHHS Ja€ 3MOTY BHUJUIATH KJIITHHKH 3 PO3B’SA3KOM a00 BKa3zyBaTH Ha
CYNepewINBICTh YU HEBU3HAYEHICTh CUCTEMH, IO (POpMy€ pO3YMIHHS Kiacudikarii
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CHUCTEM 3a KUIBKICTIO pO3B’s3KiB. JluHaMiuHe TOB’s3yBaHHSA TaOIUIlb 1 rpadikiB —
3MiHa Koe(ilieHTa y Tabnuill OAHOYACHO 3MIHIOE TOJIOKEHHSI MPSAMOI Ha rpadiky —
dbopmye IHTYITUBHE PO3YMIHHS B3a€MO3B’SI3KY MK AHAIITUYHUM 1 TEOMETPUYHUM
3aIrCcoM.

TakuM 4uHOM, €JEKTPOHHI TaONHIll € e()EKTUBHUM IUIAKTHYHHUM 3acO00M
HABYaHHS CUCTEM JHIMHMX piBHAHB y Kypci anrebpu 7 kiacy. IX 3acTocyBaHHS
JI03BOJISIE pealizyBaTu rpadiyHuil METO, METO/I MiJICTAHOBKH Ta METOJ JOJaBaHHS B
IHTEpaKTUBHOMY ¥ HAOYHOMY BUTJISAI, aBTOMATH3yBaTH OOYHUCIICHHS, 3a0€3MEYUTH
MUTTEBUM 3BOPOTHUIM 3B’A30K 1 MIATPUMATH JOCTIAHMUIBKY [ISJIBHICTH YYHIB.
[lepcnekTBM MOANBIIMX JOCHIHPKEHb TIOB’SI3aHI 3  PO3POOKOI0  KOMIUICKCY
MPaKTUYHUX 3a/ad, TOTOBUX IMa0ioHIB y cepenoBuili ET Ta mepeBipkoio iXHBOI
e(eKTUBHOCTI B peaibHIi HaBYANbHIN MPAKTHUIII.

CnucoKk BUKOPHCTAHUX JKepeJt:

1. Bukopucrtanus iHcTpyMeHTiB Google y MaTeMaTuyHii MiArOTOBII CTYACHTIB /
®ypcukosa T. B., nsuauak C. O., Xanenko JI. /1. // CyyacHi acieKTH pO3BUTKY
(p13MKO-MaTEMaTUYHUX HAyK B enoxy Iudposizauii : HaykoBa moHorpadis.
Pura, JlaTBis: «Baltija Publishing, 2022. C. 132-145.
https://doi.org/10.30525/978-9934-26-271-5-5 ([lata 3Bepuenns 19.03.2026)

2. JlepxaBHuii crannapt 6a3oBoi cepeaboi ocBiTU. [ToctanoBa KMV Ne 898 Bifg
30.09.2020. URL: https://mon.gov.ua (/lata 3Bepuennst 19.03.2026)

3. Maremaruka 3 komm’torepoM. [locionuk mist BuuteniB / M.I. XKangak, FO.B.
INopomiko, €.®. Binanuenko. K.: Bun-so HITY imeni MLI1. JIparomanosa, 2015.
315c.

4. MaremaTh4Ha OCBITa: KOMIETEHTHICHUH miaxia 3 Bukopuctanusm IKT / C. A.
PaxoB; XapkiBcbkuil HarioHanpHUN niegaroriuanii yH-T iM. [.C. CxoBopou.
X.: @akr, 2005. 360 c.

3AJJAYHUM MIAXIT 10 ®OPMYBAHHS MATEMATHYHOI
KOMIETEHTHOCTI CTYJIEHTIB TEXHIYHUX CIIEIIAJIbHOCTEM:
TEOPETUKO-IUJAKTUYHHUMN TA AJITOPUTMIYHUNA ACHIEKTH
Koenax Muxaiino Apmemosuu
E-mail: mishakovpak2007@gmail.com
HayxkoBuii kepiBHuk: biaxieBchka Ipuna [lerpiBaa
KwuiBcbkuit nomitexaiuanii [HetutyT imeHi Iropst Cikopchkoro

1. Beryn Ta moctaHoBKa npoodjiemMu
KirogoBoro mpoOieMor0 BHINOI MaTeMAaTHYHOI OCBITM Yy  TEXHIYHHUX
YHIBEPCUTETAX 3AJIMINAETHCSA TOMOMaHHS (opManizMy — CTaHy, 3a SIKOTO CTYIEHT
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BIITBOPIOE BU3HAUCHHS W TeopemMu 0€3 pO3yMiHHS IXHBOTO 3MicTy. JlochimKkeHHs
PISA i TIMSS ¢ikcytoTs cTablIbHY TEHACHIIIIO: MOMPHU BIIHOCHO BUCOKI MOKa3HUKHU
AITOPUTMIYHUX HABUYOK, PIBEHb MaTEeMAaTHMYHOTO MIPKYBaHHA Ta MOJIEIIOBAHHS
3aNUIIAE€THCA HU3bKUM. JIJIs TEXHIUHUX CIeliaJbHOCTEeHd IIe HaOyBae OCOOIMBOI
TOCTPOTH: CTYJEHT, 110 HE PO3yMi€ MaTeMaTUYHOI CTPYKTYpHU 3ajayl, HE 3aTHUN
3aCTOCOBYBATH anapar y ¢haxoBUX JUCIMILIIHAX — OMOP1 MEXaHIKH, Teopii KiJ1, Teopii
KEepyBaHHS.

3amayHuil miaxia, po3poOJeHU y paMKax Teopli pO3BUBAIBLHOTO HABYAHHS 1
KOHIENI[I MOeTanHoro (opMyBaHHS pO3YMOBHX [, pO3IJsae HaBUYaIbHY
MaTeMaTHYHy 3a7lady He SK BIPaBy Ha 3aCTOCYBAaHHSA alTOPUTMY, a SIK MOJEIb
Mi3HAaBAJIbHOI CHUTYyallii, U0 MOTpedye CaMOCTIHOI MOOYJOBH METOAY pPO3B'S3aHHS.
3ajaya BUCTyNa€ OCHOBHOIO OJJMHUIICIO0 HABUAJIBLHOTO MIPOLIECY, @ CUCTEMA 3ajiay Ta iX
nyOaiYHUNA 3aXMCT — IHCTPYMEHTOM KOHCTPYIOBaHHS MaTeMaTHMYHOTO 3HAaHHS Ta
npodeciitHoi cMinuBoCTi [4].

Mera nocnimkenns: (a) dhopmainizallis HOHITTS HaBUaJIbHOI 3a/1adul 3aco0amu
TEOpii CKJIAJHOCTI Ta MaTeMaTHYHOIO aHami3y; (0) moOymoBa i€papXiyHOi CHUCTEMH
3a/1a4 I KI0YOBUX po3autiB Kypcey Buioi matemaTuku KIII im. Iropst Cikopcekoro;
(B) emmnipuyHa nepeBipka €()EeKTUBHOCTI 3alPONOHOBAHOI METOAMKUA Ha CTyAEHTax
1HXKEHEPHUX (DaKyJIbTETIB.

2. TeopernyHi 3acaau: MaTeMAaTHYHA CTPYKTYPA HABYAJIbHOI 3a1a4i

HaBuanbny 3amady gopmainizoBano sk tpiky 1 = (S, G, O), ne S — MHOXHHA
MOYaTKOBUX yMOB, G — ITIbOBa yMOBa, O — I0ycTUMI oniepailii. Po3B'sa3anus nomusirae
y 1oOyI0B1 CKIHYEHHOTO JIAaHIIIOKKa omeparliii 3 O, 1o nepeBoJsiTh CTaH S y CTaH,
axuit 3a0BosibHAE G. Taka dopmarnizailisi MpUPOIHO MOB'SI3yE TUIAKTUKY 3 TEOPIEIO
aIrOPUTMIB 1 103BOJISAE KJIacU(PIKyBaTH 3a/1ayi 32 00UMCIIOBAIIBHOIO CKJIA/IHICTIO.

Oznauenns 1. 3amauy 7T Ha3uBalOTb KOHCMPYKMUBHOMN, SKIIO 1CHYE
MOJIIHOMIaJIbHO OOMEXKEHU N aliropUTM A, 1110 Oy1y€ po3B'si30k 3a yac O(nk), 1e n = |S|,
k € N.

O3znauenHs 2. 3amauy 7 Ha3UBaIOTh O0CAIOHUYLKOWO, SIKIIO KOJEH BIIOMUUN
MOJIIHOMIAJIbHUW aJITOPUTM HE PO3B'A3YE ii B 3arajibHOMY BHUIAJIKY, MPOTE BepUDIKaIis
OKpEeMHX €K3eMIUIIPIB € e(heKTUBHOIO [1].

3. Ilpukiaaam 3acTOCYBaHHSl Yy KJIYOBUX PpPoO3aijax Kypcy BHIIOI
MaTeMaTUKH

JIuckpeTHa MareMaTHKa Ta Teopisi ajropurmibB. Anroput™ [leldkcTpu -
MOIIYKY HAKOpPOTIIOro HUIAXY Y 3BaXXKEHOMY opieHToBaHoMmy rpadi G = (V, E, w)
pebep, 10 3a7acThcsi MHOXKHHOKO BEpIIMH V, MHOXUHOIO pebep E Ta Baroporo
¢dynkuiero w. Taka KOHCTPYKTHUBHA 33]1a4 3 TPSIMUM BUXOJIOM Ha KOMII'FOTEPH1 MEPExK1
Ta 3aJa4dl MapupyTu3alii — TpaguuiiHo aktyanbHi i cryaeHTtiB ®OIOT 1 KIII
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3arajioM. MeToauyHO BaXJIMBUM € aHaJI3 iHEapianmy yuxiy: TICIs KOXKHOI 1Teparlii
U BCiX O0OpoOJieHMX BepiiuH V & S 3Ha4YeHHS d(V) € TOYHOK BIJICTAaHHIO Bij
mkepena. JloBegeHHST KOPEKTHOCTI 4Yepe3 el 1HBapiaHT — MPUKIIA] JOCHTITHUIBKOT
3a/1a4i, 10 GopMy€e HABUYKH MaTEMAaTHYHOI IHAYKIlIT Ta aHaJi3y aJlropuTMiB [2].

MartemaTuunuii anamiiz. LleHTpanbHOIO JUAAKTUYHOIO MPOOJIIEMOIO KYpCy €
3aCBOEHHSI KUIBKICHOTO XapakTepy TpaHWYHUX TNepexoAiB. 3aJadyHuil MiaxXia
nepeadavae caMoCTIMHY KOHCTPYKIIIO QYHKIIIT d(€) AJIsI KOHKPETHUX KJ1aciB (hyHKITIH.
KirouoBuii MeTonnYHUIT MOMEHT y €-0 3a/1adax — MOIIYK JOMOMIXHOTO OOMEKEHHS
Ha 00JIacTh 3MIHU X, MH 3aMIHIOEMO HOTO JITHIHHOIO MaKOPaHTOIO (OIIHKOIO 3BEPXY).
[le#i mpuiioM € MPUKIAJAOM KOTHITUBHOI CXEMH — IOBTOPIOBAHOI CTpaTerii, SKy
CTYJICHT-1HKE€HEP Ma€ CBIJIOMO 3aCBOITU JUIsl MOJAJBIIOrO 3aCTOCYBAaHHS B Kypcax
nudepeHIliaIbHUuX PIBHIHB 1 Teopii QYHKINN KOMIUIEKCHOT 3MIHHOI. [6]

[mkenepy, BaxiuBo Oauntu Marematuky "B mii". I[lpm  BuBUYEHHI
MaTEeMaTUYHOTO aHaJi3y pOOUTHCS aKIIEHT Ha QYHINIIAX OaraTboX 3MIHHUX Ta KPaTHUX
IHTerpajax d4epe3 Mpu3Myr IpajieHTa, 3aJad min/max Ta skobiaHa. Posrismaemo
OCTaHHIN AK Mipy aedopmarlii, O € KPUTUYHO BAXKJIMBHM IPU CTBOPEHHI IrPOBUX
CBITIB 200 CKJAaJHHUX BI3yalbHUX €(ekTiB. J(OCHIKyroun TWHAMIYHI Ta METPHUYHI
XapaKTEPUCTHKHU Yepe3 HANMCAHHS KOy, CTYJEHTH 0auyaTh, sk aOCTpakTHI GopMynu
MEePETBOPIOIOTHCA HA peajibHy JIOTIKY TpaHcopMallii piryp y BipTyaabHOMY IPOCTOPI

Teopisn JiimoBipHocTeli Ta MaTtemaTuyHa cratuctuka. Kypc pscHie
KOHTPIHTYITUBHUMH pe3yJIbTaTaMu, 1110 PYHHYIOTh MOOYTOBI YSBJICHHS 1 CTBOPIOIOTH
MOTHBAIIIO JUII BUBYCHHS MaTeMaTWyHOro amapaTy. KiacnyHuMm mnpukiagoM €
IapaJoKC AHIB HApOMKEHHS: TOYHE o0uMcnenHs marsepmkye P(23) = 0,507, mo
CynepeyuTh HaiBHIM OLIHII. JlJI1 CTYJEHTIB TEXHIYHUX CHElladbHOCTEH 0COOJIMBO
3HAUYIIOK € KIUJTbKICHA CTOpPOHA 3aKOHY BEJIMKHX 4YWCel: HepiBHICTH YeOuiieBa He
JUIIE CTBEPIKYE 30DKHICTh, a W Jla€ KOHKPETHY OINHKY IIBUAKOCTI, IO
0e31mocepeIHbO 3aCTOCOBYEThCS Y TEOPIi HAIIMHOCTI Ta 00poOIli curHamis [3].

4. IlegaroriyHMii eKCIEPUMEHT Ta Pe3yJIbTATH

Jlnst mepeBipku €(heKTUBHOCTI 3alIPONOHOBAHOTO 3aIaYHOT0 MAX0y MPOTITrOM
2024-2025 HaB4YaabHOTO POKY OyJIO MPOBEAEHO MeaaroriyHe aociixeHHs. bazoro
EKCIIEpUMEHTY BUCTYNWJIM AaKaJeMIuyHl TpyOou Mepuoro Kypcy MEXaHIKo-
matemaTuuHoro gaxkynsrety KHY im. T.I'. lleBuenka. 3aranbHa Bubipka ckiana 112
CTYJICHTIB, sIKI OyJId PO3MOJLUIEHI Ha JIBI perpe3eHTaTuBHI rpynu: KOHTpoabHY (KT,
n=56) ta excnepumeHTtanbHy (EI', n=56). I'pymu. KI' HaBuamace 3a TpaauiiiftHOO
meroaukoto; EI' — 3a 3agaunmm miAX0AOM 13 CHUCTEMAaTHYHHM BKIFOUCHHSIM
KOHCTPYKTHUBHHUX 1 JTOCTIAHUIIBKUX 3aJ1a4, OB'A3aHUX 13 (JaXOBUMHU 3aCTOCYBAHHSIMHU.

OuiHIOBaHHS MPOBOJAMIIOCH 32 TPhOMA KpUTepisiMu: (A) BIATBOPEHHS 03HAYEHD
1 Teopem; (b) po3B's3anHHs craHgapTHUX 3ana4y; (B) po3B's3aHHS HecTaHIApTHHX
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(mocnmimHunbkux) 3amad. KoskeH kputepiil orfiHoBaBcs 3a 10-0aJbHOIO IIKAJIOH.
Pesynbraru (cepenni 0anu + craHAapTHE BIAXUICHHS):

Kpurepiit A: KI': 7,4 £ 1,2; EI: 7,6 = 1,1.

Kpurepiit b: KI': 6,8 = 1,4; EI': 7,9+ 1,0.

Kpurepiii B: KI': 4,3+ 1,8; EI': 6,7+ 1,5.

CraTucTUYHY 3HAUYIIICTh BIAMIHHOCTEH mepeBipeHo 3a kputepieM CThIOACHTA
(nBoBUOIpKOBHii t-TecT). s kputepiro B orpumano ¢ = 7, 14 pudf =1101p < 0,001,
0 CBIAYUTH Mpo cyTTeBy mepeary EI' y 3amawax nocmimHunbkoro tumy. s
KpUTEPit0 A PI3HHI € CTaTUCTHUYHO HE3HAdymow (p = 0,38), MO TATBEPIKYE:
3aJaYHU MIJIX1A HE TOCTYMA€EThCS TPATUIIHHOMY y 3aCBOEHHI TEOPETUYHOTO
Marepiany, ajieé CYTT€BO TepeBepirye HWoro y ¢GOpMyBaHHI JOCIHITHUIIBKUX
KOMITETEHTHOCTEH, 1110 0COOJIMBO BAXKIIMBO JIJIS MIITOTOBKH 1HXXEHEPIB-A0CITITHUKIB.

SIxicHuii aHani3 poOIT BUSBUB 3aKOHOMIpPHICTh: cTyAeHTH EI' 3HauHO wacTire
3aCTOCOBYBAJIM METAKOTHITUBHI CTpaTerii — siBHE (hOPMYJITIOBaHHS TUIaHY PO3B'SI3aHHS,
MEepeBIPKy OKpeMHX KpOKiB 1 pediiekciio 1momo BuObopy Meroxay. Lle xopemroe 3
TEOPETUYHMMHU MOJIOKEHHSIMH KOHUEMNUIi ['anprepiHa mpo pojib OpPIEHTYBAIBHOI
OCHOBH [11i y (POpMyBaHHI pO3yMOBHUX OIEpaliil.

Ha 6a3i kapeapu ICT ®IOT peanizyeTbcs MOJIETb MTOPIBHSUIBHOTO aHAJI3Y MIXK
TphOMa MOTOKaMU. 3aBASKA KOMIIAKTHOCTI Ta aJalTUBHOCTI MOTOKYy IA, BiH OyB
oOpaHu#l SK €KCHEPUMEHTAIbHUA MaWAaH4MK JJIs BIPOBAHKEHHS HOBUX OCBITHIX
CTaHAapTiB. ABTOPOM 3aIUIaHOBAHO MAacIITa0yBaTH «3aJauHHM Ta KOMIIEHTEHTICHUN
niaxigy 6esnocepentubo B imkeHepHy ocBity Ha @IOT, KIII im. Iropsa Cikopcskoro. 3
2025p na 126 cneuianbHOCTI, TOTIK [A, TpOBOAUTHCA MINOTHE AocHiKeHHsS. Ha
MOTOIl MM JJOJIA€EMO KOMEHTEHTICHUM M1JX11 10 CTaHIapTiB: BUKOpUCTOBYyeMO Kahoot,
MpOXOoaUMO (opMaT TEXHIYHUX CHmiBOeCiT B Zoom Ta TOTYEMO Mpe3eHTalli 13
3aCTOCYBaHHSAM MPOrpaMHOro MojemoBanHsA. Bognowac mnotokm IK T1a IC
crnieriagbHOCTI 126 HaBYaIOThCS 32 KJIACUYHOI0 MoieIutio. Lle cTBoptoe i1eanbHi yMOBU
MPUPOIHKOTO eKcriepuMeHTy. Ha 06a3i ek3ameHaIliiHuX OIIHOK MOXKEMO 3pOOUTH
CTATUCTUYHHMI aHali3 mopiBHAHHS cepefHix (T-tect Crterogenrta) st El'=moTik
IA(53) Ta KI=motoku IC+IK(129), pocmiautu CTpyKTypy PpO3HOILIIB 32
KaTeropiaJiLHUMH OIiHKaMH (X”2-TecT), peanizyBaTu TecT Kommoroposa-CMupHoBa
Ta 00YMCIUTH UMOBIPHICTH NepeBaru - 0ytu B notoii [A, a6o B IC/IK [S].

5. BucCHOBKH

1) ®opmarnizariist HaBUaIBHOI 3a1aui y BUIIsIAL Tpiviku (S, G, O) 1 knacudikarris
3a/lay 32 OOYMCIIIOBAIBHOIO CKJIAAHICTIO 3a0€3Me4yl0OTh TEOPETUYHO OOTPYHTOBAHY
OCHOBY JIJIsl TIPOCKTYBAHHSI CUCTEM 33J]a4 Y Kypcax BHIIOT MaTEMAaTUKU TEXHIYHOTO
YHIBEPCHUTETY.
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2) Cuctema 3a1a4, noOy10BaHa 3a MPUHIIMIIOM HAPOCTaHHS Pe(PIEKCUBHOCTI —
BiJl PENpPOAYKTUBHHUX 4Yepe3 KOHCTPYKTHUBHI [0 MAOCHIIHULBKHX — JIOCTOBIPHO
MiBUIIYE pIBEHb MaTEMaTHYHOI KOMIIETEHTHOCTI CTYJCHTIB  1H)KEHEPHHX
CHEIiaJbHOCTeH Y YaCTHHI HECTaHAapTHUX 3aBaaHb (p < 0,001).

3) KommieTeHTiCHE HaB4YaHHS MEPETBOPIOE 0a30B1 MaTeMAaTHUYH1 JUCHUIUIIHA Ha
STEM-HaBuanHs 3a0e3leuyyroyd MICT MDK aOCTpakTHUMHU TeopeMaMH Ta
MPUKJIATHIMH 33/1a4aMU BUCOKOTO PiBHSI.
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[HTEepakTHBHI METOIM HAaBYAHHS B Cy4acHIW MMeNarorivyHiil HayIll peai3yloTh
mepexij BiJ IAacHMBHOTO JO AaKTHUBHOTO HaBYaHHS, PO3BHUBAIOTh M SKi HaBUYKH,
MIATPUMYIOTh MOTHBAIIIIO Ta yBary Ha ypokax MareMatuku. OCTaHHIM 4acOM BOHH €
BKJIMBOIO YaCTUHOIO OCBITHROT MistbHOCTI BunTeniB HY . Cepen BenuKoi KITBKOCTI
IHTEPaKTUBHHUX METO/IIB MOYKHA BUOKPEMUTH Keric-MeTo. Sk 3a3HadeHo B poOoTi [2],
«CYTh WOTO TOJISITa€ B TOMY, IO THM, XTO HABYAETHCS, MPOTOHYIOTh OCMHCIIUTH
peanbHy JKUTTEBY CUTYAIIil0, OMKC SIKOT OJTHOYACHO BioOpakae He TUIbKU SIKY-HEOY b
MpakTUYHY TpoOJieMy, ajie 1 aKTyaldidye BU3HAUEHUW KOMIUICKC 3HaHb, SIKUI
HEOOX1JHO 3aCBOITH MPU PO3B’sI3aHHI TaHOT MPOOIEMI.

Meton KeiciB Mae TOHAJ CTOJITHIO ICTOPII0 PO3BUTKY W 3apa3 aKTHUBHO
3aCTOCOBYETHCSI B MPOBIAHMX YCTaHOBaxX CBITY. SIK 3a3HauvaeTbCs y MaTepiaiax
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odimiitHoro caitty Harvard Business School, et meToa nependadae akTUBHY y4acTh
3100yBaviB OCBITH, SIKI «BCTalOTh Ha MICIE» YYAaCHUKIB KEWCy Ta CaMOCTIHHO
BU3HAYAIOTh NUISIXH HOTO po3B’si3aHHsA [3].

Kelic-meTon mnepen0avyae BUKOPUCTAHHS MPAKTUKO-OPIEHTOBAHUX CHUTYallil
(keiiciB). BoHuM TOBHMHHI MOJENIOBAaTH peajdbHI a00 HAOMMKEHI JI0 pPEabHOCTI
npobiemu. BaxiMBUM €IE€MEHTOM KEWCIB € BCTylHa YacTWHA, /i€ MOAAIThCA
HEOOX1/IHI TEOPETHUYH1 B1JIOMOCTI, MOSICHIOIOTHCS HOBI MOHSATTS Ta 3arajoM BBOJUTh
Y4YHIB B KOHTEKCT cuTyallii. Jlani cTaBiasThCs NeKIbKa B3a€EMOIIOB’ I3aHUX 3alIUTaHb, Y
SKUX BIJITOBIb HA TIOTICPETHE 3aMUTAHHS JOTIOMArae MeperTH 10 HACTYITHOTO €TaIy
PO3B’SI3KY.

3rimHo 3 AOCTiKEeHHSIM, mpeactaBieHuM y cratti [Toctooi C.A. [1] Ta iH.
Keic-MeToJ] Ma€ 3HAYHUUN TOTEHINa MPU HaBYaHHI MAaTEMaTUKH Ta 1HPOPMATHUKH,
«aJiKe CIIpUsi€ IHTErpallii TEOPETUYHUX 3HAHb 13 MPAKTUUYHUMHU 3aBIaHHIMI». TaKox
OyJ10 3a3HAYEHO, 110 JUIsI O1IBIIOT €PEKTUBHOCTI ITi]] YaC BIPOBAKEHHS METOy BapTO
nigkiodaty nudposi wiargopmu Taki sk: Google Classroom, Padlet, Moodle.

3arajioM MOKHa BUAUIMTH HACTYITHI MOXKJIUBOCTI IILOTO METOMY:

1. 3acTocyBaHHS 3HAaHb Y IPAKTUYHUX CUTYyaIlisax. [le akTyanpHe muTaHHs, SKE
OCOOJMBO TOCTPO BHIUIMBAE HA YypoKax MaTEeMaTWKd. Y 3JI00yBayiB
3HIKY€ETHCS MOTHUBAIIIS II[OCh BUNTH, KOJIU HE 3PO3YMLIIO, € 111 3HAHHS MOTIM
MOXHa BHUKOpPUCTaTH. TOMy BaXIJIMBO TMIATPUMYBATH iX 1HTEpeC 0
HaBYaHHS.

Po6ora 3 keiicamu niependadae GopMyBaHHS aaTOPUTMIYHOTO MHUCIICHHS.
P03BUTOK MaTEMaTHYHOTO MOJICITFOBAHHS.
dopMyBaHHSI MIKIPEIMETHUX 3B’ SI3KIB.

Nk w

[Iporpamuuii MaTepian MOEIHYETHCS 3 PO3BUTKOM 3arajibHOI epy AUl
3100yBaviB OCBITH.

6. MOXIUBICT, MPOBEACHHS POOOTH SK ayJAMTOPHO, TOOTO pazoMm 3
BUMTENIEM B KJaci, Tak 1 M03aayJUTOPHO, HANPUKIAA, SK JOMAaLIHS
poOoTa sl CaMOCTIMHOTO OTIpAItOBAHHS.

7. TlokpalieHHsi BMiHHS BIJIMOJIIOBATUCS B CYTHICTh MPOOJIEMHU Ta alanTyBaTh
CBOI 3HAHHS M1l MPAKTUYHY MPOOIEMY.

8. CTumymntoBaHHS BUHMKHEHHS JHUCKYCIiH, 1110 MIJBUILYE AUHAMIYHICTh YPOKY
Ta aKTHUBI3y€ II3HABAIbHY [ISJBHICTh Ta 3alliKaBICHICTh (y BHUIAIKY
ayIMTOpHOI (hopMu poOOTH).

9. P03BUTOK aHAIITUYHOI'O Ta KPUTUYHOTO MUCIICHHS.

He3Baxatoun Ha IMIHUPOKI MOKIIMBOCTI 3aCTOCYBaHHS KEWC-METOXy WOTO

e(eKTUBHICTh BUKOPUCTAHHS HA YPOKAaX BU3HAYAETHCS HE JIUILIE PO3YMIHHSIM CyTHOCTI
1IbOTO MIIXOAY, a MePeayCiM YMIHHSIM JOLUIBHO Ta METOAUYHO IHTETPyBaTU MOTO B
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OCBITHI# npoiiec. Po3rissHEMO BUKIIUMKH, 3 SKUMU MOXE CTUKHYTUCS BUUTEIb I11]1 4ac
BIIPOBAKECHHS KEHCIB B YPOK:
1. CxmamHicTh pO3pOOKHU SKICHUX KEHCIB AJI1 KOHKPETHOI TEMHU.
2. Keiic moBuHEH BiAMNOBIIaTH MPUHIIMITY JOCTYITHOCTI Ta BPAXOBYBAaTH PIBEHb
MIJITOTOBKU 3700yBayiB OCBITH.
3. Jlns nmpoBelieHHS YPOKY 3 00rOBOPEHHSM Kelcy MOTpiOHO OlIbIlie yacy, HiXkK
Opyu  po3B’si3yBaHHI 3BUYAlHOI 3ajayi, TOMY BHHHKae IMpobiemMa
0OMEKEHOCT1 HAaBYAJIbHOTO Yacy.
4. Ilix gac pob6oTu He BCi 3700yBaul MOKYTh OyTH 3aiTydeHi B OOTOBOPEHHS.
5. Ockinbkd KeWC-METOJ OpIEHTOBAaHUII Ha TPYNOBY poOOTYy, BHHHKAE
CKJIQJIHICTh OLIIHIOBaHHS Pe3yJbTaTiB.

OTxe, iHTerpamis Kelc-MeToAy B HaBUaHHS MaTEMaTUKH Ta 1HQOPMATHUKH
BIIKpUBA€ IIMPOKI MOXJIIMBOCTI ISl PO3BUTKY KIIOYOBUX Ta MPEIMETHHUX
KOMIIETEHTHOCTEH 3100yBauiB OCBITH. BonHouac mnoTpebye BpaxyBaHHS HHU3KU
METOJMYHO-OpraHi3allifHUX MOMEHTIB, SKI BapTO BPaXxOBYBaTH IiJ] 4ac pPO3pPOOKH
YPOKIB 13 Kelicamu, 00 3ajlaua Cy4aCHOTO BUMTEJSI HE TIJIbKM BUKOPUCTATH SIKOMOTa
OlnbllIe 1HTEPaKTUBHUX METOJIB, a M BIYYHO aJalTyBaTH IiX MIJl TEMY YPOKY Ta
3pOOUTH iX JIEBUM ITHCTPYMEHTOM JIJIsl PO3LIMPEHHS Ta 3aKPIIJICHHS 3HaHb 3100yBayiB
OCBITH.

Cnncoxk BUKOPHCTAHMX JIAKepe
1. TloctoBa C., Omanactok H., Onanaciok A. Keiic-meton y mmbpoBomy
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2025. Nel (64). C.18-24.
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CyuacHa mpodinbHa cepelHs OCBITa OPIEHTYETHCS HE JIMIIE Ha 3aCBOEHHS
TEOPETUYHUX 3HAHb, a U Ha (OPMyBaHHS B YYHIB 3/JaTHOCTI 3aCTOCOBYBAaTH iX Y
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MDKIMCIMIUTIHApHOMY KOoHTekcTi. Came Tomy iHTerpaiiss STEM-miaxomy 1o
BUBUCHHS KOMIUIEKCHMX 4YHcel HalOyBae OCOOMHMBOro 3HaueHHS. Takuil miaxin
JI03BOJISIE TIOJIOJIATH TPATUIIIITHE CIPUHHATTS KOMIUIEKCHUX YHCEN SIK a0CTpakTHOI Ta
BiJIIPBAHOI BiJl MPAKTHUKU TEMH, NIEPETBOPIOIOYM ii HA ITHCTPYMEHT IS TOCI1HKEHHS
peatbHUX MPOIIECIB.

HapuaHHsS KOMIUIEKCHUX 4yuced Yy MpoUIbHUX KJIacax BapTO 3/1MCHIOBATH Ha
OCHOBI1 1HTErpaiii MaTeMaTUYHUX 3HaHb 1 IUGPOBUX IHCTPYMEHTIB. OgHUM 13
KITF0UOBUX 1HCTpYMEHTIB STEM-ypoky € BHUKOpUCTaHHS €JIEKTPOHHUX TaONuIlb 1
nporpaM JMHAMIYHOI MaTeMaTHUKUA I Bi3yamizalii KOMIUIEKCHMX 4YHCell Ha
KOMIUIEKCHIM TUTONMHI. 3aBAsKA IbOMY 3100yBadi CepeaHhOI OCBITH HE JIHIIE
BUKOHYIOTh OOUMCJICHHS, @ W JOCHIKYIOTh T€OMETPUYHHUI 3MICT TOHATH: MOJIYJIA,
apryMeHTy, TPUTOHOMETPUYHOT Ta MOKa3HUKOBOI (POPM 3aMucy KOMITJIEKCHUX YHCEIL.

Buxopucranus 1udpoBuX 1HCTPYMEHTIB JAa€ MOKIIMBICTh: aBTOMATU3YyBaTU
OOYHUCIICHHS MOJYJIB, apryMEHTIB 1 oOmepaliiii HajJ KOMIUIEKCHHUMH 4YHUCJIaMHU 3a
J0TIOMOTO10 BOyZoBaHUX (yHKIIIM;, OyayBaTh AMHAMIYHI MOJENI Ha KOMIUIEKCHIN
IJIONIMHI, € KOXHE YHUCJIO 1HTEPHPETYEThCS K TOYKa a00 BEKTOpP; MOCHIIKYBaTH
nepeTBOpeHHs (00epTaHHs, MaciITa0yBaHHs ), 1110 O€3MOCEePEHBO OB’ A3YE, 30KpEMa,
anredpy 3 reOMETPI€I0 Ta (PI3UKOIO.

[aterpamis STEM-migxomy Takoxx mependadae 3alydeHHs 37100yBadiB 0
aHaJi3y JIaHUX 1 MOJIeNIFOBaHHs. Harpukiman, mij yac BUBUCHHS KOPEHIB MHOTOUJICHIB
MOKHa TIpAIfOBaTH 3 BEJIMKUMU HAOOpaMH 3HA4Y€Hb, BUKOPHCTOBYIOUM 3BEJICHI
TaONUIll NI BUSIBICHHS 3aKOHOMIPHOCTEH PO3MIIIEHHS KOPEHIB Ha KOMIUIEKCHIN
mwiomuHi. e cnpuse, 30kpema (HOpMyBaHHIO HaBHYOK CTATHCTHMYHOIO aHaJI3y Ta
iHTeprnperamnii  MaHWX; PO3BUTKY KPUTHYHOTO  MHCICHHS  dYepe3  TOIIyK
3aKOHOMIPHOCTEH 1 «TOYOK pO3PUBY» (DYHKIIH; YCBIJOMIICHHIO 3B’SI3KY MIX
anreOpaiyHUMH Ta FEOMETPUYHUMH BJIACTUBOCTSAMH MAaTEMAaTHUYHUX 00’ €KTIB.

Kpim Toro, STEM-opieHTOBaHEe HaBYaHHS @€ 3MOTY IPOJIEMOHCTPYBATH
MPUKIIAJIHE 3HAYCHHS KOMIUICKCHHUX YHCEN, a TaKOX IJBUIIYE MOTHBAIIIO YYHIB
npo@UIBHUX KJIACIB, OCKUILKH BOHH MOYMHAIOTH YCBIJJOMIIIOBATH MPAKTUYHY I[IHHICTh
MaTeMaTUYHUX 3HAHb.

3 BIACHOTO JOCBilly poOOTH MOXKHA CTBEPIKYBaTH, IO €(EKTUBHUM
THCTPYMEHTOM JIJIsl BUBUECHHSI KOMIUIEKCHUX YHCEJl € Bi3yalbHI KOHCHEKTH (puc. 1).
Taka ¢opma momaHHs HaBUaJIBHOTO MaTepialy ICTOTHO TOJETIIy€e 3acBOEHHS
a0CTpaKTHUX MOHATH. AJKe 3aBIIKH 00pa3HUM acorialiisaM 1 Metadopam yuHi TIuoIIe
VCBIIOMJTIOIOTh ~ MPUPOJIY  «YSBHOI OJWHUIN» Ta OCOOJHMBOCTI BUKOHAHHS
apu(pMETUIHUX OMEeparliil i3 Heto.
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Puc.1. Bizyanvnuii koncnexkm
Taxum unHOM, iHTerpanis STEM-niaxony 10 BUBYEHHS] KOMIIEKCHUX YUCEN Y
npodiTpHIN cepenHii OCBITI 3a0e3edye He JHIIe TIMOIIe po3yMiHHS aOCTpPaKTHUX
HNOHATh, a W (opMyBaHHA Yy 3100yBayiB CEpEeIHBOI OCBITH TaKHX KIIOUYOBHUX
KOMIIETEHTHOCTEH K LIM(PpOBa rpaMOTHICTh, AHATITUYHE Ta KPUTUUYHOTO MHCIIECHHS,
3JIaTHICTh 10 MIKIUCIUILIIHAPHOTO 3aCTOCYBAHHS 3HAHb TOILO.
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Kadpenpa Teopernunoi Ta mnpuxiaaHoi 1HQopmaTuku — XapKiBCHKOTO
HaIllOHAJILHOTO YHIBEPCUTETY B3KE MOHA 15 pOKiB Mpaliroe 3 BUAABHUIITBOM «PaHOKY.
3a 1 poku Oyyo HamuMcaHo Oaratro MiApYy4YHUKIB 3 iHGopmaTuku s 2, 3, 4, 5 ta 6
kiaciB aBropamu Kopaieako M. M., Kpamaposcbka C. M., 3apenpka . T. a Takox
MICTIsl 3MIHU TPOTPaMU HaBYaHHS 111€ ¥ MAPYYHUKHU 3 TpeaMeTy «S MoCaipKy o CBiT
Tux ke aBTopiB [1]. Bei mi miapyunuku otpumanu tpud MOH Vkpainu Ta
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BUKOPUCTOBYIOTHCA Yy IIKONaX YKpaiHu. € HaBITh NEPEKIaJAN Ha YTOPCHKY, MOJIbCHKY
Ta PYMYHCHKY MOBH JJISl YUHIB CHUIBHOT, SIKI )KUBYTh Ta HaBYAIOTHCS Ha TEPUTOPIi
Ykpainu.

3 2013 poky 000B’S3KOBOIO0 BUMOTOI0 10 rpudyBanHs miapyunukis B MOH
VYkpainu ctana HasBHICTH [HTEepHET MiATpUMKK HaB4YaHHs. [lounHaioui 3 OO POKY
Ha Kadeapi po3poOIIOI0TECS IHTEPAKTUBHI 3aBAaHHS 10 KOKHOTO rmaparpady Ko>KHOTo
HipyYHUKa Ta JAOMOMIXHI 3aBJaHHS JJIsi PO3BUTKY JIOTIKM Ta TBOPYOTO MUCIJICHHS.
SIkmo mnpocTo migpaxyBaTH, IO B CEPeHbOMY MIIPYYHUK cKianaerbes 3 30
naparpadiB, 10 KoXHOTO maparpady po3poOmoeThes 10 3aBmanp 3a 4YOTHpMA
pyopukamu (HaBuaemoch, Tpenyemocsk, 3akpimoemo, JIoridHi 3aBIaHHs), Ta e i
Cnosanuok 1 IlikaBuHka 10 1poro maparpady, To 1 7 BUAAHUX HA JaHWMA 4ac
MIJIPYIHUKIB OYJI0 PO3pOOJIECHO 32 1IeH Yac MoHaa 2 TUCSIYl IHTEpaKTUBHUX 3aBJaHb. 3
ypaxyBaHHAM 3MIH JO [porpaMd HaBYaHHs, nepexony Jno Kouuenuii Hosoi
VYkpaincekoi Illkomu Ta mepeBHAaHHS MIAPYYHHMKIB, IO BIAMNOBIAAIOTH HOBIH
mporpami, a TaKoXk Mepexoay Ha HOBY TEXHOJIOT1I0 pO3POOKHU KUIBKICTh PO3POOICHHUX
3aBAaHb Jocsirae 4 TucAdy. 3a BIATYKAMHM BUMTENIB YYHSAM JAy’K€ MN0J00a€ThCs
MPAIOBATH 3 TAKUMU 3aBJJaHHSIMU, & BUUTENSIM 11€ CyTTEBO TOJIETIITY€E BUKJIAaHHS Ta
3aKpiuieHHs MaTepiany (puc.l).

Kpim miaTpumky 6a30BUX MiJPYYHUKIB 32 OCTaHHI POKH OyJIo po3poOIeHO
MOJyJIb IHTEPAKTUBHUX JIOTIYHMX 3aBJlaHb, SIKMUM BKIIOYae B ceOe 3aBlIaHHA IJis
po0OOTH 3 JATMHCHKUMM Ta MariYyHUMHU KBaJpaTaMu, apu(PMETUIYHUMHU KUIUMKAMH,
PI3HUMH TUITAMH pebyciB Tomo (puc.2).

Oco0nuBo caig BiAMITUTH KOHCTPYKTOp aiaropuTMiB, IKUH OyJi0 po3po0JIeHO
AK OKPEMHH 3aCTOCYHOK Uil MIATPUMKA BHBYEHHS OCHOB airopurmizamii. 3a
JOTIOMOT'OI0 LIBOTO 32 CTOCYHKY YYH1 MOKYTh TPEHYBAaTUCA B CKJIaJIJaHHI aJITOPUTMIB Yy
BUIISA1L OJIOK-CXEM, BUKOHYBaTH a00 TpacyBaTH Taki alrOPUTMHM, JOCHIJKYBATH 1X
MOBEIHKY Ha PI3HUX HAaOOpax JaHWUX Ta HaBiTh 30epiraTul y ¢aiii s moJalbIIoro
penaryBaHHsI Ta ONpalloBaHHs. € TaKoX Bepcis JUIsl BUUTENS, /1€ BIH MOKE J0JaBaTH,
penaryBaty Ta BUIAJSTH aJITOPUTMU, 337aBaTH MPABWIbHI PIIICHHS y BUTIIAI OJIOK-
CXeM Ta 30epiraTu ixX JUisl HOJaIbIIOr0 BUKOPUCTAHHS YUHSAMU (puc.3).

Bci po3po0biieHi iHTepakTHBHI MaTepiaiud PO3MIIIEHO Ha CalTi BUJIaBHUIITBA
«Panok» [2], BOHU € JOCTYIHUMH JUIS TUPOKOTO BUKOPHUCTaHHA. byro mpoBeneHo Ta
MPOBOJIUTHCA Oarato BeOiHApIB Ta CEMIHAPIB JI BUMTENIB 11010 KOPUCTYBAHHS IUMU
MPOAYKTAMH.
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Puc.3: Expan koncmpykmopa ancopummis, MoOy1b YuHs

[Ilomo BukopucroByBaHux TexHoiorid. Jlo 2020 poky Bci 3aBIaHHS
po3po0btoBanuch 3a aonomororo Flash TexHomorii, BOHU KOPEKTHO BIAKPHUBAIKCS Y
3actocyHky Flash Player abo y Oynp-axomy Opaysepi Ha Oyib sikomy npuctpoi. Ilicus
MPUNUHEHHS TIATPUMKH Li€1 TEXHOJIOT1i BUIaBHUUTBO «PaHOK» Kynuio miargopmy
XOpBaTChbKUX po3poOHUKIB [ZZI, sxa no3Boisie po3poOiIoBaTH 3aBAAaHHS 3a
mabsoHaMu a00 BUKOPUCTOBYBATH ISl pO3pOOKH 3aBaaHb BiacHui ko Ha HTML ta
JavaScript. Bei noriuni 3aBgaHHs po3poOsroBaiucs 3 BukopuctanusmM HTML Tta
JavaScript Tta BOymoByBamuca B tuiatrpopmy. Ha sxamp mmatdopma He Hamae
MO>KJIMBOCTI B110Opa)KaTh KOPEKTHO CaMOCTIMHO 3amporpamMoBaHi 3aBJIaHHs HA BCIX
MOOUTIBHUX MPUCTPOSX, TOXK NPUXOJUTHCS TOKIATATH AJIsl HHOTO JOJATKOBHUX 3YCHUJIb.

Apxitektypa [ZZ1 cknanaerbes 13 TpbOX YaCTHH: KIIIEHTCHKOI, MPOKCi-CepBepa
Ta OCHOBHOro cepBepa. lIpokci-cepBep Hanexuth BumaBHUITBY «PAHOK» Ta
3MIMCHIOE (PYHKITIIO 3aXMCHUKA JTAHUX KOPUCTYBAdiB: HE Mepeaae iX J0 OCHOBHOTO
cepBepy, 3abe3neuyroun Oe3neyHuil JOCTYNl KOPUCTyBada /10 OCHOBHOI'O cepBepa.
Taka apxitektypa oOyMOBJI€Ha TMparHeHHsSM 30epertTi JaHl yKpalHChKHUX
KOPHUCTYBauiB y MEKax KpaiHu, He IONMYCKaloUH iX BUTIK 3a MEXI1 KpaiHu.

OTxe, HE 3Ba)KalOUM Ha 3MIHM TEXHOJOTIH Ta MporpaM HaBuyaHHi, kadeapa
MPOJIOBXKY€E CHIBIPAII0 3 BUIABHULTBOM «PaHOK» $IK y HalMCaHHI HOBUX BepCid
MIIPYYHUKIB, TaK ¥ B PO3pOOI HOBHUX IHTEPAKTUBHUX 3aBAaHb VISl MIATPUMKHU
HaBYaHHs. Buurteni Ta yuyHl AyXe IIHYIOTh TaKy MIATPUMKY, aBTOPH HEOAHOPA30BO
OTPUMYBAJU TOJSAKY 3a TaKUi KOPUCHUW Ta IIKAaBUA IHCTPYMEHT HaBYAaHHS Ta
PO3BUTKY YUHIB.
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MOIEJIOBAHHA EKOHOMIYHUX ITPOLECIB Y PO3BUTKY
MATEMATHUYHOI KOMIIETEHTHOCTI YUYHIB ITPO®IJIBHAX
EKOHOMIYHUX KJIACIB
Csimnana lganxo
E-mail: svitlana.ivanko(@student.karazin.ua
Hayxosuii kepienux: Beroma Ceimnana Bonooumupiena
Xapkiscokuii HayionanvHull yHieepcumem imeni B. H. Kapa3sina

VY cydacHuX yMOBax peopMyBaHHs HIKIJIbHOI MAaTEMAaTUYHOI OCBITH OCOOIUBO1
aKTyaJbHOCTI HalyBae mMpoOjieMa pPO3BUTKY MaTeMaTHYHOI KOMIIETEHTHOCTI YYHIB
poILHOI IKOJIX, 30KpeMa EKOHOMIYHOTO CIIpsiMyBaHHs. KOMIETEHTHICHUM TiaXi]
nepeadayae HE JUIIE 3aCBOEHHSA MaTEMaTUYHUX 3HaHb, & U (POPMyBaHHS 3[aTHOCTI
3aCTOCOBYBAaTH iX MJisi PO3B’SI3yBaHHA INPAKTUYHO OPIEHTOBAHUX 3aBJaHb, IO
MOJICIIIOIOThH PealibHI MPOIECH MPOodeCiifHOI TISTEHOCTI.

EdexTuBHUM 1HCTPYMEHTOM PO3BUTKY MATE€MaTHYHOI KOMIIETEHTHOCTI YYHIB
npoQUIBHUX EKOHOMIYHHMX KJIaciB BHUCTYMAa€ 3aCTOCYBaHHS MaTeMaTHYHOTO
MOJICJIFOBAaHHSI EKOHOMIYHUX IIPOLECiB. [HTErpalis eKOHOMIYHO CIIPSIMOBAHUX 3aa4 y
MpolleC HABYaHHS MAaTEMAaTUKH 3a0e3neuye (pOpMyBaHHS B YUHIB YMIHb 3A1MCHIOBATH
aHAITUYHY AISUIbHICTH, PO3BUBATH JIOT1YHE MUCJIEHHS, KOHCTPYIOBAaTH MAaT€MaTHUHI
MOJIeJIl peaIbHUX CUTYyallld Ta 3A1MCHIOBATH 3MICTOBY IHTEPHPETALII OTPUMaHUX
pe3yIbTaTIB.

OcoOnmuBHiA TUIAKTUYHUN TOTEHIAN y I[bOMY KOHTEKCTI MAaloTh 3ajaui
ONTHUMI3allIfHOTO XapaKTepy, 30KpemMa TPaHCIIOPTHI 3a/1a4i, K1 BII0OOpaKaroTh MPOIIeC
MiHIMI3aIlli BUTPAT HA MEPEBE3CHHS MPOAYKIIi B/l MOCTaYaJbHUKIB JI0 CIIOKMBAY1B 3a
HAsIBHOCTI MEBHUX OOMEXeHb. PO3B’s3yBaHHS TakKWX 3a/ad JI03BOJISIE IHTETPYBAaTH
3HAHHS 3 aJNreOpu, eJIeMEeHTIB MaTeMAaTUYHOIO aHaji3y, JOrIKH Ta eKOHOMIKU. Kpim
TOr0, BUKOPUCTAHHS MOJIOHMX 3aJa4 CHOpUsie aKTUBI3AIlli Mi3HABAIBHOI MISUTBHOCTI
VYHIB, OCKUTBKH TPAHCIIOPTHI 3aj7]a4l XapaKTEPU3YIOThCI CYyYacHOK CTIPSIMOBAHICTIO,
MPAKTUYHOIO 3HAYYIIICTIO Ta BUXOJATH 32 MEXI TPAAMIIIIHOTO 3MICTY MIKUIBHOTO
Kypcy MaTeMaTHKH.
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VY Mexax npodiibHOr0 HaBYaHHS YYHSIM MOKe OyTH 3alporoHOBaHa 3ajayva,
o mnepeadayae ONTUMAIBHUI PO3MOJUT TOBapy MIXK CKJIaJaMH Ta TOPrOBEIbHUMU
TOYKAMH 3 METOI0 MiHiMi3allii TpaHCHOpPTHUX BUTpaT. Ha mowyatkoBoMy etami yuHi
3MIACHIOIOTh 3MICTOBHI aHali3 yMOBH 3ajadl, y MpPOLECl SKOTO BUOKPEMIIOIOTH
OCHOBHI €KOHOMIYHI XapaKTepUCTHKH, BU3HAYAIOTh 3MIHHI (0OCSTH TEepEeBE3CHB),
napaMeTpu (3amacu TPOAYKINI Ha CKjlIajaxX, IOTpeOM CIOKUBayiB, BapTICTh
TPaHCIIOPTYBaHHsI) Ta (HOPMYITIOIOTH CUCTEMY OOMEXKEHb, 1110 BiJIoOpakae OagaHC MIXK
MPOIO3HUIII€I0 1 MonUuTOM. HacTynmHuM KpoKoM € mo0y/n0Ba MaTreMaTH4HOI MOJAEIN Y
dbopmaltizoBaHOMY BUTJISAI, 30KpeMa y (GopMi TabnuIll EepeBe3CHb, sika 3a0e3medye
CTPYKTYpOBaHE TOJIaHHS BUXITHUX JIAHUX 1 B3a€EMO3B’ I3KiB MI’K HUMH.

Hactynuuii eran mnependadae 3HAXOHKCHHS YYHSIMH JIONMYCTHMOTO Ta
ONTUMAJIBHOIO IUIAaHY IIE€PEBE3€Hb 13 BHUKOPUCTAHHSIM BIANOBIJHUX METOIIB
PO3B’sI3yBaHHS TPAHCIOPTHUX 3a4ady. BopHodac BaKJIMBOro 3HauY€HHs HalOyBa€ HE
JUIIE AJITOPUTMIYHUNA AaCTEeKT PO3B’S3yBaHHs, aje W I1HTEpHpeTalliss OTPUMaHUX
pe3yJbTariB. YuHI 3I1ACHIOIOTh EKOHOMIYHHH aHali3 ONTUMAJIbHOTO IIJIaHy,
OLIIHIOKIOTh €()EKTUBHICTh BUKOPUCTAHHS PECYPCIB, BUBHAYAIOTh MIHIMAJIbHY CYKYIIHY
BApTICTh MEPEBE3EHb Ta OOIPYHTOBYIOThH AOLUUIBHICTD PUHUHATOTO PIILIEHHS.

3amydeHHST TPAHCIOPTHUX 3a7ad [0 HABYAIBHOTO TIPOIECY  CIIPHSE
(hOopMyBaHHIO B YYHIB YMiHb:

1. 3milicHIOBAaTH aHaMi3 MPUKIAJHOI CHUTyallli Ta BHUOKPEMIIIOBATH CYTTEBI

napameTpu;

2. 0ynyBaT MaTeMaTUYHYy MOJIEIh €KOHOMIYHOTO MTPOIIECY;

3.3acTOCOBYBaTM MAaTEMATUYHUM amapaTr [ PO3B’S3yBaHHS NPHUKIATHUX

3a1ad;

4. IHTepIpeTyBaTH PE3YyIbTATH PO3PAXYHKIB y MPAKTUYHOMY KOHTEKCTI;

5. oliHIOBATH €(DEKTUBHICTD MPUNUHATUX PILLIEHb.

OTXxe, BUKOPUCTAaHHS MAaT€MaTUYHOIO MOJIETIOBAHHSI €KOHOMIUHHUX IMPOIIECIB,
30KpeMa TpaHCHOPTHUX 3a7a4, y HaBUYaHHI MATEMATHKH YYHIB MNPOQIIbHUX
E€KOHOMIYHMX KJAaciB CHPHUS€ PO3BUTKY IXHBOI MATEMaTHYHOI KOMIIETEHTHOCTI,
MIJIBUIIICHHIO MOTHBAIlIl /10 BUBYEHHS MpeaMeTra Ta (POpMyBaHHIO TOTOBHOCTI [0
3aCTOCYBaHHA MaTE€MaTUYHUX 3HAHb Yy MalOyTHIM mnpodeciiiHii isSIIbHOCTI.
IlepcriekTUBY MOJATBIIUX JOCTIIKEHb BOA4aEMO B PO3pOOIl CUCTEMU €KOHOMIKO-
MaTeMaTUYHUX 3a7ad s NOpopuUIbHOI IIKOAM Ta METOAUKM IX I1HTerpaumii B
HABYAIBHUM TTPOIIEC.
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BuByenns BiactuBocTel HalOUIbIIOro croiuitbHOoro muibHuka (HCJ]) Ta
HaliMeH1oro criibHoro kpatHoro (HCK) € dbynaameHTanbHOIO YaCTHHOO MIKIIBHOTO
KypCy MaTeMaTuKH y 5-6 kimacax. OqHaK y MeKax CTaHJapTHOI MPOTPaMU PO3TIISIT ITUX
MOHATH YacTo oOMexyeTbest mpoctuMu anroputMamu odumuciennss HCJl ta HCK, a
TaKOX BUKOPHCTAHHIM JUIsl CKOPOUYEHHS 3BHYAWHUX APOOiB, 3BEACHHSIM KiJTBKOX
3BUYAHHUX JPOOIB 10 CMUJIBHOTO 3HAMEHHHUKA TOIIIO.

AKTyanbpHICTh JaHOI TeMU Il (PaKyIbTaTUBHUX 3aHITh 3yMOBJIEHA THM, IO
3agaui Ha HCJ] Ta HCK € «xnacnkoro» MaTeMaTHYHUX OJIMITIaJ, B SKUX 1HKOJU
3YCTPIYarOThCA 1 pIBHSAHHS Ta iX cuctemu, 1o mictatb HC/] Ta HCK.

Hagpenemo kisibka MpUKJIIaIiB 3a/a4.

3agaua 1. Po3p’s3aTy B HaTypanbHUX yncnax piBHAHHA X + V'’ = HCK(x; y)
[1].

3agaua 2. Po3’s3atm cucTeMy piBHSHb B HaTypaJbHUX 4uciax {ab =
720,HC/[(a; b) = 4 [2].

BuBuenns nanoi remu Ha (GaKkyJIbTaTUBHUX 3aHATTAX CIPUATAME CUCTEMHOMY
¢bopMyBaHHIO B YYHIB MaTeMaTU4YHOI Ta JOCIHIJHMUIILKOI KOMIIETEHTHOCTEH,
3aKJIaJal0ud TIATPYHTS Il aHATITUYHOTO MHCJICHHS Ta CaMOCTIMHOTO HayKOBOTO
MOIIYKY. 3 METOJUYHOI TOYKH 30pY, PIBHSHHS, IO MICTAThH L1 (YHKIIII, JO3BOJSThH
YUHAM TJMOIIE 3pO3yMITH CTPYKTYpY LUIMX YHMCEN, ONaHyBaTH 0arato LiIKaBUX
METO/IB PO3B’SI3aHHs PIBHSAHB (30KpeMa, METOJ JIOTIYHOTO TiepeOopy, BiIITyKaHHS
PO3B’S3KYy Y IEBHOMY BUTJISI/II, METOJ BBEJICHHS YHCIIOBOTO TTapamMeTpa).

1. Posrsnemo piBusiaast Buny HC/H(f (x), g(x)) = h(x), ne f,g,h — nesxi
GbyHKIII1, 3aJI€KHI BT X.
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1.1. Hexaii g(x) = b ta h(x) = ¢ # 0 — crai, 10 BUpaKeHi I[LIMMH YUCIIAMH.
Pisustaast HC/[(f (x), b) = ¢ mae po3B’si3ku, ko f(x) i cib i c. Hexaii b : c.
Icaye Take k € Z, mo f(x) = kc. SIkmo f € o6opotHotO, TO X = f ! (kC).

3agaua 3. Po3p’s3atu piBusuus HC/(3x — 1;15) = 5.

Po3B’s3anns. B nanomy Bunaaky ¢ = 5; f(x) = 3x — I; f 1 (x) = XTH OTrxe,
_ Sk+1

I

3anaua 4. Poss’s3atu pisusuas HC/(36; x%) = 9.

k € Z. 3ayBaxumo, mo k He kpatHe 3, 60 inakme HC/H(3x — 1;15) > 5.

Po3p’s13anns. B mpomy Bunaaxy ¢ = 9; f(x) = x°. Omxe, f(x) = kc, k € Z.

3BinKK BUILMBAE, O X° = 9k, T06T0 X = +3Vk, kK € N U {0}, k ne xpatne 3.

1.2. Hexait f ta g — mHorowienu, h(x) = ¢ # 0. Toxi 3 anropurmy EBkiina
BHILIMBA€E HACTYITHUH aJICOPUTM PO3B’sI3aHHS PIBHAHHS TaKOTO BHY:

1) ninMmMo MHOTOWIEH OUIBIIOrO (YW TaKOro >K) CTENEHs Ha MHOTOYJIEH
MEHIIIOTO;

2) 3aMiHSIEMO B PIBHSIHHI MHOTOWIEH, SIKUW JIIUJIM, HA OCTady BiJl JIIJICHHS;

3) NOBTOPIOEMO, TTIOKH OJIMH 13 MHOTOYJIEHIB HE cTaHe yucioMm K € Z;

4) posp’szyemo otpumane piBusaas HC/H(K; P(x)) =c, ne P(x) -
MHOT'OYICH, 110 0yJIO OTPUMAHO B pe3yJIbTaTi JiJICHHS.

3amaua 5. Poss’s3atu pisasaas HCQ(x’ + x; x3 + 11) = 10.

Po3p’s3anns. x° + 11 = x(x? + x) + (—x? + 11), ToMy 3rigHO BIAacCTHBOCTEl
HC/J1 piBHsiHES MoxHa 3amucaTti Tak HC/J(x? + x; —x? + 11) = 10. [loBTOpUBIIHN Ty
caMy TIpoIeAypy Iie Kindbka pasiB, matumemo: HCH(x + 11; —x? + 11) = 10;
HCH(x+ 11;11x+ 11) =10, HC[(x + 11; —110) = 10.3 nynkty 1.1: X =
10k — 11, k € Z, k ne xpatHe 11, 60 inaxme HCJ(x’ + x; x> + 11) > 10.

1.3. Hexaii f, g Ta h — noBUIbHI QPYHKIII].

Jlns Toro, o6 pieastaass HC/[(f (x), g(x)) = h(x) mano po3B’si3ku HEOOX1IHO,
o6 f(x) i h(x) i g(x) : h(x). Tonmi icayrots a,b € Z, mo {f(x) = ah(x),g(x) =
bh(x).

Bukonaemo nomaBaHHs 1BOX piBHsSHB cucteMu: f(x) + g(x) = (a + b)h(x).
[Tosnaunmo a + b = k € Z. Toxi 3aga4a 3BOAUTHCS 0 BiAIITYKAHHS TaKOT'O 3HAYCHHS
napameTpa k 3a sikoro piBasHHS f(x) + g(x) = kh(x) mae 1inouncenbHi po3B’I3KH.

3amayva 6. Poss’si3atu piBrsaEa HCO(|x — 3|(x? + 1);V/x + 6) = Vx + 6.

Po3B’s3anH4. 3riHO Teopii, onucaHiil BUIIE, icHye k € Z, 1o

lx —3|(x> + 1) +Vx + 6 = k+/x + 6. Tlepenmmiemo piBHSAHHS y BHTISII:
|x — 3|(x? + 1) = Vx + 6(k — I). Bynemo nrykaTu po3B’S30K y BUNIISIAL X = a° — 6.
y y p y

Toxi piBHSHHS MaTUMe BHUTJIS: |a2 — 9|((a2 — 6+ =|al(k=1),k=>1.
Jlerko Gauntu, wo |a’ — 9|((a’ — 6)? + 1) i |al, sxwo a # 0.
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|a? — 9|((a® — 6)? + 1) = 0lal) . Tomi |0—9((0—6)?+ 1) = 0lal) . 333
0 |a|) . e o3navae, mo a = {+1;+3;+9; +37,+111; £333}. Sxmo a = 0, 10 x =
—6. Toni x = {—6;—5;3;75;1363; 12315; 110883}.

3agaua 7. Po3p’sa3aru pisasuns HCH(5%; (x )!) = 125.

Po3B’si3aHHA.  AHQJIOTIYHO [0 MUHYJOI 3amadi, icHye k € Z, 1o

5% 4+ (x)! = 125k. Bynemo nrykatu po3B’s30K y Burisai x = 2, n € N,

Toni piBHSHHS HaOyJe BUTIISAY 57" +nl = 125k [TomiTumo, mo x = 3 (60
TOI1 5% 1 125). Toni 2™ = 3 3 4oro BUIIMBAE, [0 MiHIMaJIbHE 3HAYEHHS N =
2;nli 125,

nl=17-2-3-...3Bigku n=15+s, s € N U {0}. IIpore po3B’si3ku OyayTh
e npu s = 0; 13 2; 34, 60 ipn s > 4 HCA(S 5 (279491 > 125.

OT1xe, po3B’sA3KaMH PIBHSIHHS € X = 215,x = 216,x = 217,x = 218,x =217,

2. PosrnsHemo piBasinas Buny HCK(f (x),g(x)) = h(x), ne f,g,h — nesxi

dbyukii, 3anexHi Big x. Kopucryrouncs Bnactusictio HC/[(f,g) - HCK(f,g) = f -
f() - g(x)

g, nerko neperitu 1o pisasHE HC/A(f (x), g(x)) = 0

AITOPUTM pPO3B’SI3aHHSA

SAKOTO BITOMUII 3 MyHKTY 1.3.
: 11 2
3anaua 8. Po3B’s13aTu piBHAHHS HCK(; ; ;) =
Po3B'si3aHHs. 3anuiieMo 1aHe piBHSAHHS Y BUTJIAIL
11 <2 11
HCﬂ(x— ; ;) = #5* CHpoCTHUBILIH IPABY YACTUHY, MATUMEMO HCﬂ(; ; ;) = 2.
2%

.. 11 . : :
Toni icuye k € Z, mo sto= 2k. Otpumane piBHSHHS pIBHOCWIBHE cHCTeMi {x +

x =2kxx,x # 0,x # 0. 3BiOKH MaeMO, 1110 §k2x = ]. ToOT0 2x = % ITpu k >

0: sinsin2x = i\/%, —1< i\/% < ]. Tomi x = é(—l)” arcsin arcsin (i\/%) +

mn 1 1 .
- n €eZ, keZ k=2 Ane ~ Ta — € NUTMMH YHCIIAMH JIUIITE TIPH k = 2. TakuM YnHOM

OCTaTOYHOIO BIJIOBIJIJIIO €
Y mn
X = 7 + o neEdcz.
3. PosrmsHeMO pIiBHSHHS BHIY HCﬂ(f (x), g(x)) = HCﬂ(p(x), q(x)), e
f,g — nesixi GyHKIi, p,q — MHOTOUJICHH. Take PIBHAHHS 3PYyYHO PO3B’S3yBaTH 3a

JIOTIOMOTOI0 TMOOYAOBU JIIHIMHOTO 300paKeHHS HAaMOUIBIIOrO CHIUIBHOTO JiIbHUKA
yepes JaHi MHOTOYWICHH (TOTOKHICTh be3y): icHyroTh MHOrowienn u(x) ta v(x), mo

HC,ZZ(p (x), q(x)) =p()u(x) + q(x)v(x). Tomi mo4yaTkoBe pIBHSIHHSI MOKHA
3alicaTd  y  BHTIIAAI HCﬂ(f (%), g(x)) =p()u(x) + g(x)v(x). Anropurm
PO3B’sI3aHHS JAHOTO PIBHSIHHS BIIOMUH 3 TyHKTY 1.3.
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3amaua 9. Pose’satu pismstaast HCA(2* — 1; 2°M — 1) = HCH(x? + 1; %).

Po3p’s3anns. Cioyatky 3HaiieMo JiHiiiHEe 300paskeHHs TPaBOi YaCTUHHU.

x>+ 1=x-x+1;1=0’+1)-1+x-(—x). Tomi, u(x) = 1, v(x) = —x.
[TouaTkoBe piBHSHHS HabyBae Burmsin HCJ(2X — 1; 2%y = x? - 1 4+ x - (—x);

HCA2* — 1; 2**' — 1) = 1. Ienye k € Z, mo 2* — 1 +2** — ] = k. Jlane
PIBHSAHHS PiBHOCHIIBHE PiBHAHHIO 3 - 2° = k + 2, a 1e piBHAHHSA Ma€ PO3B A3KH IIPH
Oynp-sikomy k > —2. OTxe, x € N — p0o3B’SI3KM TTOYATKOBOI'O PIBHSIHHS.

3ayBa)XMMO, IO 3a JOMOMOIroK TOOYIOBH JIHIMHMX KOMOIHAIA MOXKHA
PO3B’sI3yBaTH 1 pIBHSAHHS, ONMKCaH] B MyHKTI 1.2.

4. Posrasemo pisnsuns suny HCA(f (x), g(x)) = HCA(p(x), q(x)), ne f, g,
D, q — ekl QyHKIIi.

Toni {f(x) : HCA(p(x), q(x)), g(x) : HCA(p(x), q(x)), p(x)
HCA(f (%), 9(x)), q(x) :
: HCﬂ( f(x), g(x)). 3Bimcu  BHMILIMBaE, 10 icHyoTh a,b,c,d € Z: {f(x) =
aHCA(p(x),q(x)), g(x) = bHCA(p(x), q(x)), p(x) = cHCA(f (x), g(x)), q(x) =
= dHCJ(f (x), 9(x));
= {(a+b)HCA(p(x),q(x)) = f(x) + g(x), (c + DHCA(f (x), g(x)) = p(x) +

4@ = ) +q(0) =5 m, f(x) + g(x) =228, e mnez.
To3HaYMMO —— = U

c+d
a+b c+d

=v: (f(x) + gx)u = (p(x) + q(x))v. [To3naunmo
5 = k. Toai moyaTkoBe PIBHSIHHS 3BOJIUTHCS JIO TIOIIYKY Takoro kK € Q, mo0 piBHIHHS
f(x) + glx) = (p(x) + q(x))k mamno uigoUKCENBbHI PO3B’A3KH.
3agaua 10. Poss’ssaru pisusuns HCA(Vx + 7; 5x ) = HCZ (x!; al J;H).
x+11

5 k.
[lykanuii x > (. Bygemo mykatu po3B’si30k y Bumsmi x = 4", n € N.

Po3p’s3anHs. 3 myHKTy 4 icaye k € Q, mo vx + 7+ 5x = (x! +

BayBaxkumo, mo npu n = 2m + 1 (4" + 11): 5. Omxke, piBHAHHSA MOKHA 3aIMCATH Y
BUTJISI
47+ Iom = (M +

. LA+ 1
[omitumo, mo (4™)! i

) k. IIpoBenemMo HACTyIHY OIIHKY.

kl, L€ Z.
5 5

- Tomi ((4M)!+
2474+ 10n
4"+ 11

5

4"+ 11) 4+ 11
k =
Posrastaemo BigHomenus R(n) = .R(I) = ? ¢Z;R(3) =3

R(5) =%976£Z. bauumo, mo komum n >3, to R(n) < 1. Omxe, enuHHi

po3B’si30k npu n = 3. Toai x = 64.
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[IpoBenena kimacudikarllis Ta ycrimHa anpoOariisi METO/IIB PO3B’sI3aHHsI
piBusnb, 1mo wMictate HCJ ta HCK miaTBepmxyroTh BHCOKY €(EKTHBHICTD
3aMpONOHOBAHUX AJITOPUTMIB, 110 POOUTH JaHy TEMATHKy HAJI3BHYAWHO JIOILIBHOIO
I BIPOBAKEHHS HA (DaKyTbTaTUBHUX 3aHATTSX.
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Xapkiscokuii nayionanvHuu ynieepcumem imeni B. H. Kapa3sina

CyvachHuit  iHGOpMAIIHUI  MPOCTIp  XapaKTEPHU3YEThCS  HAJMIPHOIO
HACHUYEHICTIO JaHUMH, 1110 YaCTO TMOJAIOTHCS y (HOpPMI CTATUCTUYHUX TOKA3HHKIB,
rpadikiB Ta nporHo3iB. [ns 3700yBauiB 3arajgbHOI CepeaHbOT OCBITH HH(PPOBOTO
MOKOJIIHHS 3[aTHICTh HE JIMIIE ONepyBaTH (popMyiamMH, a il KPUTUYHO OI[IHIOBATH
JIOCTOBIPHICTh OTPUMAHOI 1H(OpMAIIil CTa€ JKUTTEBO HEOOX1THOK KOMIIETEHTHICTIO,
Ha PO3BUTOK 5IKOi HarpasiieHa peopma HoBoi ykpaincekoi mkonu (HYII). ¥V npomy
KOHTEKCTI CTOXAaCTHKa, SIK PO3JUT MaTeMaTHUKH, 110 BHBYAE BUIIAJIKOBI MOAli, €
MPUPOIHUM IHCTPYMEHTOM JJII KPUTHYHOTO aHAIi3y JKepen. ToMy CToXacThuKa CTae
HE MPOCTO MATEeMAaTHYHUM PO3IJIOM, a IHCTPYMEHTOM (OpMYyBaHHS KITFOYOBHX
komnereHTHocTer y HYIII [2].

[IpoOnema TMOBIPHICHO-CTATUCTUYHOT OCBITH YUHIBCTBA € aKTyaJIbHOIO, aJie HE
€ HOBOIO B TEOpli Ta MPaKTUIll MIKUIBHOI MaTeMaTH4Hoi ocBITU. BoHa Mae moHan
CTOPIYHY ICTOpir0 Ta Haj il pO3B’SA3aHHSAM IMIpalfoBajld BHUAATHI BITYM3HSIHI Ta
3apyOikKHI BueHi Taki, sk: B. BbynskoBcekuii, b.'Henenko, B. Epmakos,
B. PosymoBchkuii Ta iH. [IpoTe B ymMmoBax cydacHUX iH(POPMAIIfHUX BIUTMBIB BUHUKAE
noTpeda MePeoCMHUCIIUTH POJIb CTATUCTUKH HE SIK CYTO PO3PAXyHKOBOI AUCITUIUTIHH, a
SK OCHOBY JUIsl [PaMOTHOCTI B po0OTI 3 1aHuMU. ToMy cydacHa yKpaiHCbKa HayKOBa
IIIKOJIa TIPOJIOBKYE BUBYEHHS CTOXACTHKU (TeOpii WMOBIPHOCTEH, CTATUCTHKU Ta
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KOMOIHAaTOPUKH) B KOHTEKCTI CEPEIHbOI OCBITH. [[bOMY MUTAHHIO MPUCBIUYIOTH CBOL
poboTu Taki memaroru-HaykoBii, sk: [J[. BacumeeBa, M. bypma, O. Icrep,
I'. Jluxoneera ta iH. Sk 3a3navae JI. Bacunbea [1], croxactuuna minis 8 HYII mae
OyTu opieHTOBaHa Ha (JOPMyBaHHS 3IaTHOCTI 37100yBaviB 3arajJbHOI CEpeaHBOI OCBITH
po3Mi3HaBaTU MaHINyJsIi B Meaianpoctopi. Lo nymky noainse I'. Jluxoneera [4],
aKIICHTYIOUM YyBary Ha BaXXJIMBOCTI JOCHIAHHUIIBKOTO IIAXOMy MiJ Yac aHajizy
CTATUCTUYHHUX BUOOPOK.

Cnig 3BepHYTH yBary, IO KPUTHYHUN aHai3 Jpkepena iHdopmarlii depes
NpU3My CTOXACTHKH Tepeadadae mepeBipKy TPhOX OCHOBHUX ACIHEKTIB:

1. penpe3eHTaTUBHICTh BUOIPKH: PO3YMIHHS TOTO, YA MOYKHA y3araJlbHIOBaTH
nani ormtyBanHs 100 ocib Ha BCIO KpaiHy.

2. Kopemndlis: 3JaTHICTh 3700yBaua OCBITH PO3PI3HATH JBa SBHINA, IO
B1J10yBaIOTHCSI OJTHOYACHO, B1J] SIBUIIL, JI€ OJHE € IPUUYUHOIO 1HIIIOTO.

3. Bi3yaJgpbHa MaHIMYJALIS: aHaji3 BI3yaJIbHUX MOMUJIOK Y TpPEe/ICTaBICHHI
JTMHAMIKHU MpoIieciB [6].

CyuacHi TeHeHIIII BUKJIQIaHHsI CTOXaCTUKHM B 3aKJIaJlaxX 3arajbHOi CepeaHbOl
OCBITM C 30pIEHTOBAHI HA pO3B’A3aHHS KOHTEKCTHUX 3aBlaHb, & HE Ha CIIIeE
3amaM’sITOBYBaHHs (QopMyJi: 1€ 1 aHami3 peaJbHUX HOBHHHMUX 3aroJioBKiB, 1
3aCTOCYBaHHS TaOJWYHUX TPOLIECOPIB JJIsT OOpOOKM BEIUMKUX MACHBIB JaHUX, IO
JI03BOJISIE 30CEPENUTHCS HA PO3YMIHHI PE3yJIbTATIB, @ HE HA PYTUHHUX OOUYUCIICHHSIX.
Jlo iHCTpyMeHTapiro 3ac001B HaBYaHHS BXOJSATh AUAAKTUYHI ITPU Ta €KCIIEPUMEHTH,
KHB1 CIIOCTEPE)KCHHS Ta MpeIMeTHa MiSIbHICTh 3/00yBadiB 3arajbHOI CepeaHbOl
OCBITH, 30KpeMa MPOEKTHA HISUIBHICTH 3 TeOopil WMOBIPHOCTEH Ta MaTEeMaTUYHOI
CTaTUCTHKHU.

3 1HIIOTro OOKY, PO3yMIHHSI CTOXACTHKH SIK IHCTPYMEHTY KPUTHYHOI'O aHaji3y
CTUKA€THCA 3 HU3KOIO MPAKTUYHKUX 1 METOJIMYHUX BUKIMKIB. HacTo 3700yBayl OCBITU
CIPUIMAIOTh CTATUCTUYHI JIaH1 SIK a0COJIIOTHY ICTUHY B yMOBax Iudpodizarilii ocBITH.
Onnak, iICHy€ pU3UK, 1110 3aMICTh KPUTUYHOTO aHaJIi3y 3/100yBayl 3arajibHOI CEPEeIHbOT
OCBITH TPOCTO (opMaIbHO TMIACTABIATUMYTh JaHl y TOTOBI (opmynu. Tomy
3100yBadyaM OCBITH NMPONOHYETHCS CTBOPIOBATH BJIACHI MOJEINI NMpOrHo3yBaHHs. Lle
JT03BOJISIE 3PO3YMITH NPUPOJY MOXUOOK. Buxonsuu 3 1mporo, kjacMyHa HWMOBIpHA
MOJIETIb, IO MpeACcTaBiIeHa POPMYJIIOFO:

P(A) ==,
JIe M — KUTbKICTh CIPUSATIUBUX MO/, a N — 3arajgbHa KUIbKICTh BUIIPOOYBaHb, HA0yBae
HOBOTO 3MICTy. PO3yMiHHS 1€l TPOCTOT POPMYIIH Y KOHTEKCTI MPOCTUX CTOXACTUUHUX
3a/1a4 Ta COIlaJIbHUX OMHUTYBaHb J03BOJISIE 3J00yBaYaM OCBITH YCBIIOMUTHU MOHSTTS
«CTATUCTUYHOT 3HAYYIITOCTI».
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OTxe, ynpoBa/pKeHHs] CTOXACTUYHOTO aHaji3y B OCBITHIM MpOIEC J03BOJISAE

TpaHcQOpMyBaTH BUBYCHHS MaTEMaTHKH 3 aOCTPaKTHOTO MPOIECY B MPaKTUYHHUNA

THCTPYMEHT 3aXMCTy BiJ HempaBauBoi iH(opmailii, a Takox GopMye y 3100yBauiB

OCBITM HAyKOBHUW CBITOIJIAJ, BIIMOBIAAIBHICTh TPOMAJSHCTBA, BMIHHA KPUTHUYHO

OIIHIOBATH JpKepena iHdopmallli, 10 € BaXIUBUMHU CKIAJIOBUMHU (HOpPMYyBaHHS

KJIFOYOBUX KOMIIETEHTHOCTEH 37100yBadiB OCBITH.
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CyuacHui eTan po3BUTKY MaTEMaTUYHOI OCBITH XapaKTEPHU3y€EThCSI 3MIIIEHHSIM

aKIICHTIB BiJl BIATBOPEHHS] TOTOBUX 3HAHb A0 (POPMYBaHHS 3[ATHOCTI y4YHS AISITH B

YMOBaxX HEBU3HAYEHOCTI, JOCHIKYBAaTH Ta IHTEPIPETYBaTH pe3yJbTaTH BIACHOI
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nisibHOCTI. OCO0JIMBOI yBaru y TakOMy HamNpsIMKy NOTpe0dye MIpolec BHUBYEHHS
reoMeTpii, OCKUIbKM Yy LOMY pPO3JAUII MaTeMaTHKW TpaauiliiHa METOJUKa YacTo
OOMEXKYETHCSI IEMOHCTPAITIEI0 TOTOBUX MOJEJIEH Ta MOBIJOMIICHHSM BIJIACTUBOCTEH
¢iryp 6e3 J0CTaTHBOTO PIBHS X OCMUCIEHHS. SIK HAaCiI0K T€OMETPUYHI 3aJI€KHOCTI
MDK PI3HUMH 00’ekTamMH Ta (akTaMu CHPUHMAIOTHCS Ha PIBHI 3aydyyBaHHS, a
IIPOCTOPOBI YSBJICHHS YUHIB (POPMYIOTHCS JuIIe (hparMeHTapHO.

VY 11bOMY KOHTEKCTI TEXHIYHHMI MPOTPeC MOXKE CYTTEBO CIPHUSATH MOJIMIIECHHIO
cuTyallli, ajpke 3BEpHEHHS /0 ITM(POBOrO MOJEIIOBaHHS SK 3aco0y opraHizarii
HABUYAJbHO-IOCTITHANIBKOT ~ TISJIBHOCTI  y4YHIB €  KOPHCHHUM  HaBiTh  Ha
IpOTEACBTUYHOMY piBHI, 30KkpeMa y 5 kiaci. BoaHodac NpUHIIMIIOBO BasKJIMBO
pPO3yMITH, IO WIAETHCA HE MPO HABYAHHS MPOrpamMyBaHHS, a MPO BUKOPUCTAHHS
M(pPOBOTrO cepeoBUIlla AK IHCTPYMEHTA, IO J03BOJSIE 3POOUTH TE€OMETPHUYHI
00’ €KTH TUHAMIYHUMH Ta BIIKPUTUMU JUIS JOCIIIIKSHHS.

Poznin «['eomerpuusni Tima. O6’emMHI reoMeTpuyHi Pirypu» 3a3Budail JOCUTH
CKJIQJIHO CIIPUHMAETHCS M SITUKJIACHUKAMHM BHACIHIJIOK 1X TCHUXOJIOTO-TENAaroriYHuX
0COOJIMBOCTE: Y IIbOMY BIIII 11I€ CYTTEBOIO € TIEpeBara HAOYHO-00Pa3HOTO MUCIICHHS,
ToMy Oyab-siKa a0CTpakiisi NoTpedye OnopHu caMe Ha Bi3yallbHUI TOCB1A. BomHowac
came B el nepiof (OpMyeTbCS 3JATHICTh 10 €IE€MEHTApHOrO y3aralbHEHHS, 10
CTBOPIOE TMEPEyMOBH JIJISI TIEPEXOY BiJ CIIOCTEPEKEHHS 10 MEPBUHHOTO aHami3y. |
caMe TOMY CTPYKTypa BHUBUYEHHS JaHOTO PO3AULY HJisi Kpalloro pPO3YMIHHS Mae
OyayBaTUCSl SIK TOCHIJIOBHICTh KEPOBAaHUX BIJIKPUTTIB, Y SIKUX yYE€Hb HE OJIpazy
OTPUMYE TOTOBY (OpMYIIy, a Ma€ MOXJIMBICTb CaMOCTIMHO BHMBECTH ii Ha OCHOBI
B3acMOii 3 BIAMOBIIHOIO MOJEILIIO.

[Mudpore MoaeIIOBaHHS Y TAKOMY BUIIAJKY CTa€ 3pyYHUM 3aCO00M opraHizariii
TaKo1 B3a€MO/I1i. 3a IOMTOMOTOI0 JJOCUTh MPOCTOTO KOAY Y MOBI IporpamyBanHs Python
Oyllb-sIKE€ TEOMETPUYHE TIJ0 3 LBOr0 PO3ALTY — KyO, NpSIMOKYTHHI Hapasenenines,
npu3Ma, IMipamijla — MOXHa T0JIaTh HE K CTaTH4YHI 300pakKeHHS, a K 00’ €KTH 3i
3MIHHUMU MapaMeTpaMu. 3MiHa JOBUILHOTO BUMIPY T€OMETPUYHOTO TiJIa MAKCUMYM B
OJIMH KIIIK CYNPOBOJ/IKYETHCS BIAMOBIAHOI Bi3yaJbHOI PEAKIIEI0 MOAEIN, IO
JI03BOJISI€ YYHEB1 BCTAHOBIIIOBATU 3aJI€KHOCTI MK BEJIMUMHAMU 1HTYITUBHO, III€ 0 iX
(dhopMabHOTO OMHKCY. Y XOJIi TAKOTO MPOIIECY 3aKIaA€ThCS MOCTYIIOBE pyHHYBaHHS
CTaporo CTEPEOTHUITY: T€OMETPIsl — 11€ 30BCIM HE Hallp MpaBul, SIK1 JIETIIEC 3ayUnTH, a
IIIJTKOM JIOTiYHA CTPYKTypa B3a€MOTIOB’ I3aHUX BEJTUYHH.

MeroanyuHa AOMITBHICTh TAKOTO MIAXOAY MOJIATAE B TOMY, 110 BiH 3a0e3meuye
MPUPOJHUN TEepexXia BiJi CIOCTEPEKEHHS JO OCHOB E€JIEMEHTAPHOTO JOCIIKCHHS.
VY4eHb oTpUMy€ MOKJIUBICTh CTaBUTH 3alUTAHHS THITY «IIIO 3MIHUTBCS, SIKIIO...»,
0JIpa3y K CaMOCTIMHO MEPEBIPSATH BJIACHI TIMOTE3M 1 PikcyBaTH pe3yibratu. Came i
111 (paKTUYHO 1 CTAHOBJIATH OCHOBY JOCTIAHUIIBKUX YMiHb. | P 1IbOMY BaKJIMBUM €
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T€, 110 BOHU BUHUKAIOTh HE SIK SIKACh BUMYIIIEHA OKpeMa AiSUIbHICTh, a IK OpraHiyHa
YacTHHA HABYAJILHOTO MPOIIECY.

[Ipore, sk 1 Oyab-aKuil 1HIIMA 3aci0, 10 BUKOPUCTOBYETHCS B OCBITHBOMY
MpOLECi, BAKIMBUM aCIEKTOM JJIsl SIKHAWBUIIOI €(PEKTUBHOCTI € JOIUIBHICTh HOTO
BUKOPHUCTaHHS Ta criocio BrpoBakeHHs. [lepenyciM, moaioHa mudpoBa aganTaliis He
MOBUHHA MIAMIHATA COOOI0 TMOSCHEHHS BUMTENS a00 MEpeTBOPIOBATHCS Ha MPOCTO
JEMOHCTpALIMHUIA 1HCTPYMEHT MAcUBHOTO crioctepexeHHs. HaBnaku, came Mojenb
Ma€e cTaTd 00 €KTOM aKTMBHOI B3a€MOJIi Ta KOMYHIKAIli — 1 I1e MOXe OyTH SK
1HAMBIAyanbHa poOOTa, TaK 1 TPyHoBa, Y XOJl1 AKOi Y4YHI AUCKYTYIOTh, 3MIHIOIOTh
napaMmeTpH, MOPIBHIOIOTh Pe3yJIbTaTH, poOJIsATh BIacHI BUCHOBKU. Ponb yuutens Bxe
Ha [IbOMY €Talll MIePEeXOUTh Yy MO3UIIII0 HACTaBHUKA Ta OpraHizaropa Mi3HaBaJIbHOI
TISUTBHOCTI, KM MOXE CBOIMHM 3alHUTAHHSIMHU CIPSAMYBATH MUCJICHHS YYHIB Y
HEOoOX1aHE pycIIo.

CyTTe€BUM € TakoX 1 MPUHILMII MOCTYNOBOTO ycKkiaaHeHHs. Ha moyarkoBomy
eTarni JOCTaTHbO, 100 Y4EeHb BCTAHOBIIIOBAB MPOCTI 3aJIEKHOCTI MK BEIMYMHAMU Ha
piBHI crnoctepexeHHs. Hamam y4Hi 3MOXYThb OTpUMATH 1 TMOBHOLIIHHE CJIOBECHE
(dhopMmyIOBaHHS, a 1€ Yepe3 KUIbKa POKIB — 1 €IEMEHTH CUMBOJIIYHOTO 3amucy. Taka
MOCJIIIOBHICTh JTO3BOJISIE YHUKHYTH (opmani3My 1 3a0e3neuye OUIbII NPUPOIHE
PO3yMIHHS MaTepiay.

Takox BapTO 3ayBaKWUTH, IO 3a Takoi (pOpMH OpraHizaiii ypoky y 5 kiaci
ocoOnmMBOro 3HaueHHs HaOyBae peduekcis Hampukiami. [licis BUKOHaHHS
JOCIITHUIIBKUX 1K TpeOa aTh IITIM MOKIIUBICTh OOTOBOPUTH OTPUMaH1 Pe3yJIbTaTH,
MOAUIMTUCA BIACHUMHU BPaXXEHHSIMU Ta cOpMyJOoBaTH y3arajibHeHHs. Came Ha
bOMY €Tall BIJOYBAa€TbCs TMEpexil Bl OTPUMaHHS 1HAMBIAYaJbHO-TPYIOBOTO
JOCBIAY 0 KOJIEKTUBHOI'O 3HAHHS, 1110 Ma€ OYTH 3aKpIMJIEHE Y BUTJISIII MATEMAaTUYHUX
TBEP/KEHb.

3anponoHOBAHUM MIIX1/1 10 BUBYEHHSI CTEPEOMETPUUHUX TEM CTBOPIOE SIKICHY
OCHOBY IJisi TMOJAJBIIOTO PO3BUTKY HABUAIBHOI MISJIBHOCTI B KypCi cepeHboi Ta
cTapmioi IKUL Y4YHI, SKI 3BUKIM TIpaIlOBaTH 3 MOACIAMU SK 3 00 €KTaMH
TOCIIJKEHHS, JIETILE MEePEXO0ATh 10 OLIbII CKIATHUX (OPM HISIIBHOCTI, 30KpeEMa J10
a0CTpPaKTHOIO aHai3y Ha OCHOBI CBOiX YSBJI€Hb, MOJAJBIIOTO CaMOCTIHHOTO
CTBOpPEHHSI MOJIEJIel Ta HAMMCaHHS BJIACHOTO TPOTPaAMHOTO KOAY MJIsSi CTBOPEHHS
MOAIOHUX CUMYJIAIINA. TakuM YMHOM, TIPOIMEACBTUYHUN €Tal y Kypcl I’ ATOro Kjiacy
BUKOHYBAaTHME HE Jiniie (YHKIIIO O3HAWHOMJICHHS 3 T€OMETPUYHUMH TiIaMH, a |
3aKyajaTUMe IPYHTOBHUU (yHIaMeHT najsi 0aratbOX aclekTiB: JOCTIAHULIBKOTO
CTWJIFO MUCJICHHS, 1HTETpaIlii mporpaMmyBaHHs Ta MaTEMaTHYHOTO arapaTy, yMIHHSA
MPaBUJILHO aHAJI3YBAaTH Ta BIATBOPIOBATH B YSBI CTEPEOMETPUYHI MOJIEN! TOLIO.
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OT1xe, BAKOPUCTaHHS ITM(POBOTo MOJICIIFOBAHHS Y BUBUEHHI reoMeTpii y 5 kiaci
€ METOJUYHO JOLIIBHUM 3a YMOBH HOTrO Opi€HTallli Ha aKTHUBHY Mi3HABaJIbHY
TISUTBHICTh  YYHIB, BpaxyBaHHS IX BIKOBHX OCOOJMBOCTEH Ta 3a0e3nedeHHs
MOCTYNIOBOTO TIEPEXOy BiJl HAOYHO-OOpPA3HOTO MHCIEHHS [0 TMEPIIMX OCHOB
aHaJITUYHOro OaueHHs. Takui MiJIX1J J03BOJISE€ 3pOOUTH HABUAHHS HE JIUIIE OUIBII
HAOYHUM, a ¥ 3MICTOBHO TJIMOIINM, TAKHM YMHOM 3aTy4alOyd y4YHIB JIO MOAJIBIIIOTO
CaMOCTIHHOTO Mi3HAHHSI MaTEeMaTUIHUX 3aKOHOMIPHOCTEH.
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[TonsaTTs 1HTETpaIa € OJHUM 13 HANUCKIIAIHIIIKNX JIJI1 3aCBOEHHS B KypCl alireopu
CTapmioi WIKOJHW, aJK€ BOHO TOB’s3aHE 3 1/1€SIMH HECKIHYEHHOCTI, TpaHUIll Ta
HEMepepBHOCTI. 3a3BHuaid, y4HI CIOPUIAMAIOTh O3HAYEHHS I1HTErpaja JOCUTh
(dbopMalIbHO, HE PO3YMIIOYH CaMOTO HOro 3MicTy. TOMy BaXJIMBHM € MOIIYK TaKUX
MIIXO/IB, K1 JO3BOJISIIOTE CHOPMYBATH IHTYITUBHE YSIBICHHS MPO IHTErpall 1€ 10
BBCJICHHS CTPOTHX O3HAYCHb.

VY 1poMy KOHTEKCTI OCOOJMBOTO 3HAYEHHS HaOyBalOTh ICTOPUYHI METOIU —
MeTOJ] BUueprnaHHs ApxiMmena ta Mmeto HenoauibHux Kasanbepi [1, ¢.126-127]. Bonu
JAal0Th 3MOTY NOPHUPOAHO IMIJIBECTH YYHIB [0 PO3YMIHHS 1HTerpajga Sk IMpOIECY
HAKOIUYEHHS BEJIMYUHHU.

Meron BUuuepmnaHHs CIIUPAETHCS HA 171e10 TTOCTYIIOBOTO HAOIMKEHHS TUIOII a0o
00’eMy TUIAXOM pO3OUTTA (Birypu Ha MPOCTINIl YAaCTUHU. Y HaBYAHHI IEH MIXin
JIOIJTBHO peai3yBaTy uepes 3ajadi JOCTIJHUILKOTO Xapaktepy. Hanpuknan, yuusm
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IPOTIOHYETHCS OLIIHUTH TuIomy Girypu, ooMexkeHoi rpadikom QyHKIT Ha BIIPI3KY,
HE BUKOPHUCTOBYIOUU TOTOBUX (DOPMYIL.

Crodyatky BOHM pO30MBAIOTh BIJIPI30K HaA JCKUIbKA YacTUH 1 OyIyrOTh
MPSAMOKYTHUKH OJTHAKOBOI IIUPUHU, BUCOTA SKUX BU3HAYAETHCS] 3HAUCHHSM (DYHKITI].
OO0uKCIMBIIN CyMy TUION] IIUX MPSIMOKYTHHKIB, YUHI OTPUMYIOThH JIUIIE HAOIMKEHE
3HadyeHHsA. [Ipore 31 301IBIIEHHSAM KIIBKOCTI PO3OHUTTIB pPE3yiabTaT IMOCTYIIOBO
YTOUHIOETHCS 1 HAOJIMKAEThCS 710 TTeBHOTO unciia. CaMe Taka AisIbHICTh BioOpaxae
171e10 IHTETPaJbHUX CYM 1 IIJIBOJIUTHh YUYHIB JJO PO3YMIHHS 1HTErpajia K rpaHulll, 10
M1KPECIIOETHCS Y CYy9aCHUX METOJAMYHUX JOCTIKEHHSX [2, ¢. 45-46].

[lomanpiie y3araqbHEHHS 3IHCHIOETHCS Y€pe3 METOJ HEMOAUTbHUX. Y IIbOMY
BUMAJKY (GIrypa pO3TIISIa€ThCS K CYKYITHICTh HECKIHUEHHO TOHKUX CMYKOK, a TUIOIIA
— K pe3yibTar ix Oe3nepepBHOro jaojaBaHHs. lloBeprarounch 10 PO3IIISTHYTOTO
MpUKIAAY, Y4HI MNEPexXolsTh BiJ poOOTH 31 CKIHYCHHUMH NPSIMOKYTHHUKAMU [0
ySIBJICHHS TTPO HETIEPEPBHUMN MPOIEC HAKOMUYCHHSI.

Takum ynHOM, METO] BUUEpIIaHHs (POpMye€ ySBIECHHS PO HAOIMKEHHS, & METO]T
HEMOJITPHIUX — TPO HEMEPEPBHICTh, IO Pa30M CTBOPIOE OCHOBY I PO3YMiHHS
1HTeTpaa.

HoBu3Ha naHoro JOCHIKEHHS TOJISITA€ B TOMY, IO Il iCTOPUYHI METOAU
BUKOPUCTOBYIOTBCS HE SIK MEBHA UIIOCTpallisi, a sK MOBHOI[IHHUI OCHOBHHI CcriociO
BBEJICHHS TOHATTA IHTErpaja. Y4YHI HE OTPUMYIOTH O/ipa3y TOTOBE O3HAUYCHHS, a
MOCTYIIOBO MPUXOJIATH 10 HHOTO YEPE3 BJIACHI CIIOCTEPEKEHHS Ta OOUHCIICHHS.

JlolaTkoBO BUKOPHUCTaHHS quHaMIuHO1 iporpamu GeoGebra 103B0JIsSIE€ BI3yalbHO
MOKa3aTH Mpolec noapiOHeHHs wiel Girypu. Y pesynbTari adcTpakTHa 17esl TpaHuLl
CTa€ 3pO3yMIJIOIO 1 HAOUHOIO.

HaBenemo nns umrocTpanili MOMKJIMBUK alTOPUTM peaiizaiii B CepeJoBHILI
GeoGebra:

1. 3amaru dynkuiro: f(x) = 0.25x> + 1.

2. CrtBoputu Touku Ha oci X: A =(1,0) Ta B=(4, 0). Lle 103BOAUTH y4HSIM Bpy4HY
3MIHIOBaTH MEXI1 JTIOCHIIPKEHHS, MEPETATYIOYN TOUYKHU. 3aaTH MEXI1, K 3MIHHI:
a=x(A), b=x(B).

3. CTBOpUTH TOB3YHOK N, 10 BU3HAYATUME KUIBKICTh po30UTTIB: Bix 1 mo 200
(xpoxk 1).

4. 3agaTu HIKHIO cyMy (BmucaHi npsaMokyTHUkH): LowerSum(f, a, b, n). Lle
MOKake TUTOITY, SIKa 3aBXKIM MEHIIIA 32 PealIbHY.

5. 3agatu BepxHIO cymy (omucani mpsmMokyTHUKH): UpperSum(f, a, b, n). Ile
MOKa)Ke TUTOITY, SIKa 3aBXK/I OUIbINA 32 peaabHy.
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6. IlepemimeHHss TMMOB3yHKa J1a€  MOXJIMBICTb  CIOCTEPIraTd  3MIMICHHS
NPSIMOKYTHHUKIB Y OIK CHIBHNAAIHHS 1 T€ caMe CIOCTEPIraeThCsl ISl BEPXHBOI 1
HWKHBOI cyMmH. (puc. 1), (puc. 2)
3BepTaeMo yBary 3700yBadiB OCBITH, IO TPH BEIMKUX 3HAYCHHSIX N Bi3yaabHO

NPSIMOKYTHUKH MaiKe 37MBAIOTHCS 3 KPHUBOIO, a 3HAUCHHS HIDKHBOI Ta BEPXHBOI CyM
MOYWHAIOTH CHIBIAJATH y MEPIINX 3HAKAX MiCIIs KOMH.

@

3
n

4]

s s ¢ = HwknaCyma(f, a, b, n)
; Z = 717

d = BepxnaCyma(f,a,b,n)

9.4199996220744

=@

-2 0 2

6 n=25
b ¢ = HwknaCyma(f,a, b, n) :
g
4 b = 8.0268
'g?
A
i d = BepxnaCyma(f,a, b, n) :
2 = 8.4767996587427
i °
2 0 2 4 6 8

Puc. 2: «Bepxusa i nudcnsa cymu npu n=25»

Takuii miaxidg 3MIHIOE XapakTep HaBYaHHS: IHTErpall COPUMMAETbCS HE SK
dbopMya, a sIK IPUPOTHUN pe3ynbTaT AOCITIHKESHHS.

[TincymoByr04M, MOXKHA MIJIATH 10 BUCHOBKY, 110 METOJ BUUEPIIAHHS 1 METO
HETMOAUTbHUX € HalOUThIl e(heKTUBHUMHU 3aco0amMu (pOpMyBaHHS MOHATTS 1HTETpaa.
OckinbKY, BOHH 320€31eUyI0Th JIOTTYHUH 1 3p03yMUIHIA MTepexi]] BiJ MPOCTUX YSBICHb
70 CKJIQJHUX MaTeMaTUYHUX MOHATH Ta COPUSAIOTH MIHOIIOMY PO3yMIHHIO MaTepiaiy.
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CydacHa cepefiHsl OCBITa IOCTYIOBO 3MIILYETHCS BiJl MPOCTOTO IME€pPEIaBaHHA
3HaHb JI0 Oprasi3alii Mpolecy iX JJOBrOTPUBAIOrO 3acBO€HHSA. B HaBuaHHI
MaTEeMAaTUKH 1€ MUTaHHS Ha0yBae 0COOMBOI Baru, OCKIJILKH YCIIIIHICTh 3100yBayiB
CEpEIHbOI OCBITH 3aJIEKUTh HE JIMILE B1J PO3YMIHHSA MaTepially, a il BiJl 34aTHOCTI
IIBUJKO BIATBOPIOBATH 0a30B1 3HAHHA: (DOPMYJIH, O3HAUYECHHS, aITOPUTMU Ta MTpaBUJIa.

J10 OCHOBHUX THITIB (hJI€II-KapT BIAHOCATHCS:

1. TekcTOBI (3aMMTaHHS/TIOHATTS Ha OJIHIM CTOPOHI, BiIMOBIIb/BU3HAUCHHS — Ha
1HIITH) — BUKOPUCTOBYIOTHCS JJI1 TEPMiHIB, AT, MPABUII;

2. Bi3yalibHi (300pa)keHHS 3 OJJTHOTO OOKY, MOSICHEHHS Y Ha3Ba — 3 IHIIOTO) —
n00pe MpaIoTh i1 MOBHOTO HaBYaHHS, 010JI0T11, MUCTCIITBA,;

3. aynmio-kapT (0JHa CTOpPOHA MICTUThH CJIOBO 4M (hpasy, iHIIA — ayJ103aIuc
MPaBUJILHOI BAMOBH) — KOPHCHI /I BUBUEHHS 1IHO3EMHHUX MOB.

OgHuM 13 e(EeKTUBHHUX I1HCTPYMEHTIB MIATPUMKH OCBITHBOTO MPOLECY €
udposi ¢uem-kaptu. Ile HeBenuki HaBUaIbHI KapTKH, TOOYAOBaHI 32 MPUHIIMIIOM
“NUTaHHS—BIANOBIAL’, Kl CTUMYJIOIOTh aKTUBHE TpuUTaxyBaHHsa iHopmarii. Ha
BIJIMIHY BiJi TACHUBHOTO TEPEYUTYBAHHS, TaKUW MIAX1J 3MyIIye 3100yBadiB
CaMOCTIITHO BIATBOPIOBATH 3HAHHS, 110 3HAYHO MIJCHITIOE 1X 3aKPITUICHHS B TIaM’SITi.

VY nenaroriyHii NpakTUI (UIelI-KapTy TaKOX PO3TIISIAI0THCS K IHCTPYMEHT,
AKUM e(PEeKTUBHO MPALIOE B yMOBaX 1HTEpBabHOTO MOBTOpeHHs [ 1,2]. Le o3Hauae, 110
Marepiana MOBTOPIOETHCA Yepe3 TEBHI MPOMDKKM Yacy, IO JO3BOJISIE YHUKHYTHU
IBUAKOTO 3a0yBaHHS Ta ¢Gopmye cTiiiki 3HaHHS. CaMme NO€IHAaHHS aKTHUBHOTO
BIITBOPEHHS Ta TIOBTOPEHHS POOUTH 1€l METO/1 0COOIMBO €(heKTUBHUM Y HaBYaHHI.

VY marematuii npoOiema 3a0yBaHHsS MaTepialy HpPOSBISETHCS JOCUTH YITKO.
3100yBadi 4acTo IEMOHCTPYIOTh MPABUIIBbHI PE3yJIbTaTH OJpa3y MICIs MOSCHEHHS Ta
OMaHyBaHHS TEMH, OJIHAK, Uepe3 NIEBHUI Yac BUHUKAIOThH TPYAHOIII 3 3aCTOCYBaHHIM
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HaBITh 0a30BUX MpaBuUiI Ta opmyit. Den-KkapT J03BOJISIOTh OPTraHi3yBaTH KOPOTKI,
aje peryispHi IMKIW TIOBTOPEHHS, IO JOTOMara€ IMiATPUMYBAaTH 3HAHHSI B
aKTyaJIbHOMY CTaHi.

Buxopuctanss Quemni-rexHosorii Ha ypokax MaTeMaTHKH JI03BOJISIE 3pOOUTH
HAaBYaHHSA OUIbII HAOYHHMM, IHTEPAKTUBHUM 1 MOTHUBYHOUUM. Dieni-kapTu
JoTIoMararoTh 3400yBadaM He JIMIIE 3p03YyMITH aOCTPaKTHI IMOHATTS, a i aKTUBI3YIOTh
yBary Ta COpHsIOTh 1HIUB1Ayasi3allli HaB4aHHS.

Hagenemo nmpukiaau Takoro 3acCTOCYyBaHHS:

1. iHTepaKkTUBHI 3ama4i: 3700yBadi 3MIHIOIOTH MApaMETPH PIBHSIHHS U 0/apasy
0auaTh, SIK 3MIHIOETHCS HOTO Tpadik;

2. reoMeTpuuHi MoOyAoBU: (remni-aHiMalii MOKa3yloThb KpPOK 3a KpPOKOM
moOyI0BY TPUKYTHHUKA YU KOJIa;

3. BipryanbpHi JabopaTopli: MOJEIIOBaHHS CTaTUCTHYHHUX TMPOIECIB abo
KOMOIHATOPHMX 3a/1a4;

4. TpeHaxepu: aBTOMATUYHE IMOBTOPEHHS MPUKIIAJIIB 13 MUTTEBUM 3BOPOTHUM
3B’ I3KOM.

BaxxnuBoro nepeBaroro € BUKOPUCTaHHA HU(PPOBUX MIAT(HOPM JJIsi CTBOPEHHS
(bnem-kapt. Taki cepBicu, ak Anki a6o Quizlet, aBTOMaTH3yI0Th MPOILIEC TOBTOPEHHSI,
M1JIAIITOBYIOYH HOTO IM1J1 PIBEHb 3aCBOEHHS MaTepiaidy KOHKpETHUM 3100yBadem. Lle
poOWTh HaBYaHHS OLIBII 1HAMBIAyaTI30BaHUM 1 JIO3BOJISIE ONTHUMI3ZYyBaTH dYac
MTOBTOPEHHS.

JlocmimkeHHs B ramy3i MearoriyHoi MCUX0JIOT1i MiATBEPIHKYIOTh €(DEKTUBHICTD
TaKoro Miaxoay. 30KpeMa, aKTUBHE MpUraayBaHHs 1HQOpMaLli Ta TOBTOPEHHS Yepe3
MEBHI  IHTEpBAJIM  4Yacy CHOPHSIIOTh  3HAYHO  KpalioMy  JIOBFOTPHUBAJIOMY
3amam’sITOBYBaHHIO MOPIBHAHO 3 TPaJAMLIMHUMU MeToAaMu HaBuaHHs. Lle mosicHioe
3pOCTalOYuil THTEPEC 10 BUKOPUCTaHHS (hJIeli-KapT y Cy4acHIid OCBITI.

OxpeMo BapTo 3a3HAUUTH, 1O (JICHI-KAPTU € YHIBEPCATbHUM 1HCTPYMEHTOM,
SAKUW BUKOPUCTOBYETHCSI B PI3HUX MPEAMETHUX Talmy3sx. Y TMeJaroriyHux
JOCIIKEHHSX BOHU €(EKTHUBHO 3aCTOCOBYIOTHCS Y BHUBUEHHI MOB, MPUPOTHUYNX
JTUCLUIUIIH Ta IHIIUX cep, A€ BAKIMBUM € 3aCBOEHHS BEJIMKOT0 00cAry iH(popmariii.
Ile miaTBepaKye iX METOAUYHY THYUYKICTh Ta MOKJIUBICTb aJiariTailii 10 MaTeMaTHUKH.

Takum ymHOM, 1MGPOBI ¢rem-KapTu MOXXHA PO3MIIANaTH SK e()EeKTUBHUN
IHCTPYMEHT CYyYacHOT'O OCBITHBOI'O MpOILIECY, IO MOEJHYE KOTHITMBHI MEXaHI3MHU
mam’aTi Ta MOMKIMBOCTI IHU(POBUX TEXHONOTiH. IX BHKOPHCTaHHS Ha YypOKax
MaTEeMAaTUKH CIIPUSIE MiIBUINCHHIO SKOCTI 3aCBOEHHS 3HAHb, ()OPMYBAHHIO TJIMOIIOTO
PO3YyMIHHSI dYepe3 NPAKTUYHY B3AEMOJII0, PO3BUTKY KPUTUYHOTO MHCIICHHS Ta
caMOCTIMHOCTI 3700yBauiB, (OpMyBaHHIO CTIMKOI HaBYaJbHOI MOTHBAIl Ta
MOYJIMBOCTI MOEIHATH TEOPIIO i MPAKTUKY B peaibHOMY Yacl.

219



Chnucox BUKOPHUCTAHUX JI7KEPEJI:

1. A6canamoa . B., I'ypeeka O. O., Tepeminko JI. I'. Bukopuctanss onmaiiH-
TECTiB 1 (uiem-kapT AJs1 PO3LIUPEHHSA CIOBHHUKOBOTO 3amacy CTYJCHTIB 3
anrmiicekoi MoBu // Ilemaroriuma Axamemis: HaykoBi 3amucku. 2025.
URL: https://zenodo.org/records/18209046 (nara 3BepHeHHs: 10.04.2026).

2. Kasakova M., Sedivd J. Mind mapping as efficient tools in mathematics
education // Communications — Scientific Letters of the University of Zilina.

2014.URL.: https://komunikacie.uniza.sk/artkey/csl-201403-0015 mind-
mapping-as-efficient-tools-in-mathematics-education.php (mara 3BepHEHHS:
10.04.2026).

220



HaykoBo-nonyasipaa

Popular Science
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Chebitko 1.1
E-mail: iryna.chebitko@student.karazin.ua
Academic advisor: Ignatovich S. Yu.
V. N. Karazin Kharkiv National University

About Kostiantyn Oleksiiovych Andreiev [4]

Kostiantyn Oleksiiovych Andreiev was born on 14(26) March 1848 into a family
of fur traders; his childhood was marked by financial hardship and a serious eye injury
that left him partially sighted. He did not attend regular school until age twelve but
advanced rapidly through self-study and began tutoring others by age fourteen.

In 1873, after completing a master’s-level graduate course, Andreiev was invited
to Kharkiv University (now V. N. Karazin Kharkiv National University). Upon his
arrival, he defended a habilitation thesis in December 1873 and officially began
teaching as a privatdocent in January 1874. In February 1875, he successfully defended
his thesis, On a geometric formation of planar curves, earning a promotion to a full-
time lecturer.

At the end of 1876, Andreiev was sent to Western Europe for a year and a half
of practical study. Spending the majority of his time in Berlin and Paris, he developed
his doctoral thesis, which focused on the application of geometric correspondences to
the construction of curves. Returning from abroad in February 1879, he successfully
defended this work. This success led to his appointment as an extraordinary professor
at Kharkiv University in the same year. Also in 1879, he played a key role in
establishing the Kharkiv Mathematical Society, serving as its first president.

By 1884, he had become an ordinary professor at Kharkiv University and
subsequently took on an additional professorship at the newly founded Kharkiv
Technological Institute in 1885.

The Andréief identity

Let I € R be an interval and let f;, ..., fy and ¢, ..., ¢ be integrable functions
supported on I. Then:
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f dx; f dxydet [f;(xi)] Y= det [¢; ()] V=i
I I N 0
= N!det U fj(x)qbk(x)dx]
I j k=1

This is known in modern literature as the Andréief identity, the continuous
Cauchy-Binet formula, and sometimes the Andréief-Heine identity, the Cauchy-Binet-
Andréief formula, the Andréieff-Heine-Szegd formula, “Gram’s” theorem [7] .

Relation to the Cauchy-Binet formula

The Cauchy-Binet formula [6] for matrices A of size m X nand B of sizen X m

(with m < n) states:

det (AB) = Z det (A[m],s) det (BS,[m])' ()
se(T)

m

where App,) s 18 the submatrix of A with columns indexed by S, and Bg [ 1s the
submatrix of B with rows indexed by S.

Equation (1) can be derived from (2) by discretizing the integral kernel with
delta-type functions (limits of sums over discrete points t; ), and conversely one can
interpret Cauchy—Binet as a discrete limit of Andreev’s identity.

The Original Publications (1882—-1883)

Andreiev first developed and published his findings in the Communications of
the Kharkiv Mathematical Society.

The paper [1] issued in 1882 establishes the foundational 2 X 2 identity, which
was used to provide a unified proof for integral inequalities proposed by P. L.
Chebyshev and V. G. Imshenetsky. Building upon this work, his 1883 publication [2]
presented the full multidimensional generalization of the identity utilised in the earlier
paper.

The French Translation

To reach the Western European mathematical establishment, the 1883
generalization was translated into French under the title "Note sur une relation entre
les intégrales définies des produits des fonctions", authored under the French
transliteration "C. Andréief". The author of the work [7] investigated the issue
regarding the different spellings of Andreiev's surname and even found a link to the
website of the Kharkiv Mathematical Society, where the original paper is available.

At the very end of this French manuscript [5], Andreev appended a sign-off
denoting when and where he finished the text: "Kharkof, le 10 décembre 1883".

Because of this specific 1883 dateline at the bottom of the text, generations of
mathematicians and canonical textbooks erroneously assumed that 1883 was the year
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the journal itself was published. However, historical archives confirm that the specific
journal issue containing this paper—~Mémories de la Societé des Sciences physiques et
naturelles de Bordeaux, Series 3, Volume 2—was not actually printed and released
until 1886.

All the publications are mentioned in Jahrbuch iiber die Fortschritte der
Mathematik (issues 15 [8] and 18 [9]).

Applications

The Andréief identity is a key concept in random matrix theory and is a powerful
tool for performing exact computations with finite N in unitary invariant ensembles. It
is discussed in detail in Chapter 11 ('‘Meet Andréief') of the book [10]. In this chapter,
the identity is utilised to evaluate complex multiple integrals, such as partition
functions and finite-N probabilities, with applications including the calculation of the
exact probability of a matrix having a specific number of positive eigenvalues.

The profound impact of the Andréief identity is perfectly illustrated by its
increasing relevance in contemporary research. Despite originating in the late 19th
century, the upward trend in academic citations of his 1886 French publication [5]
continues to this day.

According to [3], over 41 citations of the paper have been recorded since 2020
alone. This modern surge in engagement covers many advanced fields, especially
probability theory, linear and multilinear algebra, statistical mechanics and quantum
theory. This ongoing and growing reliance on his work proves the fundamental
importance of Andreiev's century-old formulations, which are crucial to solving today's
complex mathematical problems.
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OgHuM 3 HaWBHAATHININX BUHAXOMIB JIOACTBA XX CT. BBA)KAETHLCS BUHAXIJ
3ac001B epeTBOpeHHS 1HPOopMallii — KOMIT IOTEPIB, OCHOBOIIOJIOKHY POJIb Y CTBOPEHHI
SKUX BIJITpaBaId BUYCHI-MATEMATHKH, SKUM CBIT 3aBASYy€ HE JIMIIE MEPIIUM
(GbopMyTIOBaHHSM Ta JOCTI/DKEHHSIM aOCTpaKTHUX Mojelied, a W MPaKTHYIHOIO
peaiizaii€ro eJIeKTPOHHOI OOYHMCIIOBAIBHOI MAIIWHH, IOJAJIBIIUM PO3BHTKOM
byHIAMEHTAIBHUX Ta MPUKIATHUX MATEMaTHYHHUX JOCHIDKEHb B YCIX HaIpsiMKax
KOMIT FOT€PHO1 Traiay3l 3 BIAKPUTTAM Ta BHAUICHHSM JIUCKPETHOI (KOMII FOTEPHO1)
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MaTE€MaTUKU B OKPEMHUH PO3MiJ CydacHOI MaTeMaTWKH 3 BUBYEHHS BJIACTUBOCTEU
MaTeMaTUYHUX 00’ €KTIB JAUCKPETHOTO Xapaktepy. Jluckperna maremaruka (Gopmye
JIOTIKY, TIOCITITOBHICTh, AHAIITUYHI Ta IHTEJIEKTYaJIbHI MUCJICHHS, HABHYKH Ta BMIHHS,
0e3 AKX He MOXJIMBUM € 3aCBO€HHS, (POpMyBaHHS 3HaHB Ta iX MOJAIbIIIA MPAKTHYHA
peanizaliis B Oyab-sakuii rany3i / cepi KUTTEISUTBHOCTI.

[cTOprYHI BUTOKHM CUCTEMU JIOTTUHUX MIPKYBaHb MOB’s3aH1 3 JaBHBOTPEILKUM
dbinocodhom Apucrorenem (384-322 pp. 10 H. €.), AKHM MEPIIUM 3all0OYaTKyBaB Ta
BUJIIIUB «JIOTIKY» 1]l HA3BOIO «aHAIITUKA» K OKPEMY CHCTEMAaTHU30BaHy HAyKy PO
MUCJIEHHS (TIPO PO3YMOBY isTbHICTD JIFOIUHN), HOTO OCHOBHI 3aKOHHU SIK IHCTPYMEHT
Mi3HaHHA JUI OyIb-SKOi HAyKH 1 e "aHamni3" — 1e po3KialaHHs CKIAJHOTO Ha TPOCTe
X 70 Maji HepO3KIagHuX meproHadan (akciom) [1]. SIk jmorik ApUCTOTENh TaKOX
0oOTpyHTYBaB, IO € ICTUHA a 110 XK0a, a Horo «iorika» 10 XIX - XX cr1.cT. BBaxkanacs
HAyKOIO0 TMOBHOIO MIpOI0 3aKIHYEHOIO 1 JOCKOHAJIOK, NOMOKU B cepenuHi XIX crT.
aHrniichbkuit Marematuk Jxopmax Bynb 3acToCcyBaHHSIM MAaTeMaTHUYHUX METOMIB HE
Ha0JIM3UB WIOTIKY» 10 MaTeMaTHUKU, YUM 3aKJIaB OCHOBU MaTEMaTUYHOI JIOTiKH [2].

Ha choronHi iHTEeprnpeTalist MOHATTS «3HAHHS B KOHTEKCTI JIOT1KA HAYKOBOTO
JOCIIKEHHS 3HAXOAUTh HAlO1IbII TOBHE BIJIOOpa)KEHHS 3aBISKH Ipadam, OCKIIbKA
came Teopis rpadiB BBaXKAEThCA OJHUM 13 HAWKpAIIUX 1HCTPYMEHTIB JOCIIIKEHHS
CTPYKTYypH OO0’€KTIB 1 BiJHOIIEHb M HUMHU [3, 4]. B 3araimpHOMY crporeHoMy
BUMAJIKY, Tpadu — 1€ AMCKPETHI CTPYKTYpH, LIO0 MOJENIIOIOTh Hallp 3aB’s3KiB,
CKJIQJIAI0ThCA 3 BEPIIUH 1 pedep (yr), K1 3'€THYIOTH 11l BEPIIMHH [5].

Te3ucHe BiIOOpaKEHHS OCHOBHHMX ICTOPUYHUX BIJIOMOCTEH MO0 PO3BUTKY
Teopii rpadiB y3araabHEHO HaBeAeHO y Tadmum 1.1.

Tabnuys 1. Jlesxi ocnosHi acnekmu icmopii po36umky meopii epaghie

. Buenmnii Ta iioro BHECOK B . . . ]
Pix . LnrocTpaTuBHMI MaTepiaj 3 BIANOBITHUX uKepeJt
PO3BHUTOK Teopil rpadis

1736 | Jleonapa Eisep
HIBEUIIaPCHKU I MaTeMaTHK,
pO3B’si3aB  BiIOMY  3ajauy

CiM MocTiB
Kenircoepra ta
Kenircoep3pkux MOCTiB OararorpadoBa MOJICITb

[6, cTop.172]

1847 | I'ycraB Kipxro¢g nimenbkuit
¢13uk, (akTHUYHO PO3pPOOUB
TEOpII0 JIEpEB MpPH PO3B’SA3KY
CHUCTEMH  piBHSHBb JUIst
3HAaXO/PKEHHS CHIIM CTpyMy B
KOHTYPI €JIeKTPHUYHOTO KOJIa
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(b)

CxeMa po3paxyHKy eJIEKTPUYHOrO KOJja 3a MPaBHIOM
Kipxroda (a) Ta rpada (b) no uporo [7, crop.71]

1857

Apryp Keiini, anrmiicekuit

MAaTCMaTUuK, IICplIa po60Ta 3

3
3aCTOCyBaHHS Teopii rpadis y H_‘l_H ; ; u
XiMii, BHBIB bopmyy | | | | JlBa nepeBa
KUTBKOCTI HEOPIEHTOBAHUX i _T —HoH _T — ¢—¢— 130MepiB JUIs
JepeB,  sKa  PO3B’si3yBalia H—C-—H H ‘ H oyrtany (C4Hio)
3amaqy po MOKJIHBI " _L|~ —H 1 _T —H [5, cTop. 786]
CTPYKTypH HAaCHMYCHUX ||—1 H
ByrieBoaHiB (CnHan+2)
1859 | Binbsam I'aminbTOH,
IpTaH/ICBKUHA MaTeMaTHK, Tpa ,
“HaBKOJIOCBITHSI IOJIOPOXK” \
D i
-
(a)
[Tazn FaMmLTOHa «HaBkomocBiTHS non0p0>1<».
noxaexaenp (a), oro rpad (b, ¢) Ta pileHHS TOTOBOJIOMKH
(d) [5, cTop.734]
1891 | FOaiyc Ilerep Xpmucrian
Ilerepcen, TaHCBKUU
MaTeMaTuK, Tpami o]0

METOJIB 1 Teopii pO3B'A3aHHA
3a/1a4 TEOMETPUYHOI OOy TI0BU
Ta Teopii peryjspHux rpadis,
AKl cTamu (yHJIaMEHTaIbHUM
BHECKOM B CYYacHy TeOpio

rpadis

I'pad Ietepcena (a) [8, crop.55], miarpad H (b),
romeomop¢uuit 10 Ks 3, Ta K33 (c) [5, ctop.760]

1936

Jenemt KboHIr, yropcbkuit

MaTEMaTuK, BIICpLIC

IpeJICTaBUB Teopito rpadiB sK

OKpeMy MaTeMaTH4HYy
JUCIUILIIHY, BBIB  TEpMIH
«rpad»

[Ipuknan ABoIONBHOTO Tpada 3 ABOJOIEHUM PO3OUTTIM
(X,Y)[8, crop.4]
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1939 | Kypr Hanex JleBiH,
TICUXOJIOT, PO3POOUB TUICHAPHY ! [TnenapHa Kapra
KapTy ‘““KUTTEBOrO MPOCTOPY” JleBina ta 1i rpad
iHAMBiAyyMa Ta i Tpad —|:—| [9, cTop.6]
1954 | I1. MeHnuepar, HIMEUbKUI
BUYCHUI, MOJICITFOBAaHHS OYI0BU P RS ——
CITiB 32 JOMOMOIOK MEpexK- " * R o
opieHTOBaHMX rpadis - rpada 3 = =
TpaHsIMHU, OpIEHTOBAHHMHU 3a eRTRe A A
HaTPAMKOM PO3TOPTAHHS [Ipukiiang opieHTOBHOTO Tpady CHMBOJIBLHOT MOIET1
BHXiTHOI (MiHIMATBHOT) MopdeMHoi Oy10BU yKpaiHChkuX ciiB [10, cTop.45]
CTPYKTYPH CJIOBa
2007 | Adopam TpaxTmaH, - T b
13pa:fHBCBKI/II>'I MaTeMaTuK, é — _"] : Cxema BHUpILICHHS
BUPILIUB 3ajauy i . 3amadi
po3dapbyBanHs Jopir aj o “'_'r"'—h < po3dapOyBaHHs
(Teopema po3dapOyBaHHs Py ! H nopir
nopir) d™ [11, cTop.6]

Teopis rpadiB Mae MHUPOKE NMPAKTHUHE BUKOPUCTAHHS: BiJl (PI3UKH 1 XiMii 110
reorpadii; BIAMIHHO peaji3yeThCsi B 1HPOpPMATHIII Ta KOMIT IOTEPHHX HayKax 3a
PaXyHOK pO3BHUTKY IITYYHOTO I1HTEIEKTy, MaplipyTu3amii Ta KioepOe3meku, 1o
HAJ[BAYKJIMBO Yepe3 MOCTIHI 3MIHM BOEHHOI OJIITUKY HA 30BHIIIHIN CBITOBIH apeH1 Ta
3arajbHy TOMYJSPHICTH KOMIT FOTEPHOI MEpEXl, a OTXKE€ 3HAYHO IiJIBUILYE PIBEHb
HeOe3neKku Juisi KOH(D1IEHLIMHOCTI KOPUCTYBayiB; HaJa€ MOXKJIMBICTh aHAII3yBaTH,
MOJICIIIOBATH Ta ONTHUMI3yBaTH CKJIAJHI CTPYKTYPH Ta 3B’S3KHU y BUIJISIII BEPIIUH 1
pebep niig abcTparyBaHHS PI3HUX THIIIB JJAHUX Ta ACTAILHOTO BUBUCHHS 3B’ A3KIB MIXK
HUMH, PEKOHCTPYIOBaHHS Ta CTBOPEHHS MojeNell Ta 3B’SA3KIB (HalpHUKiIaza
MOJICIIIOBAHHSI MOJIEKYJ, KPUCTATIYHUX PEHIITOK) a00 3HAXOKEHHS HAUKOPOTIIOrO
NUISXY/UMKIIB ~ (CTBOPEHHS  KOTHITUBHUX  KapT, CXEMaTu3allisl  MaplIpyTiB
MEPEBE3CHHS).

O3HaueHHsa Teopii rpadiB A03BOJIAIOTH C(HOPMYJIIOBATH Ta BUPIIMTH OaraTo
3a/1ay — BiJ] PO3BUTKY JIOTIYHOTO TOCIIIOBHOTO CIPSIMOBAHOTO MUCJICHHS B JIITEH C
(dhopMyBaHHS BMIHB 1 HABUYOK BUPIMIEHHS HAUTIPOCTIIUX JOTTYHUX 3aB/IaHb Y BUTIISAI
rpu, 10 MOOYTI0BU HAJCKIATHUX KOMYHIKAIlIMHUX MEPEX, 30KpeMa B IPOrpaMyBaHHi,

TeHETHII1, JIOTICTHUIIl TOIIO.
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B miif  poOoTi posrisgaeTbes  mpodiieMa  ONTHUMAJIbHOTO — KEpyBaHHS
TPAHCTIIOPTHUM TOTOKOM y TOJAWHHM TiK. MEeTOI0 € BH3HAYEHHS TaKOTO aJITrOPUTMY
PO3MOLITY TPAHCIIOPTHOTO MOTOKY, 32 SIKOTO 3arajbHUM Yac Mpoi3ly BCIX aBTOMOO1IIB
€ MIHIMaJIbHUM, HaBITh SKIIO JJI1 OKPEMHUX MAIIIMH Yac pyXy MOXke He OyTH HaliMeHIII
MOJIUBUM. TaKui MiIxia T03BOJISE MIBHUIIIE 3MEHIITUTH TPAHCIIOPTHE HABAHTAKECHHS
Ha KPUTUYHUX JISTHKAX JOPOKHBOI MEPEKI.

Posrasgaerbes Taka MojienibHa cutyariist. [1o 1opo3i pyxaeTbest OCHOBHHI MOTIK
MallMH, 10 OpaMye y aeske micto. Ha 1opo3i BUHHMKaE 3aTop, TOMY IO JA0pOra cTae
BY)KUOI0, ajie € OOXIMTHMM NIIAX, XO4ua BIH 1 JOBIIUH, SKHUH MOXE JO3BOJUTH HaM
PO3BAHTAXKUTU OCHOBHY fopory (Puc. 1).

[0; ti]

(0) gr~—a—>

Qo

JI1s1 3HaXO0 MK im[aTeMaTu4vHa

MOJIeTIb YTBOPEHHS i g;all Pi TMTUMAJIbHAN
AHATITUYHHUIA aJITOPUTM PO3MOJLTY MOTOKY, SIKMM IPYHTYEThCA HAa CUCTEMI JIIHIMHUX
piBHSIHB. PO3B 30K CHUCTEMU PiBHSIHBb Ja€ MOMEHTH 3aKPUTTS BIAMOBIIHUX JOPIT Ta
MiHIMaJIbHUM MOKJIMBHI 4ac MPoi3ay BCbOTO MOTOKY MAIINH 10 MyHKTY MPU3HAYECHHS.
3HaiICHO aJTOPUTM MOPIBHSHO 3 IPUPOTHUM ITOPUTMOM TIPoi3ay BoAiiB. ['padiune
MOPIBHSHHA I[I0Ka3ajo, HI0 31 30UIBIICHHSAM IHTEHCHUBHOCTI pyXy TMoTpeba Yy
30BHIITHBOMY KE€PYBaHHI aBTOMOOUIBHUM MTOTOKOM 3POCTAE.

3anponoHOBaHUN AJITOPUTM y3arajibHEHO JUIsl KOH(DITypalliidl TOpOKHIX MEPEK,

[0 MependavyaroTh pO3ralyKEHHSI Ha JIOBUIbHY KUIBKICTh JOPIT, a TAaKOX, Y Mexax
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OTMMCAaHUX OOMEXEeHb, IIOB’SI3aHUX 13 KOH(QITYpaIl€l0 CHCTEM JOpIr, aJTOPUTM
y3arajbHEHO IS CKIAAHIIIMX CUCTEM IUIAXIB, IO MEPETUHAIOTHCS.
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